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Two-Dimensional Inflow Conditions for a 
Supersonic Compressor With 


Curved Blades 


By PHILIP LEVINE,* DAYTON, OHIO 


Results are presented on an analytical study of the flow 
field existing upstream of a blade row, where the axial 
flow is subsonic and the relative flow is supersonic. The flow 
model used as a basis for the calculations assumes isen- 
tropic flow, and considers the case where the suction sur- 
face is a circular arc in the entrance region. The results 


clearly show the unique dependence of the flow through 
a blade row upon the geometry of the entrance region. 
Using the results, the complete flow field in the entrance 
region and upstream of the blade row can be constructed 


easily. 


NOMENCLATURE 
» following nomenclature is used in the paper: 


= area norma! to flow direction 
critical area normal to flow direction 
point on suction surface marking end of entrance region 
= leading edge 

Mach number 
= radius of curvature of 
= blade spacing 
= point on suction surface where Mach number and direc- 


suction surface in entrance region 


tion of flow are same as relative undisturbed flow quan- 
tities 

: angle formed by tangent to suction surface at leading edge 
with plane of blade row 

angle formed between direction of relative undisturbed 

flow and plane of blade row 

= angular measurement along suction surface taken from 
leading edge 

u Mach angle 


Su bscripts 


L = conditions at leading edge 
© = conditions of undisturbed flow and at point ( @) on suction 
surface 

e = conditions at point (¢) on suction surface 

1 This paper is based on WADC TR-55-387, prepared for the 
Fluid Dynamics Research Branch, Aeronautical Research Labo- 
ratory. Directorate of Research, Wright Air Development Center, 
under Task 70151, Project 3066. 

? Task Scientist, Aeronautical Research Laboratory, Wright Air 
Development Center. Assoc. Mem. ASME. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 25-30, 1956, 
of Taz American Society or Mecuanicat EnGIneers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 7, 1956. Paper No. 56—A-49. 


INTRODUCTION 


A distinguishing characteristic of supersonic compressors, 
having subsonic axial flow, is the unique dependence of the cor- 
rected weight flow on the corrected rotor speed. This char- 
acteristic has been discussed,’ where it is indicated that the axia! 
velocity is controlled by waves generated in the entrance region 
of the blades. 

The complete construction of the inlet-flow field for blading 
with straight suction surfaces was shown? to be relatively simple, 
as compared to that for curved blades. Since there is considera- 
ble interest in curved blades for supersonic compressors, it was 
deemed worth while to investigate the possibility of finding a 
direct method for calculating the flow field in the entrance region 
of curved blades. 


DESCRIPTION OF THE FLow FIELD 


The problem under consideration is the determination of the 
flow field established upstream of an annular cascade or rotor, 
under the conditions that the undisturbed flow relative to the 
blades is supersonic and that the axial flow is subsonic and 
steady. 

It is assumed that the annular cascade or rotor is nearly two- 
dimensional (i.e., high hub ratio) and can be represented by an 
equivalent infinite two-dimensional cascade. Thus, hereafter 
(for convenience) an annular cascade, rotor, or infinite cascade 
is referred to simply as a blade row. 

The construction of the flow field (schematic) 
steady subsonic axial flow is established’ is shown in Fig. 1. An 
oblique shock (assumed to be attached for the present argument) 
is formed at the leading edge, as shown in Fig. l(a), and is 
followed by an expansion fan generated along the suction sur- 
face. In Fig. 1(b) the effect of the shock and expansion, ema- 
nating from one blade, on the streamline which just strikes the 
leading edge of the adjacent blade is shown. The flow along the 
characteristic (e — L) has been turned through the angle (6, 
from the direction at the leading edge by the expansion wave, 
so that the incidence angle of the flow on the leading edge of the 
adjacent blade is the angle (@,), giving rise to another oblique 
shock on the adjacent blade. Continuing in this manner, one 
finds that an oblique shock followed by an expansion exists for 
The expansion waves strike the shock waves from 
A small part of 


resulting when 


each blade. 
both sides, forming a complex wave pattern. 
an expansion wave striking a shock is reflected; however, in these 
considerations the reflections are neglected, introducing a smal] 
error when strong shocks are present. 

To establish steady flow for the desired value of the undis- 
turbed relative Mach number M,,, the net strength of the shocks 
and expansion waves extending upstream must cancel, for if a 
disturbance of finite strength travels upstream, the mass flow will 
change, violating the condition of steady flow. For a uniform 


*“The Supersonic Axial-Flow Compressor,”” by A. Kantrowitz 
NACA Report 974, 1950. 


165 





(a) 
EXPANSIONS 
SHOCKS 


Fic. 1 Construction or Upstream Wave System 


row of blades, the portion of the wave system arising from each 
blade is the same so that the net strength of the disturbances 
arising from a blade which travel upstream must be zero. Now, 
the point (e) on the suction surface is defined such that the char- 
acteristic generated there is just intercepted by the leading edge 
of the adjacent blade. Hence the portion of the expansion fan 
downstream of the point (¢) is enclosed between the blades, along 
with the wave system arising from the pressure surface of the 
blades. Consequently, in accordance with Fig. 1(b), only that 
portion of the blading and hence of the expansion fan in the 
region bounded by the points (LeL) (hereafter designated as the 
entrance region) has any influence on the inlet flow pattern. 
This of course excludes special considerations such as starting due 
to a throat in the blade passage, and presumes that the leading 
edge is a point. 

From the foregoing analysis of the wave system, it is apparent 
that only waves of one family (generated by the suction surfaces) 
exist upstream of the characteristic (e — L) so that the flow in 
the entrance region is a Prandtl-Meyer expansion. 

Prescribing the location of the point (e) relative to ( 
the slope of the suction surface at (e), determines the Mach 
number of the flow and the flow direction there. Consequently, 
the mass flow into the blade passage is fixed, once point (e) and 
the slope of the suction surface at that point are defined. By 
continuity, and the relation for a Prandtl-Meyer expansion, 
one has two equations to relate the Mach number and direction 
of the flow at infinity (far upstream) to the flow quantities along 
the characteristic (e — L). 

The approach could be reversed, so that one could specify the 
flow conditions at infinity and then determine the location of 
(e) relative to (L) and the slope of the suction surface at (e). 

It should be emphasized that no special shape has been attrib- 
uted to the suction surface as yet, but merely the relative loca- 
tion of the points (e) and (L) and the slope of the suction surface 
at (e). 

For the case of a rotor, it is now apparent that changing 


L), and 
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the wheel speed changes the direction of the flow relative to the 
blades, so that transient waves are sent upstream to adjust 
the axial Mach number (hence the mass flow) in accordance 
with the steady flow and continuity requirements discussed in the 
foregoing. The ability of transient waves to travel upstream 
stems from the fact that the axial Mach number is subsonic. 
Thus for a fixed geometry, each rotor speed will correspond to 


a particular mass flow. 
ANALYTICAL METHOD 


The conditions which connect the flow field far upstream of the 
blade row to the flow field along the characteristic (e — L) can be 
formulated as follows: 


1 Continuity. The mass flow entering a blade passage [i-e., 
crossing (e — L)] equals the mass flow passing through a cross 
section of length S at infinity. 

2 The waves originating from the suction surface in the 
entrance region are of only one family (i.e., Prandtl-Meyer ex- 
pansion ). 

The flow conditions along the characteristic (e — L) are re- 
lated to the upstream undisturbed flow by the continuity equa- 
tion and the geometry of Fig. 2 such that 


Ww here 


The angles #,. and @, are connected by 
tionship 


Consequently 6, may be eliminated from Equation [1], so that 


¥—1 
‘bee 
M, 
1 
M,? 


9 


i - ; 
M.?| 
| 


Now Equation [3] represents a general relationship between 
the Mach number M, along the characteristic (e — L) and the 
undisturbed relative flow Mach number M,, and is not restricted 
to any particular shape of the suction surface between the points 
(e) and (L). By specifying the location of the point (e) and the 
slope of the suction surface there (which in Equation [3] amounts 
to specifying A, and @,), then the Mach numbers M, and M, are 
directly related by the blade-geometry parameters (S, 8,). 
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Firow Conpt- 
SURFACE 


GEOMETRIC ‘ ‘STRUCTION FOR SOLUTION OF 
ENTRANCE {EGION FOR A CONVEX SvcTion 


Fic. 2 
TIONS IN 

Solution for a Cor Suction Surface. Specifying the shape of 
the suction surface from (L) to (e permits one to relate S and 


For the special case of a con- 


i, through the angles (8,, @,, u, 


vex circular arc from (L) t 
be derived from Fig. 2 


e), the following relationships can 


Ricos 6, 


cos | MM, R sin 5, T o, 


Sin -, 


Combining Equations | and solving for 


ields 


cos (8, + 0, 
cos I,~ M? ] 


COS 8.)~ M? 


M, cos 8, cos 8, a 6, j 


Equation [7] relates M. = (8, M,, @,), with the terms on the 
right-hand side which are known as a result of specifying the loca- 
tion of (e) relative to (L) and the slope at (¢ 

It is of practical interest to relate 


=f By . 
M. 1. (= 0.) 


which can be done by combining Equations [4 
nating A,, and solving for M, 


and [5], elimi- 


S 2 
| cos Db, T 0, sin 0, 
R 


M, = 1 + S 
\ = sin (6, + 6, 1 + cos @ 


Substituting Equation [8] into [7] yields 


Pe) 
M. « s( Be @. ) 
R 


The use of M,, as the dependent variable in several relationsh pe 
in the foregoing may be taken as part of the result that M, is 
dependent on the geometry of the blade row and the location of 
the point (e However, it is more convenient to display the 
calculated values of the foregoing relationships in charts with 
M,, as acurve parameter. For these charts, see Figs, 4, 5, 6 
Solution for a Concave Suction Surface. The solution for a con- 
with the convex solution, as 


L) to (¢ 


Care must be taken to observe the sign on the angles 6, and @, 


cave suction surface is identical 


reversed Prandtl-Meyer flow occurs along the surface 


For the convex solution these were taken as positive angles, while 
for the concave solution they should be taken as negative. Thus 


. 


Equations [1] to [8] are valid for this case provided that 6,, @ 


are replaced by —#@, 6.., respectively, wherever they oc: 


Discussion oF RESULTS AND CONCLUSIONS 


The calculated results are shown 


20°, 30°, 40 


structed such that any point on them satisfies both families of 


in charts for values of 8, 
located at the end of the text. The charts are cor 


curves 
In addition to what is presented in the charts, a large amoun 
of information can be found readily by using the charts ir 


bination with Prandtl-Meyer tables 
(ESULTS 


The variation of the Mach number from (L) to (e) is often 


practical interest. It may be noted at this point tha: 
Mach number and flow direction along the characteristic (« 
L) cannot be the relative undisturbed vaiue, as such a condition 
This may be seen from 
Fig. 3, where one observes that the streamlines of the undisturbed 


leads to a contradiction in continuity 


relative inlet flow, containing the flow which must pass through 
By continuity 
L) has the same Mach 
number and direction as the relative undisturbed Mach number 
and direction, then the streamline spacing also must be S. That 
this is not so is apparent from Fig. 3, where the spacing of the 


each blade passage, are spaced at a distance 8. 
if the flow along the characteristic (¢ 


streamlines S, along the characteristic (e — L) is clearly shorter 
than the distance S 


the undisturbed flow conditions cannot exist along (e L 


Hence continuity cannot be satisfied and 


Mop Mop 


Fie.3 Case Wuere Continuity Is Nor Satisriep ror Fiow Inro 


as Brave Passace 














8, = 20° 


Fic. 4 Cuart ror 8; = 20 Dea 





Fia.5 Cuart ror 8; = 30 Dec 

The position of the point © on the blade, where the Mach 
number and direction of the flow return to the relative undis- 
turbed conditions, can be located in terms of the angle 0,. by 
using a Prandtl-Meyer table and the appropriate chart. This 
follows, as by the Prandtl-Meyer relationships 


6, =O,+%.—", 


The values of vy corresponding to M, and M, are available in 
tables. This gives the direction of the undisturbed relative flow 
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S 
R 


Fic. 6 Cuart ror & = 40 Dec 


immediately. Similarly, one can find the Mach number at the 
leading edge (if supersonic ), as 


VL ro 6, 


Note that this gives the Mach number behind the shock. In 
case the Mach number at the leading edge is subsonic, then one 
can locate the point on the blade. defined by the angle @*, where 
the Mach number equals 1, as 

0° = 6, v, 

In addition to the foregoing information, one can use a table or 
graph defining the detachment of an oblique shock in terms of the 
Mach number ahead of the shock and the wedge angle to deter- 
For the case 
considered here, the Mach number ahead of the shock could be 
taken as M, and the corresponding wedge angle as 6, 

A typical application of the results would be for a blade row, 


mine when detachment occurs in the present case 


where a particular axial and relative Mach number is desired 
To start a design, one could prescribe M,, Maxisi, and hence 8, 
The value of 8, can be found as M, sin (8, + 6.) = Maxiat. 
Utilizing the appropriate chart for §,, the curve for M, defines 
the relationship of S/R to 6, and M,. By satisfying Equation 
[2] one obtains the value of S/R which fulfills the desired condi- 
tions. 

Another application to a blade-row design would be the case 
where S/R, M,, 8, are prescribed. Then the direction of the 
relative flow, Mach number of the relative flow, and axial Mach 
number follow from the appropriate chart and Equation [2 


CONCLUSIONS 


The results indicate that the flow through a blade row with 
subsonic axial flow and supersonic relative flow is uniquely de- 
fined by the geometry of the entrance region. The influence of 
various geometric parameters describing the entrance region can 
be seen from the charts of the calculated results. The following 
conclusions may be drawn, for convex suction surfaces, from a 
study of the charts: 
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1 The relative undisturbed Mach number always has a nega- 
tive incidence angle on the suction surface, except in the limiting 
case of sonic axial flow where the relative flow is just tangent to 
the suction surface at the leading edge. 

2 Decreasing the blade spacing reduces the amount of over- 
expansion of the flow prior to entering the blade passage. In- 
creasing the radius of curvature has the same effect 
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3 Small values of 8, increase the amount of overexpansion 
of the flow prior to entering the blade passage 
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Two-Dimensional, Steady, Cavity Flow 
About Slender Bodies in Channels 
of Finite Breadth 


By HIRSH COHEN! ano ROBERT GILBERT? 


The steady, cavitating flow past slender symmetrical 
bodies placed in a solid-wall channel is studied by means 
of the linearized theory of Tulin. The free-boundary con- 
dition is linearized and boundary conditions are applied on 
the line of symmetry of the flow in analogy with thin-air- 
foil theory. A singular integral equation formulation of 
the boundary-value problem is obtained and can be solved 
to yield expressions for cavity length, maximum cavity 
width, and drag coefficient as functions of the cavitation 
number and the channel breadth. These expressions are 
given for an arbitrary body and evaluated for the case of a 
wedge. 


N A recent report (1), M. P. Tulin has introduced a linearized 
theory of steady, cavity flow. Until the introduction of this 
notion, borrowed from the linearized theory of compressible 

flow past a thin airfoil, information on incompressible flows with 
finite cavities was obtained from the models of Riabouchinsky 
and Wagner. These models have provided quite satisfactory 
agreement with experimental data, but the computations which 
they lead to are often extremely involved. Tulin has succeeded 
in producing a theory in which the condition at the free boundary 
of the finite cavity is linearized in terms of the small thickness of a 
slender body. The boundary-value problems are then written in 
terms of integral equations and approximate solutions may be 
found. The method employed allows the calculation of cavitating 
flows for arbitrary forebody shapes. 

The linearized theory has in common with other finite-cavity 
solutions the difficulty that it is physically invalid near the trailing 
end of the cavity. In this way the Brillouin paradox (2) which 
predicts nonexistence of flow about closed bodies with constant 
pressure afterparts is avoided. If the condition is imposed that 
the slope of the cavity must be continuous with the slope of the 
body, a unique correspondence between cavity length and cavita- 
tion number, and therefore a unique flow, will be obtained. This 
last requirement has been referred to by Tulin as the juncture 
condition. 

A discussion of two-dimensional finite-cavity flows past bodies 
placed in two-dimensional channels has been given by Birkhoff, 

! Visiting Associate Professor of Mathematics, Rensselaer Polytech- 
nic Institute, Troy, N. Y. 

? Project Mathematician, Carnegie Institute of Technology, Pitts- 
burgh, Pa. 
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Plesset, and Simmons (3). It was felt that some of the difficulties 
of computation indicated in their work might be avoided by ap- 
plying the linearization just mentioned. Accordingly, the flow 
past slender two-dimensional bodies placed symmetrically in 
channels of finite breadth is discussed in this paper. In particu- 
lar, results are computed for the shape, maximum width and 
length, and drag of the finite-cavity afterpart associated with a 
wedge-shaped forebody. Birkhoff, ind Simmons have 
computed the case of the finite cavity 
placed perpendicular to the channel walls and the flow direction 
The results obtained in the present work are not strictly compara- 
ble since the angle of the wedge-shaped body cannot be allowed 
to approach 7/2. However, for both the flat plate and the wedge 
it is found that the width of the finite cavity increases as the chan- 
The cavities become in- 


Plesset, 


attached to a flat plate, 


nel walls are brought closer together 
finitely long at a value of the cavitation number greater than 
zero. For each cavitation number there exists a ratio of maximum 
height of the forebody to channel breadth which is the max- 
mum attainable. This is the blockage ratio described in (3). 

The lengthening of the cavity with decreasing cavitation num- 
ber, the change in cavity width with cavitation number, and the 
dependence of the drag on the various parameters of the flow are 
described analytically and by the curves 


Tue Linearizep BounparRy-VaLvEe ProBLem 


It would be well to list here the symbols used in the following 
work and to describe the flow by means of Fig. 1. Let 


U.. = uniform velocity at ~, parallel to z-axis 
perturbation velocity potential 
perturbation velocity 
z, y components of perturbation velocity 
component in z-direction of velocity on cavity wall = 
U.. + u(z, Y,) 
pressure on body 
cavity pressure 
static pressure of stream at infinity 
PoP 


l 
pl 


cavitation number = 


U 





"FEEIFEPETEOL I EFECEE 


Fig. 1 Symmetric Bopy Wits Cavity tn 4 CHANNEL or WipTtsH A 
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Yo(z 
Yf{(z 


ordinals 


In order to describe 
such that grad ¢ = 
to Tulin (1), the 


the z-axis are 


The condition t 


and for the chanr 


is added 

axis for 

= tnh(n = 

flow with the proper 
metry, 


walls aty = +A/2 


f forebodv 


yrrebod 


behavior at infinity the 


and horizontal stre 


where the Cauchy pri 


Along Lhe channe!] walls 


chord to channel breadth 


hord to « avity 


le ngth 
j 


and along the center lis 
is sought 
According 


» satisfied on 


Now, along the center lit 


distribution has the fe 


from Equation [1 For the interva Condition [2 


vields 


EF) coth 


‘ 


j 
ana 


4 strength rv slong the z- 


distribution along the lines y 


the same interval in z provides a 


tp 


necessary 8' l- = 
rom. ims the boundary-val 1¢ probiem is set in 


umlines which be taken for channel 


gral equation together with the 
previously mentioned juncture « 


TRIBUTION 


SOLUTION FOR THE SoURC! 
The problem is thus reduced 


singular integral Equation [8 


l 


2 


are introduced, Equation 


aa! r > 
| m'(z’) coth 7 
y =—1 


2U, 

lh 
The solution of this singular integra has been given b 
Dérr (4) and discussed further by Nick 
ble to write immediately that 


t is therefore possi- 


sinh 





7 
t(n coth a 
h 


’ » mA! + 7) 
es 
sinh h 


(1 — n) 


~ 


sinh 





— 


oe. 20.07% 6% x(n — t) 
» —s. ee oth I 
fink= 9 a Baa Pa h’ 


c 


k is a constant to be determined by the juncture condition, the 
condition on the continuity of the slope of the cavity and the solid 
body. For convenience, let 


ps N 


1 sinh — ’ 
A= f KW || ———s | 
at \ 3 (1 — n) 
sinh ———— 
h’ 


and 

fin) aoa) 
aan » euths eieet 
B(z’) = ” h’ 


|. | w(1 +) 
sinh 
| 
| 


an Te 

_, *1l—7 

sinh —————_ 

\ sh we 


The juncture of body and cavity occurs at z’ = —1 and the 
juncture condition requires that the coefficient of 


1 
r(1 2) 


| son i 


Application of this requirement 





in m'(z’) be equated to zero. 
yields 


2r = ies a 
[24 cosh ra — 2B(—1)sinh ro 


The distribution of sources along the center line of the flow can 
then be written as 
oe 


2x 
h — 2B(—1) sinh ra ; 


h =o 
cos h’ 


2A cosh 





m'(z') = 
T 

’ cosh — 

h’ cos u 





sinh ids) ge) sinh ————— 


1 
r(1 ==] 
h’ h’ 
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A rl 
sinh — 
A 


nD j — —_ 


h’ 2’) 
\ inh — az 
h 


To determine the cavity shape the relation 
v, m(z) 


te 4 


is employed. Thus 


where } ‘(z’) is the body or cavity shape in the z’, 7-co-ordinate 
system. Before computing Y {(z) the condition that the cavity be 
closed, Equation [9] is imposed. With some computation, we ob- 
tain from this the relation 


m(z’ dz’ 15] 


bas T 
h’ sinh — 
+ Ds 


2r 2r 
— = D, cosh — —1) sinh 
hr A 


where 


: f dy, A + ") x 
iv = ‘ 
—- dt y A—? 
F “ dV, “ w(x’ —t (5 T a 
ARTZ = > On ee — 
? Jun & h y A—r 


The integrals involved in the computation may be evaluated by 
using transformations of the form 


z 
w = coth — 


rT 
\ = coth - mee 


mt 
r = coth — 
h h 


The integrals thus derived in terms of A, w, 7 may be found in in- 


tegral tables. [We have made use of the fact here that 


see reference (1).] This may be rewritten in terms of the origi- 


nal variables as 


1+— 


This is one of the desired resulte—the unique relation between ¢ 
and / with h as parameter. If the cavity is allowed to be infinitely 
long, a value of o = c, is attained greater than zero and dependent 
on the ratio c/h 


rt 


t 
sinh — cosh — 
nd: 


OF ie 
4 oF xa \ 


—_ i) 





rt 
2 sinh — 
h 


Ash/2—~+ ~, co, 
The ¢, l-relation is used in the computation of 


2’ 
| m'(x' dx’ 
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to arrive at the expression (again the transformations indicated 
after Equation [16] are used) 


oP y 


o 
Y(z’)— Y{(—1) = — 
Az 2 


1 + 
; ( AS a9 
——~ 51D i - , 


oa ‘( = 


+ 4n 
2 

\1. Ye 
)] * om 


> 


) 


WwW 


Mw —1 


The second and fourth terms annu! 


origina! variables 


The first term provides a symmetrically sha 
values at z = 0 ar The 
from Y,<(0) at z = 0 to zero at z = / and is relatively 
pared with the first. The maximum 
setting the cavity source stre 


infinite stream, the maxi 


; ; , sin * ] 
iz =; second term decreases in value 


small] com- 


value of - is obtained by 
ngth equal to zero. As in the case of 


} s } 
im o« curs at & Value x where 


i 


-e<t< 


. ( sinh 
and since experimentally ¢ 
A/8. The parameters a 
maximum cavity width e> 


to 8 


rl 
2h ) 


s always‘ < 0.5, Y, maxcannot excee 
h; 8 = c/l may be introduced and the 


nded for the case a smal! 
( ) 


Although this goes over to the expression given by Tulin for a0, 
it must not be concluded that Y. max decreases for decreasing A. 
For A finite, the relation between ¢ and / is such that Y, mex in- 
creases as h decreases. This is described by the curves in Fig. 2 
for the case (d¥»)/(dr The result should be compared 
with results given by Armstrong and Tadman (6). 


with respec 
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¥, mex a 


1+ 
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ec [ ra ] 
go 27a { 28 
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* Reference (2), p 
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If the cavity is allowed 


to be 


expression is ob'taine 


\ a 
\ \ sinh 
\ 


Asz— o this 


; mt 
sinh 7 — cosh 


it 


The cavity does not become infinitely wide at an infinite distance 
downstream from the forebody unless h/2 becomes infinitel, 
large. In Equation [22] if A is allowed to become infinite and then 
z-—> o, the result of Tulin is obtained; namely 

a 


i 7 ( 1 
wy @¢ \ t 
The drag may be calculated within the 
The expression 


2 


r 


Me 
dt 


The Cavity Drag. 
linearized theory. 





0) , 
D=2 ( —= dt 
a Po Pe dt 


yields the formula 


1 ee . ae 
Y,(0) u(t, Yo) 5 a 


ov 
D = 2pU, | -— 
p | 4 fi 
where u,-9 is the z-component of that part of the disturbance 
velocity on the body which is induced by the cavity source dis- 
tribution. From Equation [7] 


1 ma 
u--o(z, Yo) = oh f m(zx) coth me dt 


The calculations are somewhat lengthy but involve only ele- 
mentary functions and lead finally to the following expression for 
the drag 


D 2) pa dY, 
. y cosh =, 
Vane 7 FJ 
h 2 4anp 2h 


T cn * 

.- rt f aY, sin i 4 
ae a ee ee 
sinh 2 — 


— pl? 
q ove 


inh 
(+5) 
1+— 
=) i a i dY. 

— — sinh — _— 

h h =e & 

at og \? 
:osh 8 l r ~<¢ 
, ( i >) 


. ae — dt =o 
7. mt *— —_— } — b) + h 
sinh —— sinh 
y h h 


at 
cosh — 


dYo 


0 
f dt y [sn mt. mt =i 
y h 


sinh = sinh — 


wl {2 : rl 
0 . cosh — { — — 1 } sinh — 
dY5 2h \l 2h 
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sinh sinh —— 
h h 
a 
| 





Fie. 3 Wepce-Suarep Foresopy or SMALL ANGLE y 


JOURNAL OF APPLIED MECHANICS 


This may be rewritten with 
me’ 7 
G’ = coth he = coth 


in the form 


D 


1 
a ea 
9 Ue 


For the cavity of infinite length the expression for drag beco 


cosh 


y (sin h 


mt 
dt 


2 
cost 
) d¥e / 
| rt rt xt )] 


sinh ( sink cosh 
\ h h h 


=e 
0 dV sinh h 


| ig dt wi ni ai 
\ sinh - sinh cosh ) 
h h h 


For h/2 — , both of these relations reduce to the results of 
Tulin. 

The Slender Wedge. As an example of the cavity flow past an 
object placed in a channel, the flow past a wedge is considered. 
Let the wedge have chord length c, maximum thickness 7’, and 
half angle y as shown in Fig. 3. Taking y to be small enough so 
that (¢Y»)/(dr) may be set equal to +, calculations may be made 
for the relation between o and 1, and for the drag. 

From Equation [18], it may be shown that tor 8 = c/l = 0 
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growth of Y, with decreasing ¢ can be obtained. Y, max versus 7 
is plotted in Fig. 2 for various values of a with y fixed at 15 deg 


dz) = ¥y allows computation of the 


cosh ~"e** 


Similarly setting (dY> 
drag for the case 8 = 0, the infinitely long cavity 


se) =) i dr }? 
2 ee g Vil ri(1 rf 


2/3 


where G = coth 


ted for various values of @ in . 


corresponds to Tulin’s result 
orresponds to Tu _— ¢,. is given by the Relation 


oe * 


value of a for which ¢,(6 


For a given value of 4 } 
attained is the n m \ ta. For larger values of a, there 
can be no fur ¥ the cavity and this represents 

f 3 


he blockage oncition Gescripved |i I 
; nm tor con an ol the rate ol 
raiues Of a@ in Fig 2 


Using the 
p is plotted against yy for various val 
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CoNncLUSION 


The linearized theory has been used to obtain information re- 
garding iength, width, and drag of finite steady cavities attached 
to slender bodies placed in channels. These relations have been 
obtained for the case of the general slender forebody, but curves 
are given for the case of the wedge. In all cases the results re- 
duce to those obtained by Tulin for the case a = 0. For each 
value of a, there exists a limiting value of the cavitation number, 
o., at which the cavity length becomes infinite. For increasing 
a, it is shown that the cavity width is increased, if o is held con- 
stant. 
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A New Approach to the Theory of Thin, 
Slightly Cambered Profiles 


3y F. S. WEINIG,' CINCINNATI, OHIO 


If real and imaginary parts of a function of a complex 
variable are interpreted as velocity potential and stream 
function, then real and imaginary parts of the Ath deriva- 
tives are the (4—1) st derivatives of the velocity components 
in the direction of the real and negative imaginary axis. 
For slightly cambered profiles that deviate little from 
the real axis and have the shape of a polynomial of nth 
order, the imaginary part of the ath derivative of the com- 
plex potential is constant in first-order approximation. 
It is easy to establish such functions of the complex varia- 
ble in the case of single as well as cascade profiles. Inte- 
gration then yields the intended results. While there is no 
continuing need for such a method for single profiles, it is 
needed for cascades of profiles. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


complex variable of physical plane 

complex variable of picture plane 

complex potential of flow 

conjugate velocities 

real and imaginary parts 

principal mapping parameter of 
cascade 

spacing of cascade 

profile chord length 

stagger angle of cascade 


BACKGROUND 


Cascades of given tl in, slightly cambered profiles as well as 
single profiles have been analyzed indirectly as well as directly. 
The indirect methods consist in assuming vortex or lift distribu- 
tion along the chord and subsequent superimposition of such dis- 
tributions in order to satisfy the condition of a given profile; the 
direct methods have been based on distributions of normal com- 
ponents of the absolute flow or on the directions of the profile 
tangents. These methods work quite well for the single profile. 
When applied to cascades, considerable numerical difficulties are 
encountered, in the indirect method because of dependency of the 
profile shape not only on the vortex distribution but also on stag- 
ger and spacing, and in the direct methods because of the nu- 
merically complicated relation between profile abscissa and the 
angular modulus of the picture circle. The method presented 

1 Manager, Aerodynamics, Aircraft Gas Turbine Development De- 
partment, General Electric Company. Mem. ASME. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
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Norg: Statements and opinions advanced in papers are to be 
understood as individual! expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
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here is a direct one which does not contain these difficulties. The 
results may be derived by straightforward integrations. It is 
based on the nth derivative of the profile contour which is as- 
sumed to be represented by a polynomial of nth order. 


MEANING OF nTH Derivative or Complex PoTrenrTIAL 
With z=2+ 


one may interpret 
xz gt iy [2] 
as the complex potential of a flow in the z-plane where @ is the 


velocity potential and y is the stream function. The velocity 


components are 


lal ‘ o— 
i Vv Wen = Us alias 


When treating thin slightly cambered airfoils, one may, in first- 
order approximation, consider the flow to occur mainly in the z- 
direction and the profiles to deviate only slightly from their 


chords. Let 


U 


16d] 


where u and v are small deviations from the main flow having the 


velocity U; 


dy 
dz 


= ¥ 


l 
- — aq, Six (2)}. 


For convenience in the subsequent discussion, let U, = 1. 
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APPLICATION TO THIN, SINGLE PROFILES IN GENERAL 


Consider first a single profile with the leading and trailing 
edges located near z = — 2 andz = + 2, respectively. The 
straight line between z = —2 and z = + 2 then will be conformally 
mapped to the unit circle { = e of the ¢ = £ + in plane by (Fig. 
1) 

en ee 
5 dt 


If the profile is sufficiently thin and slightly cambered then the 
picture of the profile will differ from the unit circle only slightly. 

The shape of any thin slightly cambered profile at a small angle 
of incidence of its chord against the direction of the undisturbed 
flow, which is considered to be the direction of the z-axis, may be 
approximated bya polynomial. In practice, polynomialsof fourth 
or lower order may be considered to be sufficient. 

Consider the camber line to be described by a polynomial of 
the nth order, y = P,(z) 


(10) 


7) " = const 


j dmx | 

g < - > 

dz { 
= — 9}x%z)} = const {11] 
By conformal mapping, the flow pattern, given by the potential 
lines and streamlines, is transferred into the picture plane 
x = x(z) = xf (12) 


as well as the lines of constant real and imaginary parts of 


x™(z) = (d*)/(dz"); ie., lines Of Ugin-1) = const and v.. = 


const 


x = xz [13] 


Therefore in the picture plane 


jd" | 


) oat deg const [14] 


along the unit circle, and 


dx 
dz” "a 
is regular in the outside of the unit circle and along its contour 
except in the picture of the leading and trailing edges, f = — 1 
and ¢ = +1, respectively 

At the profile let 


+ te + m+. 


v= v; 


where 


d g £ 
- = x,*(C) = - ~ ot 
ae Xn = Xn (f) 2 ¢" x 


[— ~) 


Then any profile presented by v = y’ ean be considered to be 
superimposed by profiles represented by v, = y,,’ 

Since n = 1 corresponds to the straight-line profile, single as 
well as in cascades, and everything is known about it, it is not 
treated here. However, it can be treated similarly: For under 
Kutta’s and Joukowski’s condition of confluence at the trailing 
edge ({ = +1) the following is obtained 

dx, iC; 


dz C+ 
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ConroRMAL MappiInG or A Since 


BERED PROFILE 
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Hence at the profile contour, [ = ¢ 
ax, ( 
=1 l 
dz 2 


and for 


Hence 


The circulation I’ then-is equal to 


ra2iu lf” (= ja 
2 1 \ We 1/2 
t- 


, 1— 
TA 9 
= Mor, [ i - Id = ly, 
\ z l/2 
‘ 14 
1/2 


z 


Hence the lift coefficient 


L 2r 
- = 2, 


OC. a ~aee 
p/2U,*l alt 


L 


The moment coefficient Cy when referred to the center of the 
profile 


M U 
C a = — — 
«pw J is 
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Let p=n 
It can be shov 


dx* a 


dt 


In 





ak-ARC 


f the z-component of the velocity, and therefore 


pproximation of ntial velocities on tl 


Hen e the angle of attac k betwee n th 


zero lift direction is equal to 


The moment coefficient referri 


obviously zero 


Hence along 














y=0 r, 
The resulting profile is of the second order; i.e., parabolic or 


. Fic. 3 Vevocrry DistriputTion anp CrrcuLaTion or a CirncULAR- 
in the first order a circular are of center angle 6 = 2»,. The dis- 


Arc ProriLe 





x* -_ iC ; 


m sige il 
2 J. re 1) 
ic f° af iC 1 


7! = — 2 2 eee 
a). 24 f? 


a-—1 . 1 


é wainpetnnaianis 


. Sie” 


For [ = e™ then z = 2cosaand/ = 4. Let C = 24 


x’ = —ive —2ia — —y, sin 2a — iv; cos 2a = 27; sin a cos a 


= = 
=—mro Vl —\i2 


Hence along the profile 


— iv; (2 cos? a — 1 


u 
u 
The resulting profile is of the third order; i.e., it is cubic- 
parabolic or S-shaped. At leading and trailing edges it is in- 
clined by + »; against the z-axis and at its center by —v5. The 
chord has an angle of —»;/3 against the z-axis. 
The distribution of the z-component of the velocity, and 
therefore a first-order approximation of the tangential velocities 
on the profile, is given by (Fig. 5) 


U 


we a1 mm Zali—(z 
a . aTED | 1/2 


The circulation then is 


and the lift coefficient is 


L 
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Fic. 5 Vevocrry DistrisvTion or an S-Pr 
The moment coefficient referring to the cente 
found to be 
M 


Cu = Sana 


+1 z \? z \? z rT 
— z\), fee aos 
bh Me™ 1/2 i/2/ t/2 $ 
AppLicaTIOon TO Tain, Cascape Prorites In GENERAL 


The method is not confined to single profiles. It also may be 


applied to cascades. Let one of the profiles have the leading and 


trailing edge near 


u , 
- and Zy = +— 


respectively 


By (Fig. 6 


a strip of the cascade plane z is conformally mapped in the outsid 
of the unit circle of the {-plane. Origin and goal of the flow are 
represented by points (Fig. 7) 


f =—Rand f = - 


respectively. Their reflections on the unit « 


f=—-— 


I 
R and [ = 
fc = ee 


By differentiation 


dz = ( 1 1 ) 
— ae 7 a 4+ et? 
dt [+R [—R 


—2( 5 F,,? ) 
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“a 


~ R 


0 Equation [46] is reduced and the term 


6 ConrornmaL Maprine or a CASscant r Tain, SLIGHTLY 2 
CamMBerRep PRorILes ) = 0 
k=l 
It must be remembered that in considering the Kutta-Jou} 


condition of confluence at the trailing edge forn = 1 
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; epresent the trailing 19 Qs" @Y Ze 
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, = E., = sc ar 


and leading edges, respectiv 


[45] 


= 0 and i? = o@ have been branch 


While for singl 
points of 7’, in the case of cascade profiles there are also other 


points 


f= +C, 


© + 


o* is° 30° as° 60” 
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1.€., 


The resulting cascade profiles are of the second order 
parabolic or in first-order circular ares of center angle @ = 2y 
= +R 

:. 2 


For { = 
l 
+ o, and - 7 
l 2r 
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From x*” one obtains (1 < m < n) 
et? : 
— —+@ 7 R) 
R? + 1 


7ree = P x*™ dz dt a plead 2 (‘ 
-R ag R 
is 
iad ee df... (49) 
t/l : 
ae x/2 st dhs R?— 1 


+f 
x [ xo) ———— Z ; 
/-—R (¢?— r(~—Z) 
these directions and those of the leading 


Hence from x* finally x’ may be found. The values C, have 


be determined so that for p > 0,n > 2 
x*"(—R) = 0 


xr +R) 
CrrcuLar-Arc ProriLe CASCADE AS AN EXAMPLE 


2. Then 


Let p = 0,7 


ie’? P - dt? 
? — B,?) 


X*® = 
2 R? (f 


20° 40” 
a 


EXAGGERATI 


9 COEFFICIENT ~ OF ANGLE 
CrrcuLar-Arc PRroriLes 
and (Fig. 9 


and trailing edges is called angle exaggeration a 


may be called the coefficient of angle exaggeration. 
The distribution of the z-components of the velocity and there- 


fore a first-order approximation of the tangential velocities on the 


leat? 
R (e? In —— profile is given by 
f- me I 
l ¥2 th sin y ® — R 
a/2 l 
| R 


(in 


~§ {x*t)} = io) 2 
t/l 1 
- Vs 
a/2 cos ¥ 


, 


y = 
l =)" 


z= z r 
= f y’'dz = — nf (5) dz = — r» ( “4 
0 9 /2 4 \1/2, 


y= 





For z +1/2 


ConcLusIon 


The application of the deseribed method to cascades of higher 
order profiles is promising and deserves further study. 





Point Source and Point Vortex 
in the Hodograph Plane 


By H. PORITSKY® ano R. A. POWELL *? SCHENECTADY, N. ¥ 


Hodograph plane solutions possessing point-source and 
int -v« six rities btained by means of series r : 
poi vortex ingularities are o tain » ans For incompressible flow the design of blades of 
expansions in product solutions. 


often carried out by utilizing point-source and point-vortex solu 


1 InrropucTrion 


tions properly located in the hodograph plane. For compressible 
NOMENCLATURE flow a sithilar technique could be applied provided that correspond- 
= ing ut s were available » hodoers r . These hys- 
The following nomenc! ire 18 ised in the paper: % sol — — aila wee tn ane graph — The sane 
tions are obtained in the following by means of expansions it 


lefined by Equation [20 series of product solutions which are trigonometric in th 


git 
trie fun ri ters a. b. c 
function with parameters a, 5, « und involve proper hypergeometric functions of the velocity) 
variable. The relation of the foregoing solutior tl 


tation [15] 


tions is also discussed in the following 
rdinates in the hodogr aph plane 
sinable gas velocity 


i 


Application of Green’s theorem over a remion R to any solution 
of the hodograph-plane equation an i to 


1 a& point-sour 
omponents in Z, one to express ¥ at P 


0 udary ot R; this is 


olution with a source at a point P», enables 
anne -ordinates terms of its boundary values over the | 
es corresponding to point 


urther possible application of the point solutions 
4 point vortex in hodograph piane 

- = = complex variables UNDAMENT RevaTions—HopoGcraru PLANE To PuHysica! 
by Equations [66], PLANE TRANSFORMATIONS 
iS5 : . . 
Asis well known, the equations of tv imensional, irrotational 
steady flow of a compressible fluid a ynlinear in the physical 


f [ defined in 
83 
defined by Fig 


tion’’ defined by 


plane, but become linear in th ygraph plane. In the 


latter plane the velocity component ire used as rectangular 
o-ordinates, or the velocity magnitude ¢ = 24 »2)*/3 a: 

ined by Equation , 

; : velocity direction @ (i.e., the an the velocity 


Z-AXIS) as pol ar ¢ o-ordinates 


The flow equations in the hodograph plane for a fluid with : 
iltapie of @ , 


: 
r 

lefinite (p, p)-relation are given, say in (1). For a gas with the 

uliabatic relation pp-* = const, using the notation of T. M 

—— Cherry in references (2) to (6 


: I oO the hodograph equations for the 
nsionless squared velocity = ; ‘ ] 

elocity potential ¢ ar 
r corr 


, tion ¥ are given Dy 
responding to sonic velocity 


A 


)= 


Oo” 


by Equations [11] 


iefined in Equation 


lefined in Equation 
i by Equations 


iation [40 
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: e”? _ dy 
d(x + iy) = —(deg+i—}.. oe A 
q p 


Here the density p may be expressed in terms of g by means of 
Bernoulii’s equation and the equation of state as 


p = poll —7)*. 


where fz is the stagnation density corresponding to g = 0. 
We shall use units for which pp = 1 and absorb the factor q,,p0 
into the scale unit for z, y. Then for product solutions of Equa- 


tion [2] 

vy =YV,(r)e”.... 
where v is a constant, there results 
g = —i2r(1 — r) ~y,. 
igh? t+ ivy, — 2ry, ‘ 


—— ~a- (v # 0, —1) [8 
+ Ir'*(1 — rP (8) 


zrt+iy= 


The co-ordinates z,y corresponding to the special cases y = 0, 
—1, may be obtained by direct integration of Equation [4]. 


3 Propuct So.tuTions or THE HopograrH Equations 
We investigate product solutions of Equation [2] of the form 
YW = (e**”, cos vO, sin v8) y,(r).. [9] 
where v is a (real or complex) constant. We use the notation of 


Cherry (4). The function y, satisfies the ordinary differential 
equation 


ay, (: fe dy, ‘| p 1 
¥ 2+; 8) dr = 2r(l—r 4r? v, 


dr* 
It will be noted that in Equation [10], v occurs in the form v?, so 
that the same equation results when v is changed in sign. 

By putting 


vy, = 7°/?F,(r (11) 


Equation [2] is transformed into 

d°F , aF 

— + {ivy +1)—@+1—)r} — 
dr 


1— Tr) 
” dr? 


viv + 1) 
+ ——— BF = 0... [12] 
+ 3 ] 
Comparing this equation with the hypergeometric differential 
equation (see for example (10), p. 283) 
[13] 


du 
2(1 — 2) + {e—(@+b + 12} = —abu = 0 
¥4 


dz* 
it will be seen that there is complete agreement, provided 
a+b=rv—8 ) 
ab = —v(v + 1)8/2 14) 
c=v+l | 


Hence a solution of Equation [12] is given by the hypergeometric 
series 


F(a, b, ¢; = |] 
a, b, c; 8) + x1" 


a(a + 1) b + 1) 


2 
ele +1)X1X2° vPe 
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where a, b, c are given by Equations [14]. The first two Equa- 


tions [14] show that a, b are roots of 


and are therefore given by 


2a = y 3 - 


8 + 3)'/s 


j 


For a positive radicand, we use a positive radical above, and a is 
the larger of the two roots. 

The notation a,, b, would indicate the dependence of a, b or 
but will be used only when necessary to avoid conf 
Equation [10} is 


is10On 
For nonintegral v, a second solution of 
tained by replacing vy by —v 


¥—(r) =r" 


is given by Equations [14], | 


, “Fr. 
where F_,(r v replaced by 
—». 

From Equations [14], [15], 
[11] possesses a pole at negative integer values of v. 
the following 


it may be shown that the Solution 


A second 
solution of Equation [10] will be discussed in 


section. 


So_vuTions oF THE HopocrRaps 


EQUATION 


4 Furruer Propccr 

As indicated in the preceding section, if y approaches a negative 

integer —n, the Expression [11] becomes infinite. Indeed, as 

shown by Lighthill (reference 8, p. 343), if y > 1, the negative 
oa 


integer values y = —n,n 2 2are polesofyfor0<7r<1. The 


behavior of y, at y = —n is given by 


/ 


Wri? 
where the dots refer to a function which is analytic in y at : 


—n,n = 2, 3, . +» and 


a, — 1) (a, - 


C. = 


To find a second solution for negative integer v 
chooses a proper combination of y,, ~-, which 
finite limit as v approaches n 

Following Cherry (6) we shall introduc: 
tion [2] given by 


where 


As v approaches positive integer values n = 2,3,4,..., the 
Function [21] approaches a finite limit which is a further solution 
of Equation [10] for y = 2, 3, .. ., and will be denoted by Wy, (7 
The function Wy,, just like the Bessel function Y,, possesses a 
logarithmic singularity and a pole of order n at rT = 0. 
Cherry also introduces other solutions for y = —2, —3, —-4 
as follows 


-*(r) = li 
yar im | aed 


ron 
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The relation between the foregoing solutions and second solutions 
of Equation [10] which have been used by others are discussed by 
Cherry in (4). 
Using a familiar expression of the Wronskian W(u, u:) = 
"Ug — Us’u;) of two linearly independent solutions u,, uz of a 
linear differential equation, one obtains 


vl — r)8/r 


5 Point Source anp Vortex So.vurions 


in Hopocraru PLANE 


» INCOMPRESSIBLE 


As an introduction to the following section which contains the 
main results of this paper, we consider first the familiar point 
source and vortex solutions in the hodograph plane for incom- 
pressible flow. 

For incompressible flow W satisfies the Laplace equation in the 
physical (z, y)-plane, as well as in the hodograph or (u, v)-plane 
und W may be expressed as the imaginary part of an analytic 
The flows corre- 


function of either z = z + iyor{ = u— @. 
sponding to 


are called “point-source’’ and “point-vortex’’ solutions, respec- 
us the point source or vortex. For the point 
in the hodograph plane are straight lines 
for the point vortex they are 
The Solution [26] is 


tively, with P, uo, Ue 


source the flow 


through P, as shown in Fig. 1; 
- ae a 
as shown in Fig. 2 


circles with P, as center 


Fie. 2 Pormr Vortex 


multiple-valued, increasing by 27 { 4 path encircling the 
source 

First note that in Figs. 1, 2, the point 
This 


since any other location of P, can be brought to this positior 


source or point vortex is 


shown as lying on the real axis. 2uses no loss of generalit, 


means of a rotation about the origin through a proper angl« 
The same statement applies also to the compressible case. Ther 
fore, we shall consider in the following only positions of P, o1 
n Eq lations [26], [27] w 
assumed to be real and positive and will 


We consider the expansions of 


positive real axis. In particular, {> i 
he denoted by 7 
y in Equations [2¢ 


To obtain the series in question 


Fourier series in 6. 


f 


in series Of positive 


follows 


' = 4 . ‘ . . 
teplacing { by ge” and taking imaginary parts, one obtains {: 
the incompressible point-source solution 


> Qe" sinn# |. 
vy = Im[in(t — oe r forg 2 
n=l nq 


For the point vortex, one obtains similarly 


~ 


in q" cos nv 
aga-—- 7, . 
Sunt nage" 


de 


The series obtained in the following section for compressi! 
flow will be of a similar nature, except that the individual terms 
will be product solutions of Equation [2] 


We shall now consider Ay, A(Oy//O¢ 


hat 1s, the difference in the values of ¥ or 


along the circle 7 = 
its radial derivative 
‘ircle through P, 

For the point source, the function y, 
multiple-valued, increasing by 2x for a path encircling the point 
P,. Outside the circle g = gq the function y is still multiple- 
inside this circle, however, the various branches of the 


long the 
as noted previously s 


valued; 

function separate into single-valued functions, differing by multi- 
ples of 27 from each other, since one cannot go around the point 
P, inside this circle. We shall pick a particular determination of 
W for g < qo, say the one taking on the value mw along the real axis; 
this solution joins on continuously for 0 < @ to the outside solu- 
tion which starts with Y = 0 along the real axis. From Fig. 3 it 
will be seen that along the circles g = gp — €, go + €, € > 0, shown 
in solid and dashed lines, ¥ has the behavior shown by the solid 
and dashed curves of Fig. 4 (for the function ¥ — 7). As € ap- 
proaches 0 the quantity 








Fie. 3 Pornt Source, MaGniriep View 


Fic.4 VARIATION OF ¥ FoR Point Source ALone Crrcies or Fic. 4 


Ay = lim [Wiq@ + «, 8 viq— e¢, 9) 


approaches the stair-function St(@), shown in Fig. 5 
The stair function can be put in the form 


Ay = 0 


x+Sa 6 (34 


where Sa(@) is a saw-tooth function shown in Fig. 6. The 
function Sa(@) is periodic and odd in 6, and may be expanded as 
« Fourier sine series 


2 
Sa(@) sin n@ 


Hence 


— 2 
- — sin nf [36] 
n 


n=1 


Ay| =60—7r+ 
lee 


This equation, indeed, checks with Equations [31] for gq = q@. 


Turning to 
(+ ) 
ge 


for Fig. 3, it will be noted fram Equations [31] that corresponding 
trigonometric terms for g > 9, q < ge have continuous q-deriva- 
tives atg = qo. Hence 


a(*),_. og 


Schematic plots of Oy /Oq versus 6 for g = go — €,q = qo + € are 
shown in Fig. 7. While 0y/dq has positive and negative humps 
receding to infinity as € — 0, it can be shown that their difference 
vanishes as € —> 0, thus giving rise to Equation [37]. 

Similar considerations can be applied to Ay, A(Ow/0q) at q = 


qo for the point vortex solution of Fig. 2. One proves 


[37] 
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Ay [38 


a(s)) ks [39] 
Og {ge Jo 


where 5*(@) is the “repeated impulse function’’ 
“humps’’ at 6 = 2nz; this function may be described by the 


with unit area 
slope of the stair function 


ld 
= iSt(9 1) 
2x dé 


6*(0 
In establishing Equation [39], one utilizes the fact that W for 
the vortex is the conjugate harmonic of ¥ for the source so that 
their radial and tangential derivatives are interchanged except 
possibly for sign. 
The Fourier series of 6*(@) is given by 





Strain Function St(é@ 


Fie. 6 Saw-Tooru Fux 


ay | 
4 


7 Variation or dy /0qg Atone Circles or Fic 
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It will be 
[32] that corresponding terms are indeed continuous 


noted by comparing the two sets of terms of the 
Series 
at q = qd, while their derivatives are discontinuous by an amount 
agreeing with Equations [39], [41]. 

Further light on the behavior at ¢ = q of the terms of the Series 
31] involving sin n@ is thrown by the fact that each of these 
terms may be interpreted as representing the flow due to dis- 
tributions of sources over g = g varying as sinn@. The potential 
¢@ due to such source distributions is continuous along the curve in 
question, i.e., the circle gq = go, and hence has a continuous tan- 
0¢/q08. This leads to a continuous Ow /Og 


The flux functions ¥, being a measure of the int 


gential derivative 


+ ; 


egrated sources, 1s 


discontinuous. In particular, the constant terms can be show! 


to represent the flux functions corresponding to a uniform dis- 


tribution of sources over the circle g q 


ul terms of the Series [32]! can be inter- 


of distributions of 


Likewise, the individu 


preted as representing the streamline functions 


point vortexes over the circle g = G, Varying as cos n@; n = 0, 1, 
Indeed both this interpretation of the Fourier-series terms 


and the corresponding one for the point-source Solution [31 


men- 

tioned previously can be regarded as obtainable by expanding the 

concentrated point source or vortex density into a Fourier series 

in @ over the circle g = go, then expressing W as a superposition of 

flux functions of each term of that expansion. 

6 CompressiBLe Point-Source anp Pornt-VorTex SOLUTIONS 
in HopoGraPH PLANE 


By a point-source or a point-vortex solution in the hodograph 
plane, corresponding to compressible flow, is meant a solution ¥ 
of Equation [2] which has the same type of singularity near a 
point P, as the Functions [26] or [27], respectively. 

For P, at the origin 0, such solutions are given by 


[42 
$3] 


respectively. In the hodograph plane the streamlines are still 
cireles, and in this respect these solutions re- 
For other locations of P, 


annot be given by Equations [26], [27], even 


straight lines and 
semble the incompressible solutions. 
the descripti yn of ¥ 
near the singular point P». 

To discuss this ty pe of singularity it is advisable to transform 
Equation [2] into the form 


oy oy oy 


>A? o6? 


oy 
F(A) - = (0 [44] 
(A) SA [44] 


in which the highest-order derivatives are the same as in the 


Laplace equation. This may be done by choosing X in accordance 


with 


dX \? 1 —?r/r, ere 
( - ) = _ [45 
dr 4r%{1 — r) 


Notice that this transformation is real for subsonic r < 1, for 
which Equation [2] is elliptic, but not for supersonic r for which 
Equation [2] is hyperbolic. 

Hence for subsonic 7», we define as point-source and point-vor- 
tex solutions those solutions of Equation [2] which are singular 
at P, in the manner described respectively by 


; “(= Bo’ 
y ~ tan i. >) 


- Xo)? + (@— 


\ 


6, \2 
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the point P& To, Ge) will be 
While these solu- 
[47], they are of the 


where A is described by Equation [45 
said to be the location of the source or vortex. 
tions W are not equal to the Expressions [46], 
form AS + B where S is the singular right-hand member of Ex- 


pressions [46], [47], while A, B are analytic in r, @ in the neighbor- 


hood of P 


The change of variable given by Equation [45] may be 


on- 
sidered to represent a radial stret« hing in the hodograph plane 
Therefore, the aspect of the solutions near P,is obtained from thos« 
of Figs. 3, 2, and by stretching or compressing the latter in the 
radia! direction 

In the following we shall place the point P, on the half line 6 = 
of P 


& proper r 


0, since for any other position the solution can be obtained 


means of 


We, therefore, place P, at 


irom this case by yttation about the origin 


§@=0 [48 


For the point-source solution it will be assumed that the hori- 
] coincides with the streamlines Y = 0 to 


From this follows that 


zontal axis through P; 


the right of P, and with y = = to its left 


a proper branch )y is odd about the line @ = 0, 7 > 79, and ¥ r 
is odd about the line @ = 0, r < 7, 


For the point vortex W will be assumed even in # 


For the point source, we shall expand y in a series of produ 


solutions of I 


juation [2] in the form 


where A,, B, are proper constants 


w 9 
It must be understood that the function ¥ corresponding say 


to a point source is not unique, since any stream function of the 


form 
> A,’ sin nOy,(r 


which converges in a region rt < 7; including P, may be added to 


the point-source sclution without affecting the nature of the 
of ¥ will be discussed later 
~ 5B, in Equations [49], 


shall use the same discontinuity and continuity conditions as were 


singularity at Py». Other choices « 


To determine the constants A {50}, we 
employed in the preceding section for the incompressible case. In- 
deed Fig. 4, while it is slightly changed in passing from incom- 
pressible to the compressible case, still has the same basic features, 
resulting in exacting the same discontinuity Ay as shown in Fig 
5. Likewise, the relation 
/ ay 
4 ( 
or | hes 

still holds 

Applying the two conditions given by Equations [36], [5 
is led to 


B.W-.*(Ts) 


BW-,*'(t.) — A,¥a'(To.) = 0 

Solving for A,, B,, noting that the determinant of these co- 
efficients is the Wronskian of ¥,, ¥-.* at 7» and substituting in 
Equations [49], [50], we obtain 
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Y =m + 271 — T)~8 





T < To 


~~. W_n*"(ro)Pa(T) sin nO 
DP n? e. 


n=1 


\ [53] 


Y = 0+ 271 — mr)? 
yD V,,'(To)W-n*(T) sin nO 


n? 





» T> To 


| 

) 
For the somewhat exceptional value n = 1, ys, Y-,* are given by 
vi =~ '1 — (1 — ro F186 + 1)........ 5A) 
yat—~r'”, : 5 ee ee 


Turning to the point-vortex solutions, we similarly put 


‘ 


T< To 


y= >. A, cos nOy,(r), 


n=0 


y= i B,, cos nOy_..*(r), 7 


n=0 ) 


To determine the A,, B, now we utilize the conditions 


[57] 


Ay 


re 


A (2%) = 275*(8). 
ov ho 


at T = T) where A is as defined by Equation [45] and 6*(@) is the 
repeated impulse function introduced in Section 5. These con- 
tinuity and discontinuity conditions can be established from the 
logarithmic singularity of Expression [47] essentially in the same 
manner as the corresponding conditions given by Equations [38], 
(39| for the incompressible case. Equation [58] is indeed con- 
sistent with Equation [39] for incompressible flow since with 8 = 
0, Equation [45] yields 


[58] 


dX = dr/2r = dgq/q, X = Ing 


Expressing Equation [58] in terms of r, there follows 


a(2*) . = 2m f(7.)6*(0) 


1— Is 
ed enn) ee 
2 1 — T) 


tecalling Equation [41] and applying Equations [57]-[60), 
solving for A,, B,, and substituting in Equation [56] and simplify- 
ing, one obtains 


. (1— To/T,)'/* 
y = 


[60} 


(l— Pt” 
‘3 Yo*(T.) — = HCH os ap, r<T% 


n=l 
(1 — 10/7,)'* 
(ai— Tot’ 


‘: yo*(r) — 


Sy Yanda) 
n 


— cos nb T >To 


n=1 
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As stated, the solutions just obtained are not unique. Cor 
sidering, say, the point-source solution, several alternative so 
tions suggest themselves. Thus, one might place a point sink 
half strength at the origin, and apply the condition that there is « 
circular streamline with center at origin passing through P, as 
shown in Fig. 8. Again one might assume that for a particular 
velocity 7; > To, the streamlines cross the circle r = 7, in a pre- 
determined manner, say either normally or so that W increases 
linearly with 6. Any of these conditions gives a unique solutior 


for y. 


“7 =7 
¥ 


Fic.8 Port Sovrce Wira Cract 

Similarly, for the point-vortex solution, one may use alterna- 
tive conditions, such that a particular circle r = 7, coincides wit! 
a flux line. 

It may be added that the periodicity of the flow pattern with 
of period 27 in the hodograph plane is not essential to the point- 
source and point-vortex solutions. 

It is of interest to point out that, while the form of Equat 
[44] for the transformed differential equation is possible only f 
subsonic 7, a change of sign in Equation [45] for supersonix 


dw 3 
| dr ) 
transforms Equation [2] into the form 


3° o* oy 
v v + F(w) - 4 
ow? ow 


T/t,—!1 


4r* i—¢ 


= J 


~ O60 
The first two terms of this constitute the “wave equation’ 
suggest solutions of the form 


fw—9%), flwt 8)...............[4 


From this it follows that for P, in the supersonic range no point- 
source or point-vortex solution of the type considered in the fore- 
going can exist. 

Returning to subsonic Pp», it may be noted that the solutions ob- 
tained above for rt) < 7 may themselves be considered in the 
supersonic range, provided they converge there. 


7 ConvERGENCE or So.LuTions or Szcrion 6 
Asymptotic formulations for ¥, were obtained by Cherry in 
references (4), (7) as follows 


T oT) 
me) BO +... Po (65)* 


V(r) ~ V(r)b’e”* J, a 
{ 
‘The notation used here is essentially that of reference (7), but 
differs from that of reference (4), where Cherry uses ju, js, . . . to de- 
note the functions mi, p:.... 
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Here X is defined by means of Equation [45] whose integration 


vields 


* tanh~7,'/*9) — tanh 7.. [66] 


tir /i—r)]", 9>0.. 


[69] 
‘—1 = (1 + 28) —1 
The functions p,(r), po(7), . . . are certain functions of r, independ- 
ent of », which will be described presently. 

The foregoing expansion is valid for subsonic 7 in the sense of 
asymptotic expansions for large numerical » except in the neigh- 
borhood of the poles y= —n. 

A similar formula for ¥..* for large n is obtained by Cherry, as 
follows 


[70] 


where V, 4, p, are the same as in Equation [65] 
Using the dominant terms cf these expansions in the first 
Equation [53] both for ¥,(7) and ¥,(7.), there results 


vos (2) 


For r < Tr» the exponent A — A, is negative and the series in 
Equation [71] converges and, in fact, becomes identical with the 
first Series [31] provided that g be identified with e*. 

Similarly by using the same asymptotic expansions in the 
second Series [53], one can show that this series converges for 
T > Ts, provided that r remains subsonic. 

It may be shown further that the series in second Equation [53] 
converges also in the supersonic range. For this purpose the 
asymptotic expansions of the functions ¥, for r > r, which have 
been obtained by Cherry in reference (4) must be utilized. 

The foregoing asymptotic expansions are nonuniform in 7, and 
get progressively poorer as r approaches r,. Cherry also derives 
in (4) alternative asymptotic formulas for y, which are uni- 
formly valid for all r < 1 and involve Bessel functions J,( vt) and 
here ¢ is a proper function of r. 


V(r) > : 


re *, 


‘’ sin nO 


n 


their derivatives; 
8 Rexation To Bercman’s SOLUTIONS 


In the preceding section the convergence of the series of Section 
6 was studied by replacing the function ¥,, y-,* by the dominant 
terms of their asymptotic expansions in Expressions [65], [70]. 
If the complete asymptotic expansions are used, but only on the 
functions ¥,(r), and terms with like negative powers of n col- 
lected, there results 
' 


y = V(r) te pT) b> c,e™ (sin n@)/n, 


k=0 n=l 


c, = Op-.°"(70)/n', 


pir) = 1 


This may be put in the form 


¥ = Vir) Im[gdt) + piltei(t) + pr )edt) +... 


where 


and where ¢;, ¢2,....! ~ssive integrals of gs» 


>> cnet 
c,e™* /n 
=1 


n 


One may express ¢, in the form of a single integral 
ve 
ef) = type 


. 


t)di/(k —1)!.. 


Equation [74] then takes on a form agreeing with a general solu- 
tion developed by 8S. Bergman, which in the foregoing notation is 


given by [references (7), (11)] 


- 


, { rE (E — 8) ted } 
Vir)| Re <@a -  — 
| Be yet |. dy 1—in 


y = 


Equations [74}, [77] differ in the lower limit of the integrations 
Following (11), Equation [75] may be established as follows 
First factor out V(r) from ¥ 


¥ = Vir 
whereupon Equation [29] is converted into 
d*y* o*y* 


dA! ” ag? = Find". 


where F, is a proper function of r (or A). Next assume a solution 
9] of the form 


of Equation [7 
¥ = go + Gig: + Gar +... {S80} 


where go, # . . . are harmonic in A, 8, and G,, Gy are functions of \ 
(or r) only. Substitution in Equation [79] shows that these 
equations are satisfied if we choose g; so that 


an 


dA ge, Oy -+--- 


dA 


then determine G,, G,, as solutions of 


2G,’ = F(A) 
2G,’ = FUA)G, — G," 
2G,’ = F,(A)G, — G," 


It will be seen that Equations [81] are identical with Equations 
[74] provided 


9; = Relg,(£)).... (83 


and the lower limits of integration are replaced by zero. Again 
the G, dif¥-z irom p,(r) only in the available constants of integra- 
tion when Equations [82] are solved by G; by quadratures. 
The foregoing derivation of Equation [77] by means of the 
asymptotic (hence nonconvergent) series can only be considered 
heuristic. For a more rigorous proof the reader is referred to 
Cherry (7). Cherry utilizes the partial fraction expansion of W,(r) 
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in terms of the residues at its poles at y = —2, —3,...; 


lished in Lighthill (8) 


oo 


~ CO" Vm(T 4 
- m+t+v f 


=? 


V(r) = ar” ; V(r) — 184) 


where C,, is defined by Equation [20]. This equation agrees with 
Equation [19] for the singularity of y, at vy = —m. From Equa- 
tions [84], [65], Cherry derives the following series for p,(r) 


@ 


(—1)"p.(7)VG5 = D> m™iC,6" e™ al) 


. [85] 


Finite forms of p, can be obtained from Equations [82] or by 
direct substitution of Expression [65] in Equation [2], and may 
be found in (4). 

Application of the foregoing to Equation [53] is possible. A 
simpler result is obtained, however, by choosing 
go = Rejgo£)], go = In(§— h) 


g, = Rele,(€)], 


1 1 
[ine — -(1 of )| 
2 n 


and determining G; from Equations [82] so that they vanish at 
=». There results 


On AXE — Eo)" 


n! 


y = Vir) E (é - 


n=0 


] I 
pn (reat - ) 


n=0 n! 


This solution is not periodic in # in the hodograph plane. 


9 APPROXIMATE Equations or Strate 


Various approximations to the equation of state for which the 
hodograph equations simplify, have been suggested at various 
times. 

One such simplification, an improvement upon the Karman- 
Tsien procedure, was suggested by the senior author in (1). By 
approximating to the adiabatic relation by means of several 
straight-line segments in the (p, 1/p)-plane and replacing g by W, 
a proper function of g, one reduces the hodograph equation for 
subsonic flow to the Laplace equation in W, @ but with proper 
discontinuities in d¥/0W corresponding to the corners of the 
straight-line segments. This treatment in (1), with three recti- 
linear segments, leads to very simple expressions for the point- 
source and point-vortex solutions. The method could be im- 
proved by using more segments, and could be extended into the 
supersonic region, leading to 


o*y /OW? — d*y//d6? = 0 
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and to straight-line characteristics W + @ = const in the (W, @)- 
plane. The functions replacing y¥,(7r) reduce to combinations of 
e"® e—"W in the subsonic range, and of e~™¥ 
range. 

A very elegant method of approximation to the (p, p)-relation 
due to 8. Tomotika and K. Tomada (12 
product solutions of the form 


y =e ing 


where § is a proper multiple of 6, ¢ is a proper function of 7 or g, 
and J,, Y, are Bessel functions. By utilizing familiar integral 
representations of Bessel functions these authors obtain in 
integral] representation of y of the form 


> - - 
[ Ge*)dé = [ GCG ( e~* 8+¢ cos @ 
0 0 x 


. x 


in the supers ynic 


leads to hodograph- 


[J.(no), Y,(no)} [88] 


‘ 


sin’ ) dé 


Here G is an arbitrary analytic function of its argument 


u = log -iB + io cos 6 + 2 log sin 6 


x being an arbitrary constant. 
The authors intend to examine the choice of G which will re- 
sult in a logarithmic singularity of ¥ at a specified point ¢ = a¢, 


8 = (). 
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Effect of Adverse Pressure Gradients 
on Turbulent Boundary Layers in 
Axisymmetric Conduits 


By J 


The development of the three-dimensional boundary 
layer in a diffuser with several discharge arrangements 
has been studied for air flow, in continuation of the work 
of Uram (1).". The flow conditions in a diffuser when 
followed by a straight pipe, an additional length of the 
diffuser, or a jet, are compared. Extension of the method 
of analysis developed by Ross for two-dimensional layers 
some cases the use of three-dimen- 
results. 


is presented. In 
sionally defined parameters leads to different 
Ross’s (2) unique outer-flow parameter is found to be no 
longer satisfactory. Other outer parameters are presented 


as possible substitutes. 


INTRODUCTION 


iayer wu suverse- 


TUDIES of the turb 


pressure gradients have been concerned principally 


lient boundary 
with 
-imensional! flows or at least those approximating such 
that with 


be considered a pseudo two-dimen- 


two 
simplest three-dimensional-flow case is 
This car 


there are only two significant 


AXIAl SV .asMetry 
co-ordinates—a 
The axi- 


symmetric case thus would appear to be amenable to attack by 


sional one as 


radial one and an axial one in the flow direction 


methods similar to those developed for two-dimensional flows 
However, there are few available data to check this possibility 
The 


geometry that can be 


one of simply controlled 


in a conical diffuser is 
ised to study the effect of the adverse 


flow 


turbulent boundary layer as well as 
The study 
»onducted for such purposes, as a continua- 
tion of the work recently reported by Earl M. Uram (1 This 
study differs from Uram’s work in that the diffuser-exit conditions 


pressure gradient on the 
to obtain data for the comparison just mentioned. 


reported herein was 


were varied 
The ultimate obj 
or predicting the behavior of the 


ective of any such study is to obtain a satis- 
method boundary 
The rate of boundary-layer growth and the approach 


Also, one would like to predict 


tactory 
layer. 
to separation are to be pre dicted 


} 
‘ 


the velocity profile at any station. In the present case our 
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interest is in a diffuser with a relatively thin boundary la 
at the entrance or start of the pressure gradient. 

In comparing his results with several recent promising methods 
Uram found con- 


Donald 


of two-dimensional, boundary-layer sna 18 
R 9 
Loss (2 


Uram felt that 


siderable variance with all except that of 


Although significant divergencies were found, 
1 axisymmetric cases 


Ross 


the Ross analysis could be extendex 
Hence, in this paper comparisor made only with the 
approach. 

The rate of growth of the boundary layer is usually obtained 
from application of the von Karmar 
For 
empirical method for predicting the rate of growth of 
thickness has 


momentum-integral equa 
pressure gradients, such as in diffusers, 


the bour 


tion strong 


ary-layer-momentum been indicated elsewhe 


3). This permits us to limit the 


scope of the present pap 


to consideration of separauion and the shape of the velocit 
profile. 


Present-day investigators divide the boundary layer into 


inner or wall region and an outer region. Some workers consid: 
that the velocity profiles for these regions overlap (4), but f 
toss finds that they must 


about 15 per cent of the 


layers in adverse pressure gradients 
be separated by a blending region 
He finds the inner region to occu] 


with th: 


boundary-layer thickness 
about 10 per cent of the boundary-layer thickness, 
velocity given by the following form of the logarithmic law 
= 5.6 log , 4 5.6 


where u is the velocity at any distance y from the wall, ue is 


the friction velocity, V/ r,/p, 7, is the wall shear stress, an: 
the kinematic viscosity. As noted by Ross (2 


such a universal relation, independent of external flow cond 


and Clauser (5 


tions such as pressure gradients, permits one to determine the wa 
shear stress with a fair degree of certainty from experimentall 
measured velocities 

In the outer region, which Ross finds to comprise the outer 
75 per cent of the boundary-layer thickness, the spatial history 
of the flow controls the behavior. This is particularly important 
for adverse pressure gradients. To describe the velocity profik 
a three-halves power-de- 
1858, 


in this outer region Ross finds that 


ficiency law, first formulated by Darcy in gives a good 


fit (2 


where u; is the velocity just outside of the layer and 4 is a dis- 
turbance thickness defined by the best fit between the equation 
and the measured profile. The Darcy coefficient D is thus ar 
outer shape parameter characterizing the flow in the outer regior 
and depending upon the spatial history of the flow. Ross finds 
the value of D to vary from about 0.3 for flat-plate flows to about 
1.3 for separation. This separation value is equivalent to a 
value of about 3 for the usual velocity-profile parameter H 


ratio of displacement to momentum thickness) 
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As outlined by Ross, the velocity profile is determined once 
D, 6, and the local skin-friction coefficient c; are known. How- 
ever, the profile in the blending region must be faired in. As 
the momentum thickness @ is predictable (3), Ross finds 6 by 
correlating 6/@ with D empirically. 

The local skin-friction or wall shear-stress coefficient is ex- 
pressed as a function of Rg (momentum-thickness Reynolds 
number) and the parameter y = ug,/u; introduced by Ludwieg 
and Tillmann (6). In this parameter u,, is the effective velocity 
found for y = @ from Equation [1], and w is the velocity just 
outside the boundary layer. Ross’s expression for c, may be 
written 


eso 
yaa 


Y 
— [3] 
log yRe)* 
Ross finds a unique empirical relation between y and D. Thus 
with u, known and @ determined by other means, all that is 
needed is a method for predicting the outer-shape parameter D. 
toss found that D could be determined in terms of an outer- 
flow parameter (5uo)/(Du;) (the subscript 0 indicates the initial 
value of u at the start of the pressure gradient) which is not a 
function of local conditions. In fact he found it to increase 
linearly with distance and that its initial value could be simply 
predicted. 
EXPERIMENTS 

As the experimental equipment used was the same as that of 

Uram and, in fact, the study was a continuation of his work, 


detailed description of the apparatus appears unnecessary 
Fig. 1 shows the outline of the open circuit blower-nozzle-diffuser 


TRIP 
WIRE ‘ 
tg 
i a 


17.4" OA. TRAN. DIFFUSER 


ee ee 


— 


SCREENS 


B OWER 
PHASE DISTANCE BD 
I 3 IN 


325 IN 


do 


0 
m 
par do 
y 


35" DIA 
do ? 7 
Q 


Fic. 1 Drawine or Test Apparatus 
assembly used. The sketch shows the location of the trip wire 
introduced by Uram near the end of the nozzle to assure axial 
symmetry of the boundary layer. In all the tests except Phase 
I, the first length (6 in.) of 6-in. pipe was lined with a garnet 
paper. The nozzle, straight pipe, and diffuser were cast-alumi- 
num sections. 

As noted in Table 1, two initial boundary-layer thicknesses 
were used by Uram—only the thicker of these was used in the 
present study. Including Uram’s Phases I and II, five different 


TABLE 1 


GEOMETRY OF 
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geometric setups have been studied. Phases I and II differ 
only in the entrance conditions to the 7.5 deg (total-angle 
diffuser, while Phases II to V differ in the exit conditions. 
II and V had free discharge at the end of the diffuser at diameters 
of 11 and 9.35 in., while Phases III and IV terminated in 
straight-pipe sections of 7.38 and 9.35-in-diam. 

Owing to the different loss characteristics of the various 
systems, the initial core velocity varied between Phases II-V 
The locations of the pressure piezometers and velocity traverse 
stations were all referred to a station in the 6-in. straight pipe 
which for Phases II~V was 32.5 in. from the end of the nozzle 
This station was followed by about 4 in. of pipe and a one- 
diameter-long gradual transition into the conical diffuser. Thus 
the adverse pressure gradient actually started at z = 8 in., as 
shown by the longitudinal variation in wall-pressure coefficient 
given in Fig. 2. 


Phases 


Pressure VartaTion ALONG THE DirruseRr 


Fic. 2 
(Arrows marked A, B, and C indicate, respectively, start of diffuser, locatio 
of wall-contour change of Phase III, and location of wall-contour chang 

of Phases IV and V.) 


? 


The pressure coefficient plotted in Fig. 2 is defined as 


P — Po 
 - 


where p is the local wall pressure, p) that at the reference piezome- 
ter (at c = 0) and A is the nozzle pressure drop which is 
approximately the dynamic pressure in the straight pipe. 

The pressure gradients are seen to be initially very steep 
Almost up to the point of boundary-contour change Phases 
III-V follow closely the Phase II curve for C, After this point, 


VARIOUS TEST PHASES 


Diffuser-entrance conditions 


usw Core 
velocity 


Approach pipe fps 


2 diam of 6.06 in. 
6 diam of 6.06 in. 
6 diam of 6.06 in. 
6 diam of 6.06 in. 
6 diam of 6.06 in. 


Phases 
Uram 


Present 
study 


nitia 


thickness, 


ée in. 


Diffuser exit conditions 


0.28 
0.90 
do. 
do. 
do. 


Free at 11.3 in. diam 
Free at 11.3 in. diam 
23 in. of 7.38 in. diam 
11.7 in. of 9.35 in. dian 
Free at 9.35 in. diam 
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~ 
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X INCHES 
3} «6Varntation 1s Suare Parameter H anpd Momentcm 
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4. B. and C indicate, respectively, start of diffuser, location 
~ Phase ILI, and location of wall-contour change 
of Phases IV and V.) 


4rrows marked 
wall-contour change 


Phases III and V (in the jet) are seen to have negligible pressure 
gradients while for Phase IV the gradient is less than that for 


Phase II, but not negligible. 


Mean-velocity measurements were made at numerous stations 
in the boundary layer using a hypodermic total-head tube of 
0.028 in. diam. At least 30 points were taken for each traverse 
for wall distances from 0.015 in. outward to permit good definition 
of the profiles. One velocity profile was obtained near the end of 
the Phase II setup with a hot-wire anemometer as part of 

The results are included in this present analysis 
significance of the location. 


another study.‘ 
because of the 

Using appropr 
rofiles were integrated to give 6* and @, the displacement and 
boundary layer. From a 
were determined. 
he wall skin friction tT, also was obtained with the aid of a 
plot of the logarithmic law of Equation [1]. 


iate three-dimensional definitions,’ the velocity 


thicknesses for the 


r 
t 


omentum 


graphical plot, D and 6 in Equation [2] 
T 


graphical 
Test Resv.ts 


For the boundary layer as a whole, the effect of the pressure 


{ the turbulence in the Phase II boundary layer have been 
Robertson and 


* Studies « 
conducted and are to be reported separately by J. M 
G. L. Calehuff. 

5 Uram (1) determined 6* and @ from the ordinary (two-dimensional) 
lefinition but recommended use of three-dimensionally defined 
A rough analysis of Uram's and our data indicates that 
5%, 

R 
and Hs, = 1.07 Hs, where R is the local radius and the subscripts 2 and 
3 indieate the two and three-dimensionally defined terms. 


thicknesses 


6:/e = 1 + 1.37 


3 
KX INCHES 


LoncrrupinwaL Variation 1n Ovrer-Form Parameter D 
anv Bounpary-Larer THICKNESS 

(Arrows marked A, B, and C indicate, respectively, start of diffuser, locati 

of wall-contour change of Phase III, and location of wall-contour change 

of Phases IV and V.) 


Fic, 4 


gradient can be indicated through the longitudinal variatior 
in 6 and the form parameter H = 6*/6. The results for Phases 
II-V are shown in Fig. 3. For Phase I Uram found that H 
differed very little from that for Phase II. The momentum 
thickness for Phase I was appreciably less than for Phase I! 
but the manner of variation with z was about the same. For 
Phase II it is apparent in Fig. 3 that as the boundary layer grows 
in the pressure gradient, H increases, reaching a value of almost 
3.0 at the end of the diffuser. This value of H is usually identi- 
fied as indicating separation. For Phases III and IV after the 
wall-contour change, the rate of growth of @ decreases much as 
while H itself decreases considerably. 

the outer-shap: 
defined in con- 


the pressure gradient 

The outer-flow region is characterized by 
parameter D and boundary-layer thickness 4, 
nection with Equation [2]. Fig. 4 shows the concomitant 
variation in these quantities. The change in pressure gradient 
of Phases III and IV is seen to cause D to decrease, but only t 
slow down the rate of increase in 6. 

The experimentally determined values for the various bound- 
ary-layer quantities are listed in Table 2. Besides C,, 9, H, 
é, and D, values of 

2r 


“ 
— oF ™@ Bas Me 


pu’ 


cy = and D/é'/* 


are listed. The last quantity was obtained for the jet studies 
of Phase V with the outer velocity law written as 


u D 


" a §*/2 


§ — y)*/* 2a) 





TABLE 2 


cr D 5 
(1075) in 


R a, - p//2 y 
(>) 


in fps in . 


Phase I (Uram) Rg = 2.76x10° 


0.027 0.020 
0.039 0.028 
0.038 0.029 
0.087 0.056 
0.091 0.060 


3.0351 191.4 3.95 
3.031 194.0 
3.0535 193.3 
3.292 169.4 
3.345 164.6 


3.28 


0.119 0.071 
0.239 0.120 
0.287 0.143 
0.492 0.208 
0.575 0.240 


3.424 157.9 
3.778 136.2 
3.9135 1350.6 
4.264 118.7 
4.431 114.5 


0.724 0.286 
0.880 0.322 
1.040 0.399 
1.129 0.415 


4.756 107.1 
4.921 104.5 
o235 9904 
e372 97.7 


Phase II (Uram) Re, 7 


3.031 i?) 0.087 © 
3-039 166.5-0.009 0.111 
3.287 149.1 0.24 0.187 

9 3.425 142.5 0.351 0.247 
3-774 128.1 0.507 0.399 


3.909 12462 0.547 0.484 
40261 117.7 06625 0.664 
2 4.428 114.9 0.652 0.759 
te75 110.4 0.70 0.944 
4.917 108.6 0.718 1.061 
Phase II 6.9x10° 
7 Ocl91 
0.245 
129.3 06406 
124.8 O 0647 
112.8 0.651 0.760 


4.924 108.5 1.046 ¢ 


3.3503 148.9 
141.5 


Phase II (Hot-Wire) 


5.58 98 1.37 


In this version one does not need to know the origin for y and 
5. For tests in which the wall location was known, D/é’/* has 
been calculated from the values of D and 6 determined from 
Equation [2]. 

One purpose of this study was to note the effect of various 
diffuser-discharge conditions on the boundary layer. Hence, 
in Phases III and IV, portions of the diffuser were replaced by 
straight conduit and in Phase V the flow in the jet downstream 
from the end of the diffuser was studied. Unfortunately, as 
may be noted in Table 1, the initial Reynolds number differed 
by as much as 15 per cent and unequivocal conclusions are not 
possible. 

As may be seen from Fig. 2, the pressure distribution in the 
straight pipe of Phase III was nearly flat with no apparent 
upstream effects. In the case of Phase IV, however, an ap- 
preciable adverse pressure gradient occurred in the pipe and the 
pressures in the diffuser for some distance upstream of the 
contour change seem to have been lowered. The jet of Phase 
V, although having no pressure variation, seems to have had 
about the same effect on the upstream pressures. As for the 
wall friction, the Phase III values upstream of the contour change 
are a bit higher than those of Phase II, possibly due to the lower 
Reynolds number. Phases IV and V produce a finite decrease 
in shear for locations immediately upstream of the contour 
change. In both pipe flows, the shear rises rapidly after the 
contour change as the flow redistributes. Its terminal value is 
still considerably below that to be expected for fully developed 
flow in the pipe. 

The effect of contour change on D js to cause 9 reversal in the 
increase with distance, while the increase in 6 is slowed down. 

A qualitative indication of the changes in flow induced by the 
different discharge conditions of Phases II, IV, and V was 
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EXPERIMENTAL BOUNDARY-LAYER RESULTS 


R wy 
in fps 


Phase III Rg, = 5.9x10° 


0.091 
0.114 


0250 0.76 0.452 
0.352 0.90 

0.48 1.00 

0.58 1.12 G 
0.70 1.46 0.595 


3.0351 127.8 0.0 
3.051 1357.9-0.01 
3-301 120.9 06235 0.185 
304352 115.7 0.34 0.245 
3.691 107.5 0.475 0.556 


0.62 1.60 0.308 
0.58 1.70 0.258 
0.52 1.85 
0.50 2.0 
0-45 2.20 


3.691 107.0 0.482 0.344 
3.691 106.5 0.489 0.331 
3.691 105.9 0.491 0.550 
3.691 106.0 0.496 0.531 
3.691 105.7 0.479 0.3525 


Phase IV Re, s 6.62x10° 


3.031 160.2° 
40434 111.6 
4.674 107.8 
4.674 107.0 
4.674 101.3 
4.674 105.7 
4.674 104.0 


0.785 
0.896 
0.869 
0.869 
0.839 
0.859 


Phase V Rg « 6.4x10° 
— 
3.031 153.1 
40434 107.0 0.636 0.776 
4.578 105.2 0.661 0.848 


(Jet Date) 


96.8 0.671 
98.5 
98.5 
105.2 0.670 


“The initial values of u, for Phases IV 
the nozzle pressure drop. 





obtained through study of constant-velocity lines or isovels 
The effects were small except right near the wall; ie., for u/u; 
0.25. Upstream of the contour change, both the jet and the 
pipe cases diverged in the same direction from the diffuser case 
This seems strange but is in agreement with a local decrease in 
the c values. 

Other upstream effects in the jet and pipe cases are apparent 
in the shape parameter H (cf. Fig. 3). Just upstream of the 
contour change this parameter increases significantly abov« 
that for the diffuser case. It does appear strange that although 
the two geometries (Phases IV and V) differ in opposite directions 
from the diffuser (Phase I1), the effects noted are always in the 
same sense. This suggests that the flow is sensitive to down- 
stream effects, but has only one way to react. Although the 
flow was not in immediate danger of separation (H = 2.5, 
D = 1.1), it must have been slightly unstable. The effects did 
not extend far upstream (about 26). No upstream effects were 
noted for the pipe case of Phase III. In this case the flow was 
further from possible separation (H = 1.8, D = 0.7) 


EmprricaL CORRELATIONS 


As indicated in the Introduction, the growth in @ can be 
predicted (for strong pressure gradients at least) by an available 
method, so that our interest is to develop methods of predicting 
changes in the velocity profile. Thus we need to predict the 
outer-shape parameter D. Uram (1) found that Ross’s (2 
linear relation for (duje)/(Du,) versus z for two-dimensional! 
boundary layers did not apply to diffuser boundary layers. 

In the present study, downstream from z = 20 a plot showed 
that the Phase II curve for (éuj)/(Du,) takes a different slope 
from what it had upstream, and the Phase III data diverge from 
the Phase II. The Phase IV values also diverge from the 
Phase II values downstream from its boundary transition 
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However, as apparent in Fig 

yy the ratio R/R», where R is tl i 
diffuser radius, the Phases II-V 
why (du, R)/( Duy,R hould thus serve 
and why there sh« i break in 
not evident 

The Phase V data sho 
34.3 In arbitrary 
order that D and 6 could 


the parameter is multiplied 


ocal radius and R, the initia! 
Just 
the data 


at about 20 in. is 


essentially agree 
to correlate all 
the line 
vn in Fig. 5 for distances greater thar 

jefinition of the wall location in 
be evaluated separately. The data 
for the jet were determined for two rational definitions of the 


ured an 


req 


wall—an extension as the diffuser or an extension as a straight 


The v the outer-flow parameter with these 
alternative locations was small, so the average 
5 The the modified 
Du,R,) based on Uram’s Phase I 
The effect of the different initial 


pipe aration in 
hetitious Wal 
values are plotte 
parame 


measurements 1s 


variation in 
outer-fiow 


LiSO show n 


onditions 1s quite evident 
lies 


In the jet stu and D could not be individually evaluated 
und D 5° ind from Eq 


Consideration of Fig. 6 


* was I iation [2a] as an outer parameter. 


that this may be 
flow Disregarding a 


nitial scatter, this parameter is seen to 


indicates a suitable 


parameter for characterizing the 


outer 
considerable amount of 
vary linearly with z up to 30 in. for Phase I and to at least 40 in 
for Faase II The initial scatter is due presumably to a lack of 
precision in the definition of D/é’*, when both D and 6 are 
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The suitability of this as an outer par varying 
simply with z is in need of further verification 

Besides D we need to be able to predict the variation in 6/@ 
and y. Fig. 7 depicts the variation of these parameters with D 
in comparison with Ross’s empirical correlations for two-dimen- 
sional boundary layers. In the case of 7 
with Ross, as might be expected 


Using two-dimensionally 


there is agreement 


defined va 
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Fie. 8 


that the data of Phases I and II for 6/@ versus D agreed with 
Ross’s presentation, with few exceptions. The relation between 
6/6 and D is different for the three-dimensional axisymmetric 
boundary layers if the proper definition is used for @ as may be 
seen in the upper plot of Fig. 7. Although considerable scatter 
is evident, sufficient data seem to have been obtained to define 
the trend to supplement Ross’s line for two-dimensional flovr=. 

The final item needed to describe the flow conditions in the 
boundary layer is c,. This is predicted by Equation [3] in 
terms of the known parameters y and R». For comparison 
purposes the equation is more suitably written as 


cy , 2 
y? (0.7 + 5 log yRe)* 





= fiyRe)........- [3a] 


Comparison between the predictions of this equation and the 
experimentally determined values for c,/y*? as a function of 


Ro is shown in Fig. 8. Except for a number of points (in which 
the inner profile was somewhat doubtful) near the end of the 
Phase I diffuser, the agreement is generally within 10 per cent. 
As determination of c, and involves curve fitting, this is about 
all that could be expected. 


CONCLUSIONS AND APPLICATION TO DiFFUSER PREDICTIONS 


Based on the experimental information presented for flow of 
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axisymmetric boundary layers in conduits and the analysis 
thereof, the following conclusions appear to be in order: 


1 Ross’s (2) linear or at least unique relation for the variatior 
of the outer-flow parameter (due)/(Du,) with z, independent of 
local conditions, is not verified for the three-dimensiona! axi- 
symmetric-diffuser case. Multiplication of this parameter b) 
the radius ratio R/R, is needed to bring independence of loca 
conditions, but does not yield a linear relation. 

2 The parameter D/é*’* is found to be of some possible val 
as a simple means for extrapolation of the outer-flow behavior 
It suffers from poor definition at the start and the linear trend 
eventually breaks down. 

3 Extension of the Ross (2) approach to the axisymmetric 
flow case yields the same relation for y versus D as he found for 
two-dimensional data. A new line is tentatively presented f 
6/6 versus D. More experimental data for other cases 
needed to define it completely. 

4 Small effects upstream of wall-contour changes were found 
at distances up to about 26 for a flow which was not at separation 
but was approaching it. 


Consideration of the problem of predicting the flow charac- 
teristics of a diffuser leads to the following comments: 


(a) Prediction of the variation in D is not possible in spite 
conclusions 1 and 2, for we do not know the law of variation 
either of the two outer-flow parameters. 

(b) The necessary relation between 6/@ and D (cf. conclusi 
3) is not well defined and is in need of further verification. 

(c) The other quantities 9, y, and c, needed to predict the 
boundary layer are adequately handled by available empiri 
relations. 

ACKNOWLEDGMENT 


The research described was conducted by the authors while 
at the Ordnance Research Laboratory of The Pennsylvani: 
State University with support from the Office of Naval Research 
under Project NR 062-139. 


BIBLIOGRAPHY 


1 ‘*The Growth of an Axisymmetric Turbulent Boundary I 
in an Adverse Pressure Gradient,’’ by E. M. Uram, Proceedings 
the Second U. 8. National Congress of Applied Mechanics, ASM! 
1955, pp. 687-695. 

2 “A Physical Approach to Turbulent Boundary-Layer Prob- 
lems,” by Donald Ross, Transactions of the American Society of 
Civil Engineers, vol. 121, 1956, pp. 1219-1254. 

3 “An Empirical Method for Calculation of the Growth i 
Turbulent Boundary Layer,”” by Donald Ross and J. M. Robertson 
Journal of the Aeronautical Sciences, vol. 21, May, 1954, pp. 355-358. 

4 “Boundary-Layer Characteristics for Smooth and Roug 
Surfaces,” by F. R. Hama, Trans. SNAME, vol. 62, 1954, pp. 333- 
358. 

5 “Turbulent Boundary Layers in Adverse Pressure Gradients,” 
by F. H. Clauser, Journal of the Aeronautical Sciences, vol. 21, Febru- 
ary, 1954, pp. 91-108. 

6 “Investigations of the Wail-Shearing Stress in Turbulent Bound- 
ary Layers,” by H. Ludwieg and W. Tillmann, Ingenieur-Archiz 
17, 1949, pp. 288-299 (translated in NACA TM 1285, 1950). 





Corrections for the Oscillating- 


isk Vi er 
Disk Viscometer 
4y J. KESTIN?® anv H. E. WANG,* PROVIDENCE, R. ! 


The paper reviews existing theories of the oscillating- , radius of disk 
disk viscomet ev and demonstrates their inadequacy. Using " inner radius of vessel 
the results obtained previously by Kestin and Persen to- s = Laplace variable 
gether with an empirical assumption that the edge-correc- = time 
tion factor is proportional to the ideal viscous torque period of oscillation in fluid 
pieced together from the infinite-disk and infinite-cylin- = period of oscillation in vacuum 
der solutions, the authors are able to develop working re ratio of boundary-layer thickness to radius 
formulas which, in addition to the edge effect, include : = polar-cylindrica! co-ordinate 
the effect of wire damping and unequal separation. The angular deflection of disk 
effect of a stem is discussed separately and shown to be = angular deflection of disk from equilibrium at { 
negligible. Some remarks are made about the decrement - + = dimensionless separation (= 
period relationship. The assumptions are compared with , dimensionless thickness ( = 
experimental results which demonstrate that for a given 6 = boundary-layer thickness [=(yu7,/2rp)'/*} 
suspension system the edge-correction factor C depends \ = damping decrement, Equation [6] 
on the dimensionless ratio z = 6/R (6 = \/[v/wo) is the damping decrement in vacuum 
average boundary-layer thickness and FR is the external = }(u.—n)/p}] X 100% 
radius of the disk) in a unique way. This shows that the - = dimensionless co-ordinate (= 2/5) 


use of the authors’ equations together with a suitable functions introduced in Equations [336] and [34 


calibration procedure should lead to reliable values of 7 = ratio of periods (= 7'/T») 
viscosity. penetration depth [= (u7/zxp)'/*} 
absolute viscosity of fluid 
absolute viscosity of fluid calculated from Mariens- 
Paemel theory 
dimensionless time (= Wel) 
kinematic viscosity of fluid 
limensionless co-ordinate ( 
= separation between disk and fixed plates dimensionless radius (= R/6) 
= harmonic mean value of separation [= 2h,b,/(b, *) ) density of fluid 
complex root and its conjugate in characteristic equ 
mean value of se] atic : : bs (= ¢, = @;) 
angular velocity of fluid 


third-order mean Vv alue of separatior | - yy 3 stem-correction factor, Equations [35] and [35a 


L . l,2 = functions introduced in Equation [19] 
edge-corre i ‘ natural frequency of oscillating system (= 27/T, 


hickne f al ¢ . : . 
thickness of disk Q = angular velocity of fluid (= ¢ 
moment of inertia of the oscillating system bar above symbol denotes Laplace transform of functio 

i .ssel function of orders ® respectively a ' 
modified Bessel function of orders 1 and 2, respectively . dot above symbol denotes differentiation with respect 
ength of sten : 
length of stem mensionless time rT 
actnal viscous Mome : ** 
M = actual viscous moment # subscript denotes quantities relating to stem 
M = ideal viscous moment 

m = similarity parameter, Equation [20] 1 INTRODUCTION 

r = polar-cylindrical co-ordinate a ” ld i 
The oscillating-disk viscometer has now been in use for a 

i The work described in this paper was supported by the U. S. Air y and be half, and in spite of the fact that the method k 
Foree through the Air Force Office of Scientific Research of the Air itself to highly precise measurements (1, 2),‘ the evaluation of the 
Research and Development Command, under Contract AF 18(600)- results of measurements of viscosity still presents difficultic 
$91. 

? Professor of Engineering, Brown University. Mem. ASME 

Research Assistant, Brown University. ss 

- ~ _" - , . . * > = 

Contributed by the Applied Mechanics Division and presented &€&t Simpue ity of design, as shown by J. Kestin and K. Pilarczy} 
it the Annual Meeting, New York, N. Y., November 25-30, 1956, of 1), and appears to offer the only serious alternative to the vai 
Tue American Society or Mecnanicat Encrneers capillary-flow viscometers. 

Discussion of this paper should be add d to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
ntil July 10, 1957, for publication at a later dats Discussion ‘ , . 
ceived after the closing date will be ret Moszynski (3) thus making it superfluous to review it once n 


There are, however, important reasons for trying to overcom 
these difficulties because the oscillating-disk method leads to 


The theory of the oscillating-disk viscometer has a long hist 
behind it. It was recapitulated recently by J. Kestin and J. R 


Note: Statements and opinions advanced in papers are to be One line of development, initiated by O. E Meyer (4), 
tl 1d not those 
of the Society. Manuscript received by ASME Applied Mechanics *« Numbers in parentheses refer to the Bibliography at the ex 
Division, May 31, 1956. Paper No. 56—A-34 paper 


inderstood as individual expressions of their authors a: 
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minated in a theory of the freely oscillating cylindrical disk given 
by P. Mariens and O. van Paemel (5, 6). A completely new ap- 
proach to the theoretical problem was given by J. Kestin and L. 
N. Persen (7, 8, 9). 
bodies performing slow oscillations in a viscous medium, but only 
cases of revolution 
boundaries without edges could be included. 
lems have been solved independently, and by a different method, 
by R. P. Kanwal (10). 

In an actual oscillating-disk viscometer the influence of the edge 
is found to be important, as it may account for about 10 per cent 
of the drag in an instrument with finite spacing, and for up to 80 
per cent of the drag in an instrument with infinite spacing. At 
present, the latter is the only arrangement which can be used for 


Exact solutions have been obtained for 
bodies of possessing analytic (smooth 
Some of these prob- 


high-temperature work (3). 
It will be recalled that the considerable increase in the drag of a 
finite, as compared with an infinite, disk is due to the curving of 


the lines of constant angular velocity ¢ in the fluid, Fig. 1 























| 
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Epce CORRECTION 





Fig. 1 ORIGIN OF 
which results in singularities in the velocity gradient at the wall, 
(dg¢/2z)o; these occur at the corners, so that the gradient (d¢/0z)o 
becomes a function of the radius r on the flat faces, and the 
gradient (0¢/dr)) becomes a function of height z on the cylindri- 
cal surface. P. Mariens and O. van Paemel made allowances for 
edge effects by an iterative process, assuming an ideal course of 
lines of constant angular velocity in zone (i) (Fig. 2) evaluating 
the flow in zone (ii) on the basis of an ad hoc physical assumption 
due to O. E. Meyer, and extending the solution to zone (iii). An 
alternative, and different, approximation was obtained by pro- 
ceeding in the reverse order (iii )—(ii)-(i 








Fic. 2 Irerative Meruop 

The present paper will compare the theory due to P. Mariens 
and O. van Paemel with experimental data obtained by the 
authors.’ It will turn cut that the final formulas are still insuf- 
ficient for use in gas viscometry. The paper will then proceed to 
adapt the theoretical results obtained by J. Kestin and L. N 


’ With the co-operation of J. Pietrasz, Research Assistant at 
Brown University. 


JOURNAL OF APPLIED MECHANICS 


Persen (7, 8, 9) to practical use by introducing an empirical edge- 
In addition, corrections for wire damping and 
The correction due to the 


correction factor. 
unequal spacing will be introduced 
e.g., by J. Kestin and K. Pilarezyk 
H. Keesom (11 
Finally, 


existence of a stem, as used, 
(1) and A. van Itterbeek and W 
it will be shown to be negligible 


will be assessed ; 
the edge-correction as- 
sumption will be compared with experimental data. For the case 
of finite spacing, these will be taken from K. Pilarezyk's thesis 
(12), and for the case of infinite spacing the data obtained re- 
cently at Brown University will be employed. It will turn out 
that by suitable calibration it is possible to make relative meas- 
hinite 


urements with an accuracy of 0.15 per cent in the case of 


spacing, and with an accuracy of 0.5 per cent with infinite spacing 


2 Tue Marrens-van Paeme.t Equations 


P. Mariens and O. van Paemel (6) have given the folk 


wing tw 


formulas for the evaluation of viscosity from experiments wit! 


disks oscillating in large containers 


pw’? = AI(A — 0A,)/R“XxTp)’? 
+ (A/R 
+ (A/R)X3 + 3d 


OA R* Tp 
3bd/R 


3dB/SR 


+ (2 4 


A/R)* 


The densit 
and J is the moment of inertia of 


is the penetration depth 


ratio 


6=T/1 


represents the lengthening of the period 7 


value 7>5,ina vacuum. Finall) 


as 


and a@,+,, denote the angular amplitudes on one side of 


The quantity A, 


measured in vacuo, is characteristic of the damping in the suspen- 


where @,, 


the zero position, measured m cycles apart 


sion wire. 
on the right-hand sides of Equations [1] 
viscosity u, an iterative process is required when experimental! re- 


Since the depth of the penetration A which appears 


and [2] depends on the 


sults are being evaluated. As a rule, about four iterations aré 
required to obtain convergence with an accuracy of 1 in 1000 
The authors performed the tedious numerical calculations with 
the aid of an IBM CPC computer 

Equation [1] has been obtained with the aid of the scheme (i 
is the 


as mentioned in the pre ceding section On 


ii)-(iii), Fig. 2, and Equation [2] esult of applying the 
scheme (iii)—(ii)—(i), 
purely experimental evidence, Mariens and van Paemel find that 
Equation fl] leads to more accurate values This onclusion has 
been confirmed by the authors’ measurements, and it suffices to 
concentrate on Equation [1]. 

The authors performed measurements on three gases—nitro- 


gen, hydrogen, and helium—at room temperatures and at pres- 
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MaRiens-vVanN Paramet 
EXPERIMENTS 


sures ranging from | The pressure 


was taken Irom 


of the viscosity of t ne t 


2), and the values have been corrected for temperature by 


plying uniform used on the Since 


same source 


measurements we! room temperature, the correc- 
All measurements were 


the 


plates have 


tions never exceeded zp n np 


one described in 


performed in an instru similar to 
reference (1), except tl ve fixed 


The details of the oscillating system are 


itted 


been om | 


given in Section 7 
The results of our measurements have been presented in Fig. 3 
f the relative error in the value 


Mariens-van 


l T) rdina have been given in terms of 


ol absol ite 


in the form of a pl 
viscosity calculated with tl id of the Paemel 


Equation 
x 100% 


“ here Me aenolte 


solute vaiue, Or 


and consider 


abscissas have bee 


this represents a ¢ nondimensional reference 


The yuantit 6 


because ynvenient 


parameter the average boundary-layer thick- 


later Equation 13 


will be defined 


ness 


It is seen from the diagram that the error of the formula reaches 


a high value of —5 per cent at large values of z» (pressures near 
: 


atmospheric), changes sign to reach a value of +3 per cent at in- 


termediate values of z» (slightly higher pressures), and tends 


toward a value of about +1 per cent as z» decreases (elevated and 
high pressures 

It is clear that the M 
significant improvement on 
still falls short of 


for relative 


ariens-van Paemel equation constitutes a 
hitherto, but 
providing a definitive solution to the problem. 


the formulas availabk 


It can be used leterminations if its validity is severely 


circumscribed and if an empirical correction, amounting to about 


l per cent, 1s appli a 


ALTERNATIVE THEORY 


In order adequately to explain the present theory, it is neces- 
sary very briefly to recapitulate the results obtained in references 
(7, 8,9 The problem is to write down the equation of motion 
of an axially symmetrical body which executes torsional oscilla- 
1ence of an elastic restoring couple produced 


which exhibits 


tions under the i 


by a slightly imperfect wire, i.e., one a small in- 


ternal damping, and is acted upon by a viscous couple exerted on 
the solid body by the surrounding fluid 

Assuming very slow motion, ie., assuming the absence of 
secondary motion in the fluid, and neglecting the very small pres- 
sure gradients due to inertia, it is found that the fluid satisfies th 


following simplified Navier-Stokes equation of motion (written i: 
co-ordinates r, ¢ 


' o*2) 
wis ( ) 
Oz? 


where q) Z th vy of the 


polar-cy lindrical 


re) O72 


Or? 


fluid about the z- 


and vy is its kinem iscosi The fluid must satisf 


axis 


} 
inital cond! 


and the boundary conditions 


on walls of v 
la/dt on suria 


eo lating body 


wher 
The 


bes the motion of the solid body 


solid body satisfies the equation of motion 


the oscillating syste: 


2x /T, being the i 


Here J denotes the moment of inertia of 
Tax*%1 + 
vacuo cire 


to the 


As") is the restoring couple, @ = 


lecrement of damping d 


ilar freque 
wire, i.e., in racuum at 


period 7». Th 


initial condition for 


and ap det } ~fi i from ulibnium ati = 0.‘ 


The diffi 
ith respect to the r 


re M by 


922/On)e at the surface of the body, with Q satisfying I 


resides in finding an expression for the viscou 


integrating the gradients w 


mai 


tion [9] and the boundary conditions [9a-~ Until 


act solution for this problem has been gin 


tion with nonanalytic boundaries such as a cylinder of fi 


dimensions with edges. However, exact solutions for the cass 
an infinite disk and 
und L. N. Persen 


0, i.e., disregarding wire damping 


an infinite cylinder were given by J. Kest 


7, 8, 9) on the simplified assumption that A, = 
Solutions for additional bx 
shapes can be found in references (8, 9, further referer 
were given in (3 

The present theory is based on the hypothe sis, Lo be verihe 
ls 


viscous torque ’ s 


subsequently by experiment, that the actual 
proportional to that calculated on the ass imption that the f 
top and bottom surfaces, as well as the vlindrical side sur 
amounts as if the 


We 


contribute the same wert 


portions ot the re 
spective infinite surfaces shall denote that quantity by MV 
and consequently 


WVe-=CWV 


It is assumed, further, that the factor C deper 


ds only on the pr: 
erties of the fluid, and remains constant during one experiment 
In this manner, the present solution can be pieced together fro: 
8, 9). 


is convenient to introduc 


the partial solutions given in references (7, 

Before writing out the solution, it 
dimensionless variables, in the same way as in references (7, 8, 9 
because the similarity parameters of the problem will then appx 
in a natural way. Thus we introduce 

* It will be noted that the amplitude of the disk is measured f: 
its initial deflection, and not, as is more usual, from its equilibriu 
position This choice of co-ordinates somewhat simplifies the ensu 


algebraic transformations 





where 

5 = (v/an)'/* = (uTo/2xp)'’* [13] 
is the average boundary-layer thickness (the “a-c”’ boundary layer 
used in acoustics). We prefer to use the boundary-layer thickness 
6 rather than the related depth of penetration \ given in Equa- 


tion [4], and it is easy to see that 
A = &(27/T>)'* . [13a] 


The dimensionless radius of the disk will be denoted by & and 
its thickness by ‘y, so that 


be = R 
d 


[12a] 


In so far as the boundaries of the vessel are concerned, we shall 
consider two arrangements, Fig. 4. In the first arrangement, 


4Z 


























2R 
2R, 


Fic. 4 (i), Free Disk; anp (ii), Disk Wits Finrre SEPARATION 


known as the free disk, the dimensions of the outer vessel are 
such that the distances b;, b, and Re — R can be considered 
very large compared with the boundary-layer thickness, and 
their ratios to it will be assumed to be infinite 


Ro/d = b,/6 = bp/5 = @ 
In the second arrangement, we shall denote 
B, = b,/6 
B, = b,/b 
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allowing for imperfect alignment, but we shall still assume that 


R,/é = x 


This arrangement, used, e.g., in reference (1), will be referred to 
as the disk with (unequal) finite separation 

With these simplifications, the problem can now be tersely 
stated as follows 


pe -+ ere 
se tt 


= (0,7 
and where dots above the symbols denote differentiation with re- 
spect to the reduced time r. The boundary conditions on the 
disk are 


The initial condition is ¢ 


The boundary conditions for the container have to 
we have 


separately In the case of a free disk, 


ox 
eE 


and in the case of finite spacing, we have 


(eo 


in addition to Equation [15d] which remains unaltered 
The m« 


ytion of the disk is given by 


1+ Aa 


& + 2Acd + 


‘4 a2 
(2mrdr)rur ( =) 
Oz /o 


1 
d 


2 on, 
(2xRdz)RuR 
1 Or 


-sd 


“ 


inf. cylinder 


or, in dimensionless co-ordinates 


1 5 a ye 
Me _ ™pb gs {(2%) Ae d (22) 18) 
Teg? I i\ ar /, R \ 2d€ Jef : 


where 22;, ¢:, and Q4, gs, respectively, are solutions for an infinite 
disk and an infinite cylinder. 

In order to give an exact solution to the problem just outlined, 
Kestin and Persen used the Laplace transformation. In this man- 
ner the time dependence which appears in Equation [14j is re- 
placed by the Laplace variable s and the differential equation can 
be solved exactly, subject to the respective boundary conditions 
Employing the notation 

2 
{(s) = f. e~ "f(r )dr 


» 
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and so on, for all other functions of the reduced time 7, the 
following results have been found: For the cylindrical surface, 
Equations [14], [15a], [lc], [15d] 
K é 
- [18a 
Kilifev s 
where K, denotes the modified Bessel function of order 1. Simi- 
larly, for the flat surface with finite separation, Equations [14], 


[156], [15e], {15d}, [15f], we have 


fi for the fre« 


- 
l, finally, f 


}, we find 


yuations [16] and [18], 


Taking the Lapla f 
performing the indicated operations on the solutions in Equations 
[18a], [18], [18c} as required, and solving for &, we find that for 
Lapl f f tl f the form 


ace transiorm of the solution is 


cases the 


bot} 
Dota 


119) 
w here 


for the sake 


Here 


in which, 


have put a» = | 
129) 
f the problem, and 


¥, are given as follows: The function y; de- 
For the free disk, it is 


is the characteristic dimensionless parameter 
the functions y, and 
pends on geometri a] 
given by 


nfiguration 


and for the finite 


¥i( V8 


[2le 


ders 1 ar 


where K,, K; denote the 1 ified 1 function of 
2, respectively. 

In order to discuss the 
! 


the inverse Laplace trans- 
form of &s), L a(r), it is necessary to examine th¢ 
singularities of the anal ction &(s). It will turn out that 


to write down the explicit form of a{r). The 


ais 


it is unnecessary 
singularities are determined by the characteristic equation 


=0 


simple forms of which have been discussed in references (7, 8, 9 
y contains additional correctior 


Since the present equation only 


the results obtained there 


terms, it is permissible to transpose 
It was shown that, generally, the characteristic equations have 
one pair of complex conjugate roots 

[22a 
parts ¢,, and the 


(a, o-cor plex conjuga I 
ion, in the general 


function &@(s) has simple pol 
r of real negative roots, 


case of a free disk there is 


case, Equation [22] has an infi 
leading to simple poles in &s 
a branch point at the origin 


On integrating @(s) in the inversion formula 


it is easily seen that the poles give exponential functions and that 
the branch point will lead to a definite integral. Thus in either 


case, the solution will consist of two terms of the form 


which give damped harmonic motion. The branch point in one 
case, and the negative real roots of the characteristic equation in 
the other, contribute a term which amounts to a zero drift super- 
imposed on the oscillation, or, in other words, to an initial tran- 
sient term which dies out with time 

Measurements are usually carried out from an amplitude when 
the initial transient has, practically, died out, i.e., 
stant when the zero drift has decayed to a negligible quantity and 
Thus for the evaluation of experimental 
damped harmonic os- 


from an in- 


need not be considered. 

results it is sufficient to consider only the 
cillation, in which the real part ¢, determines the rate of damp- 
ing, and the imaginary part o, determines the period of oscilla- 
These are, precisely, the two quantities which are meas- 
It is well known that the complex exponent of a damped 
period ratio @ = 7'/T, and damping decrement 


tion 
ured 
oscillation with 

be written as 


24) 


Thus 
the problem of evaluating experimental results resolves itself into 
rom Equation [22], knowing s = 
n the bound- 


wust be identical with the roots in Equation [22] 


one of calculating the viscosity 
o, As, and The viscosity itself is 
ary-layer thickness 6, which enters th 


80 On. on tained 
problem through the 
similarity parameter m, and through the ratios 8 and & 

In principle, Equation [22] being complex corresponds to tw 
ne additional 


We shall 


equations, and so it should be possible to calculate 
quantity; é.g., the 


evert to this point later in the pape 


natural period T's, or th > tv p 


r 


1 Its present form, the chara 3 far too com- 
t it its being us nd it is nec y to introdu 
tions and appro ms. It is also 


sim plifi 
value 


i gebraic 
to determine the par 
edge-correction factor C 
4 Worxine Formvutas 
place the 
¥2, Equation [21:]. Since 
h is usually a smal! quantity 


The first simplification which all introduce is t 


f the 


his ratio is multipied by 


two Bessel funct 
2d4/R, whi 


for example}, 


atlo o 


0.062 in reference (1 it is sufficient to put 


VAN rr 
or 
«be 


’ ; Ky & Vea 4 3 
Vv 


2 


Ailis V 8 
At this point we can write down the characteristic equation for 


nite spacing, which now becomes 
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wpRs d . 
#+C ee a (1+2 ze s 


ai 
were oa x) 2+(1 +d) = 


[26] 
I 


+ (2a, + 


where 2 was defined in Equation [8]. In the case of finite spacing 
we can use series expansions for the hyperbolic cotangents in 
¥i(+/s) from Equation [21b]. If 6;, 8; are large, we can use 
Equation [26]; thus the only case which we need consider is that 
of B;, 8: small. We shall retain the first three terms of the ex- 
pansions, so that 
wi 1 r hi 
Uuvs = 3 [eoth (8; V/s) + coth (82 v/s 
a ‘ae 8 
BY s 


Bie, ., he 
Bi + Be bi + be 


(8, + B,)6 = 


¥ 
2 


l 
(b;? + by? 
5 ni 8 


wt 1 ra - 
B 4 — (B;? bs B;' C= 27¢ 
2 

Inserting this approximation, together with the one for Yo(+/ s ) 
from Equation [25], into Equation [22], we obtain the following 
characteristic equation for the disk with unequal finite spacings 


2B" 1 mpR* 
pie e+(isic™ BY) 
a” © es 


QnpRd , _ pr’ ( R 
CE na’ + | Be + C -— (= 
¥ ’ ies | F 1 \B 


+ 1+ A,? 


The final simplification will consist in substituting ¢ from Equa- 
tion [24] for s into the two characteristic equations. In doing 
this we shall represent the various powers of o as power series in 
A, retaining terms up to and inclusive of 0(A*) compared with 
unity. We shall, of course, obtain two equations each for the 
two geometrical configurations, one each for the real part and one 
each for the imaginary part. Performing the cumbersome, but 
standard, transformations, we obtain the following results: 

Infinite spacing, real part 


(+ )e 
6/3 


3A 3 rpR’ 
, i a a ie 
< (: 2 A ) I Xo 


4 ‘ 
3 mpktd ACx? + Ge 


8 


(3 — A?- 
Ph 9 eo. 


- ) — (1 — Af)? _ 


6 0 


Infinite spacing, imaginary part 


/2 ( 2) I 
= l ie - 
2 R/] @ 


f : 3 ..\ mpR* 
x ‘a = a+) ; ~ Cx 


Rd 
3 — Cx? + 
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Finite, unequal szacing, real part 
wpR*d R? 

pete 3 4 - C 2 

I ( Bia) “™* 
rg TOR 1 


sig 

I oA ( 

1 + BEF c) 1 
31 6A 


1 rpR?*B"’ € 
45 I 


Finite, unequal spacing, imaginary part 


Fa) om" 


V2 rpRd | (1 
I 6 


) ( + rpk*b" c) 
' 31 


1 zpRk?B 
90 I 


mpR*d 3 
2] ' Tr 


+ 


WorkK- 


Equations [29], [30], and 
ing formulas of our present theory. A 


[29a], 30a} represent the final 
closer s rutiny of these 
from the real parts 


equations reveais that the ones derived 


lifferences 


Equations [29] and [30], contain the 


2 A? #2 


A 


Aé)? 


+ 


(1 TpR*B ) l A? aaa 
31 6A ‘oa 


respectively. These are differences of 
of magnitude, the difference being, ia turn, of the same order of 
magnitude as the remaining terms in the equations. Thus we 
would require to measure the ratio of the periods @ to a high de- 
gree of accuracy, so as to render the difference 1 
at least order A’. 
unless the accuracy of measuring periods can be improved by 


juantities of the same order 


6? accurate to 
At present this is an impossible task, so that 


several orders of magnitude compared with what can be achieved 
now, we are restricted to the use of Equations [29a] and [30a 
This also means that although two quantities 7 and A are meas- 
ured, only one quantity, i.e., u, ¢ 
ment. 


an be deduced from measure- 


5 Epce-Correction Factor 


In deriving the principal equations of the present theory, we 
have made the assumption that at every instant of motion th 
actual viscous torque M bears a definite ratio C to the ideal 
torque Ma, calculated on the assumption that the edge effect 
does not exist, Equation [11]. First, it is clear that as the bound- 
ary-layer thickness 6 becomes very small the actual conditions 
more nearly approach those assumed ideally, because in terms of 
their ratio to the boundary-layer thickness, all linear dimensions 
tend to infinity. Thus 

£5 7) a1 
Hence we can determine that 
C—+lasi—O (x% 


+0 31 


The dimensionless ratio C can only depend on the dimensionless 
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parameters ol Une 
that it only deper 
disk ind of the gay 


quenti we assun 


DeCcREMENT AND PERIOD 


betwee! 
between A 
ive two equa- 
‘ 4 ‘ 4 6Ared? 

spacing and Equatior 


relationship is implie« is seen that the 
rms of this relation could be derived low values of A and that 
derive such a relation now, it woul damping 


be necessary to ex] und 2» in terms of viscosity and to 0.2 per cent 


eliminate the viscosity from the two pairs of Equations [29 » conclude, it should be p 


ointed out ths juations [ 


[29a] and [30 30a], respectively However, in contrast with 34] are not really correct, because they still contain z which de- 


the ideal case, the density of the gas will not be eliminated. This pends on the viscosity ilties of elimina 
explains the deviations « xhibited by Fig. 16 in reference (1 the viscosity completely are such to warrant the derivati 
In the case of finite spacing, and for very low gas densities, th the results of partial elimina 


ms ontaining JZ. 
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Fic. 6 Compartson or Equation [34] Wits Avurtuors’ Expert- 


MENTAL Data 


either Equation [33a] or Equation [34] are of order A? for all 
values of A used, and hence are in the nature of a smal! residual 
correction. 


7 EXPERIMENTAL VERIFICATION 


The conjectures advanced in the preceding section have been 
subjected to experimental verification with the aid of the results 
given in (1), and more fully in (12). These refer to a disk os- 
cillating between two fixed plates. In addition, experiments with 
a free disk have been performed by the authors in co-operation 
with J. Pietrasz, Research Assistant at Brown University. 

The graph in Fig. 7 represents the results of experiments with 
finite separation and four gases at different pressures. The densi- 
ties of the gases were calculated as described in reference (1). 
The viscosity of nitrogen was taken from (13), the values having 
been corrected for temperature with the aid of a linear correction 
of 4.55 X 10-7 poise/deg C. The values for hydrogen were taken 
from (1) and corrected for temperature at a rate of 2.00 K 1077 
poise/deg C. The value for argon was taken from (1) with a tem- 
perature correction of 6.37 X 10-7 poise/deg C. Finally, the 
values for helium were taken from (1) and corrected for tempera- 
ture at a rate of 4.64 X 1077 poise/deg C. 

The suspension system, reference (1), was made of an optically 
polished quartz disk suspended from a Pt-Rh wire. The dimen- 
sions and constant were as follows: 


d/R = 0.03086 
b, = 0.09878 cm 
0.09422 em 
0.02823 
0.02693 


R = 3.4992 cm 
d 0.1080 cm 
I 55.6317 g-cin? by 

Te = 33.28 sec b,/R = 
Ao = negligible b/R = 


It is seen from Fig. 7 that the points for four gases trace a single 
curve which passes through C = 1 at z = 0. The maximum de- 
viation of an experimental point from a smooth curve does not 
exceed 0.1 per cent in C. It is also noticeable that for high values 
of z» the curve tends to an asymptote C, = 1.0962, the latter 
value having been determined from a graph of C versus 1/2». 

The diagram clearly demonstrates that a single calibration, 
such as that used in reference (1), or in many earlier investiga- 
tions, considerably reduces the accuracy of the determination as 
compared with the inherent accuracy of the determination itself. 
As a matter of interest, the diagram in Fig. 7 contains a scale of 
pressures at the top which, naturally, is valid for nitrogen only, as 
indicated. 

It will be recalled that in reference (1) a disturbing discrepancy 
between the calibrated instrument constant and its theoretical 
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value has been reported. It turned out, surprisingly at the tir 
that the calibrated constant was considerably smaller than 
theoretical value. This discrepancy has been removed 
pletely. In the first instance it is seen that an over-all calibration 
constant must be smaller than its theoretical value because the 
edge-correction factor is larger than unity. In other words, the 
theoretical viscous moment included in previous theories is to 
small, owing to the omission of the edge effect, and calibratior 
corrects for it automatically but not completely by providing 
smaller instrument constant. If this were not so, the resulti: 
viscosity would become larger, approximately in the ratio of the 
real to the assumed viscous moment. In the present re-evalu 
tion, actual, i.e., absolute, values of the instrument constants have 
been used in the calculation. 

The results for the free disk are seen plotted in Fig. 8. Measure 
ments have been performed with a new instrument, now 
operation at Brown University under contract with the Office 
S. Air Force. The instrument i 
except that the fixe: 


Scientific Research of the U. 
similar to the one described in reference (1), 
plates have been omitted. 

The suspension system consisted of an optically polished quar 
disk suspended from a thin wire made of a 92 per cent platinun 
and 8 per cent tungsten alloy. Two series I 


of measurements ha\ 
been performed, the instrument constants being 


Series 2 
= 3.49965 cm 


Series | 

? = 3.49965 cm 

d = 0.1092 cm = 0.1092 cm 

I = 56.679 gr cm? = 56.679 gr cm* 

To = 12.36 sec T> = 28.005 sec 

As = 0.00015 (calibrated A. = 0.00015 (calibrated) 
d/R = 0.0312 d/R = 0.03120 
Wire 0.003 in. diam Wire 0.002 in. diam 


The absolute viscosities and the densities of the gases were 
evaluated in the same way and from the same source as before. 

Once more it is seen that the points for one series trace a single 
curve, there being a difference between series 1 and series 2 
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tion of this term has been omitted because it has been obtained in 
the same way as the contribution from the cylindrical side in 
Equation [17], and so on. 


For large values of 6, we may put 


Ke 


whereas for small v 


In the first case we can pare the contribution from the st 


with the leading term in the expansion for the hyperbolic co 


gent in Equation [27]. The ratio of these two terms is 
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Effect of Stress on Creep at 


High Temperatures 


By H. LAKS,' C. D. WISEMAN,? O. D. SHERBY,? anv J. E. DORN® 


Experimental investigations on pure aluminum and its 
dilute solid-solution alloys revealed that the high-tem- 
perature creep rate ¢ is related to the stress ¢ by € ~ o" 
for low stresses and é ~ e”* for high stresses where n and B 
are constants independent of the creep strain and tem- 
perature. According to a preliminary dislocation-climb 
model for high-temperature creep, the activation energy 
for creep is that for self-diffusion, the effect of stress on 
the creep rate depends on the number of active Frank- 
Read sources, and the rate of climb depends on the struc- 
ture as determined by the pattern of climbing dislocations. 
Many of the experimental observations on high-tempera- 


ture creep can be accounted for by this model. 
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AH = activation energ 
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where € = creep rate, R = 
T = absoluts 


work (4. 5) it w 


gas constant 


for creep, o = creep stress In 


subsequent as shown that the activation energies 
for creep of pure metals at elevated temperatures were equal to the 


This fact 


ontrolled by a process involving 


corresponding activation energies for self-diffusion. 
suggested that creep might be 
1 


the climb of dislocations by n m-Var 


6 


exchange process 


ancy 


Investigations on the effect of high stresses on the creep rate at 
elevated temperatures (above 0.50 T,.) on pure aluminum and its 
alloys (7, 8) were conducted under conditions where the structure 
was maintained constant, and the results obtained revealed the 


following stress creep-rate relationship 


éeSH/RT  ,Be 12 


In these investigations specimens were precrept under identical 
conditions of stress to the same strain whereupon the stress was 
decreased abruptly to various lower stresses and the initial creep 
rates immediately following the reduction in stress were measured 
Inasmuch as the precreep conditions were held invariant for any 
one series of tests, the structure immediately following a decrease 
Although it 
was anticipated that effects from creep recovery would make 


in stress was identical for all members of the series. 


analyses of the data difficult, it was established that recovery 
was minor in contrast to the much larger effect of the reduced 
stress on the subsequent creep rate. Investigations under various 


high-temperature precrept conditions revealed that B of Equation 


} f the 


* Numbers in parentheses refer to the Bibliography at the end « 


paper 
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[2] was insensitive to the stress, strain, and temperature conditions 
of precreep as well as the instantaneous temperature. Solid- 
solution alloying, however, lowered the value of B; severe cold 
working (8) also gave lower values, but B increased during creep 
of cold-worked aluminum and approached the value of the an- 
nealed state after rather extensive creep. 

Equation [2] obviously is not valid for low stresses since the ex- 
pression suggests a finite creep rate at ¢ = 0 which is not possible, 
It is the purpose of this paper to study the stress law at low 
stresses where some other relation must exist. Furthermore, it is 
intended to investigate whether one general stress law exists for 
high-temperature creep or whether separate laws are present due 
to different mechanisms of deformation occurring at different 
stress levels as has been suggested by various investigators (9, 10) 


MATERIALS AND TECHNIQUES 


The series of alpha solid solutions of magnesium in high-purity 
aluminum identified in Table 1 were used in the present investiga- 
tion. Sheet-type specimens, 0.1 in. thick with 1.0-in. gage 
length, were machined, then annealed at various temperatures to 
achieve a uniform grain size of 0.08 cm diam as recorded in 
Table 1. 

All creep tests were conducted under constant-load conditions, 
the temperature being held constant to within +1 deg C of the 
reported values. The stress was measured to within +20 psi and 
the creep strains to within +0.0001 in/in. All the data were 
analyzed in terms of true stresses and true creep-strain rates. The 
following definitions were employed 

load 


Engineering stress = 0 = — a 
original area 


k vad 


instantaneous area 


True stress = 


= Oo X 


Ce i+ e) 


where e is the engineering plastic strain of the test, and 


- = log, (1 + e) 


True creep strain €= 


log, bk 


EXPERIMENTAL RESULTS 

At sufficiently low creep stresses, the initial strain is exclusively 
elastic, the initial plastic strain being zero. Typical examples of 
creep curves for such cases are given in Fig. 1 where the elastic 
component of the strain has been subtracted from the total strain 
to give a true creep strain. Consequently, the initia! creep rates 
refer exclusively to the effect of stress on the creep rate since the 
initial structure is always that for the previously annealed condi- 
tion. As shown in Fig. 2, the initial creep rate is related to the 
stress according to 
~ [3] 


é o” 


where n (the slope of the log € versus log a-curve) is insensitive to 


TABLE 1 
NUM 
—— —Chemical analyses 


Atomic - 
(per cent by wt, impurities) 
Be 8i Mn 


per cent 
Me 
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itures from 531 to 853 K. le- 


over the range of temper AH was 


termined to be equal to 36,000 cal/mole in the low-stress tests, the 
same value w previously obtained for the high-stress tests 


(1). 

Similar tests on the various alpha-solid solutions of Mg in Al 
identified in Table 1 are correlated in Fig. 4. Thus within the 
normal scatter in the data 


as is 


vw 


j 


~ S’e—SH/RT gn 


€ 


where n decreases with alloying and the parameter S’ (obtained 
by extrapolating ée“”/”T to unit stress) for the annealed state is 
insensitive to alloying, within the limits df alloying investigated. 


CHEMICAL ANALYSES, ANNEALING TREATMENT, AND GRAIN SIZE OF ALUMI- 
ALLOYS INVESTIGATED 


Grain 
diam, 
mm 
0.08 
0.08 
0.08 
0.08 


Anpealing treatment 
of as-received stock 
50 min at 510 C 
65 min at 540 C 
65 min at 540 C 
60 min at 600 C 


Mg 
0.001 
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fact that at such stresses sinh Bo & e*/2, but serious deviations final precreep datum from the extrapolated e8*-relationship were 
from the hyperbolic-sine relation are evident at the lower stresses. found to increase with increasing precreep str 

Up to the present only the initial creep rates following either 
the application of a low stress or the reduction of a precreep stress 
were considered. In both cases, however, transients were ob- Most formal theories of creep are predi d on thermal e 


DiscussION 

served which are believed to be important in the formulation of _ tion of dislocations over free-energy barriers. As demanded | 
an accurate theory for high-temperature creep. Upon initial reaction-rate theory (11, 12) the p rate for such processes give 
loading to low stresses, transients of the type shown in Fig. 10(a relations of the type 

were obtained, where with continued time at the stress the creep 

rate increased before creep entered the usual range of the pri- Ze 

mary stage of decreasing creep rates. Upon decrease of the stress 
the initial creep rate was always higher than those obtained after 
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[Ah + (dU/dy)a] is known to be almost that for self-diffusion, 
namely, Ah alone. The hyperbolic-sine term therefore reduces 
to its argument and 


2a dU 7 
= stan As/k, —Sh/kT 
v i ( “ ) e98/Ke 


where the exponential term now gives only the Ah-term for self- 
diffusion. . 

Under the assumptions made in this dislocation-climb model for 
high-temperature creep, straining takes place because the climb- 
ing dislocations result in a reduction of the back stress at a Frank- 
Read source and thus allow the generation of new dislocations. 
The actual details of this process are so complex that for the 
present they defy an accurate mechanistic analysis. But some 
concept of this process might be gained from a gross statistical 
approach to the problem. Let N, be the number of dislocations 
that have been generated by a single source. Let A be the 
average area swept out by each of these dislocations on their slip 
planes when a single dislocation undertakes a unit climb. If N are 
the number of sources per unit volume, the creep strain per unit 
climb is 

e€= ANND 


and the creep rate becomes 


‘ a dU 
= 2ANNDS — | — — 
€ 2A os ( du )e 


In general, therefore, A, N,, and (—dU/dy) must be given appro- 
priate average values. Like (—dU/dy) the values of A and N, 
also depend on the instantaneous structure. 

The number of active Frank-Read sources N depends on the 
applied stress and the distribution of source lengths. The stress 
necessary to promote creep at a Frank-Read source (14) will be 
estimated to be 


fg! 
“2 


where 


G = shear modulus 
b = Burger’s vector 
L = source length 


The number of sources having lengths between L and L — dL 
can be represented by 


dN = y'(L)dL [10] 
All sources having lengths greater than L, = Gb/¢ will be active 
under stress ¢. And all such sources will remain active bécause 
the back stresses on these sources will be relieved continually by 
the climb process, Thus no exhaustion of sources takes place and 


( 
Gb 
Consequently the creep rate is given by 


dU\ a #-2 (eo 
é = 24N3 ( — — E, kT (<) 

(— FF ols 
For a given structure A, N,, and (—dU//dy) are fixed quantities 
and Equation [12] reduces to the experimentally verified law of 

Equation [6]. 

In addition to accounting for the observed dependence of the 
creep rate on stress and temperature, the theory exhibits other 
virtues. But in view of the simplifying averaging methods that 


.{11) 


W(L)dL = Y(L,) 
Le 


N= 


[12] 
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were employed in lieu of a detailed mechanistic model of release 
of new dislocations from Frank-Read sources, the theory cannot 
yet be expected to account for all of the observed facts. 


1 Primary Creep. According to the theory, primary creep is 
due to the decrease in the structure-dependent term 


AN, (— ~ -) 
dy j 
But it is not immediately apparent that this product should de- 
crease over the primary range. 

2 Secondary Creep. As creep continues under a given stress, 
the dislocations will climb to subboundaries. Finally, a steady- 
state pattern of dislocations will be obtained providing a basis 
for secondary creep. 

3 Tertiary Creep. 
dislocation-climb theory since it probably arises from condensa- 


Tertiary creep is extraneous to the simpk 


tion of vacancies and consequent growth of microcracks, It 
should be possible to introduce the essentia: features leading to 
tertiary creep and microfracturing in the current model. 

4 Mechanical Equation of State. According to the dislocation- 
climb model, each stress produces its unique structure. At high 
stresses the number of climbing columns of dislocations is greater 
owing to the greater initial packing of dislocations along the slip 
plane. Thus the structure developed during a dislocation-climb 
process will be stress dependent (and insensitive to the tempera- 
ture) as well as strain dependent in conformity with experimental 
observations. For this reason the creep rate becomes a function 
of the past stress history as well as the instantaneous conditions 
of test. Necessarily the mechanical equation of state fails to 
apply to creep (2). 

5 Transients. Upon first loading (—dU/dy 
soon as a few dislocations climb above their original slip planes it 


is small, but as 


should increase due to the then greater increase in the potential- 
energy gradient in the climb direction. This is in conformity with 
the observed transient upon applying low stresses. 

Immediately upon decreasing the stress there exists a greater 
number of climbing dislocations than the steady-state number for 
that stress. Consequently the initial creep rate upon a decrease 
in stress is greater than the steady-state value 

6 Effects of Alloying. The preliminary estimate given by 
Equation [16] for the stress necessary to activate a Frank-Read 
source neglected the effect of nonconservative losses. Thermal 
lattice vibrations and localized strain regions about solute atoms 
are sources of internal stresses that react with the moving disloca- 
tion. Since the energy of a system consisting of a single constant- 
length straight dislocation is unmodified by its position in the 
crystal the energy required to move the dislocation through the 
stress field is dissipated thermally. Therefore the actual stress 
required to activate a source is somewhat larger than that given 


-(*) 
ah FF 


by Equation [16], say 


Thus the fur 


where c is a small quantity 
[19] takes the form 


As suggested previously, c increases with alloying. Consequently 


B and n of Equation [6] should decrease with alloying. 
CONCLUSIONS 


‘ 
1 The activation energy for high-temperature creep of 
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A Statistical Appraisal of the Prot Method 
for Determination of Fatigue 
Endurance Limit 


By W. A. HIJAB,*? BEIRUT, LEBANON 


A statistical analysis of the precision of the estimate of 
endurance limit as determined by the Prot method is 
carried out. This analysis shows that the Prot method 
cannot achieve a great saving in the number of specimens 
required, for its statistical efficiency is found to be even 
less than that of its other two competitors, the probit and 
staircase methods. This fact, coupled with serious ob- 
jections to its assumptions, renders its usefulness highly 
questionable. A secondary result of the analysis is that 
the optimum efficiency of the Prot method is achieved 
when only two rates of increase of stress, as widely sepa- 
rated as possible, are used. A derivation of a general for- 
mula, of which the Prot method is a particular case and 
which makes explicit all assumptions necessary for the 
valid derivation of the Prot method, is also given. 


INTRODUCTION 


HE fatigue endurance limit of a metallic specimen is that 

critical stress below which the specimen can presumably 

endure an infinite number of stress cycles (1).* This defini- 
tion assumes that a definite value of this critical stress is to be 
associated with each specimen. It is clear, however, that no 
specimen can by itself suffice for the determination of its en- 
durance limit, for testing it at some stress level can only yield 
the information that that stress level is either higher or lower than 
its endurance limit but never how much that endurance limit is. 
This feature of the endurance limit, usually known as a quantal- 
response feature, in addition to the fact that the endurance limit 
is not constant from one specimen to another but exhibits a 
definite statistical variability, calls for the use of specialized 
statistical techniques usually employed in sensitivity experiments 
of such quantal responses. Two such techniques have been suc- 
cessfully utilized for this purpose, the probit (2) and the staircase 
(3) methods. 

1 The investigation reported in this paper was partially sponsored 
by the Wright Air Development Center, Air Research and Develop- 
ment Command, under Contract No. AF 33(616)-2491 RDO No. R- 
587-151 SR-le, with the Department of Civil Engineering, College of 
Engineering, University of Florida, Gainesville, Fla. 

* Associate Professor, Department of Mathematics, American Uni- 
versity of Beirut; formerly, Assistant in Research, Department of 
Engineering Mechanics, University of Florida, Gainesville, Fla. 

3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 1, 1956. Paper No. 56—A-50 


Both of these methods require surprisingly large numbers of 
specimens for the results to carry any statistical significance 
Thus any proposal that promises to determine the endurance 
limit with a large saving in the required number of specimens 
would naturally be most welcome. The Prot method (4 
such a proposal, and several workers in the field of fatigue have 
thought so highly of it as to carry out programs of experimental 


offers 


appraisal (5, 6, 7). 

The main purpose of this paper is to offer an analysis of the pre- 
cision of the estimate of endurance limit determined by the Prot 
method, and thus provide a basis for comparing the relative ef- 
ficiency of the Prot method with that of the other available 
methods. The interesting fact is that this simple analysis renders 
all experimental appraisal superfluous, for it shows that the 
Prot method cannot hope to exceed the efficiency of the staircase 
or the probit method, even when the questionable nature of some 
of its assumptions is tolerated. A secondary result of the analysis 
is to show that the number and distribution of the rates of increase 
of stress affect the efficiency of the Prot method, the optimum con- 
dition being when only two rates of increase of stress are em- 
ployed and when these two rates are as wide apart as possible. 
Finally, the author does not believe that Prot’s derivation of his 
method is conclusive (8). The Appendix gives a derivation of a 
general formula, of which the Prot method is a particular case, 
which makes explicit all assumptions needed for a valid deriva- 
tion. 

Tue Pror Mernop 


In a few words, the Prot method claims that a linear relation 


exists between failure stress of a specimen in fatigue and the 
square root of the rate of increase of stress amplitude, provided 
(a) the rate of increase is kept constant for each specimen, and (5) 
the initial stress is smaller than the stress intercept of the linear 
relation. The stress intercept is the failure stress that corresponds 
to an ideal state of zero rate of increase of stress, and is taken to 
be the endurance limit of the material 

Let us now point out an important distinction between the 
Prot method, on the one hand, and the other two methods men- 
tioned earlier, on the other. The probit and staircase methods 
are experimental methods for the direct determination of the 
endurance limit, i.e., as direct experimental methods as can be 
under the circumstances, and, as such, either can be adopted as an 
operational definition of the notion of endurance limit; while the 
Prot method is a hypothesis which attempts to predict the en- 
durance limit of a material from the results of constantly increas- 
ing stress-amplitude tests on the basis of some assumed relation- 
ships from the field of fatigue theory. This fact does not in itself 
detract from the value of the Prot method, but it does emphasiz 
the need for investigating the extent to which these assumed rela- 
tionships have been established; for any uncertainty associated 
with them would of necessity transfer to the Prot method itself 
After the analysis of precision is given, these assumptions will be 
discussed briefly in the Appendix 
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Before we consider the question of the precision of estimates in 


the Prot method, let us state the formulas for the precision of 
estimates in the case of a linear regression, and later apply these 


> 


formulas to the Prot 


method 


PRECISION OF EsTIMATEs IN A LINEAR REGRESSION 
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some un 
Actua ly 
, the intercept and 
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tainty be« 4us | the scatter 


stants in the straight line, i.e 


the slope, are subject to error. While the error in the intercept is 


constant for all values of z, the error in the slope is zero at the 


point (x, 4 I increases as x recedes from z It can be shown 


10 
expression for the va | . 
¢ 


ol 


that by com! both sources of error we get the following 
the square of the standard deviation 


value z 


where s* is the variance of the observation points about the re- 
gression line, and n is the number of points in the scatter diagram 
It is assumed, implicitly, in the fore- 


going derivation that s* is constant for the range of values of z 


1.é., pumber of specimens. 


Fig. 1 illustrates diagrammatically the quantities mentioned 
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PREcISION OF EsTIMATES IN THE Prot MEetuop 
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Fie. 2 Consrant-Conripence Curve WHEN Ratio or Two Rates 
or IncrEaASE oF Stress Equats 2 


confidence’ curve. This latter curve gives us, for any particular 
z, the proportional number of specimens that need to be tested at 
z’ and 2’, one half at each, so that the precision that is realized at 
the given z is the same as the precision at the mean when n-speci- 
mens are tested at x’ and z”. This figure is plotted on the as- 
sumption that z’ = 2”/2. It is clear from the figure how, in this 
particular case, 10 n of specimens are needed to realize a precision 
for the endurance limit equal to the precision of the mean when 
only n-specimens are tested. Fig. 3 shows the variation of pre- 
cision for various ratios of x"/z’. As might be expected, this is 
improved by increasing the ratio of z” to 2’. 

But there is a theoretical limit for the reduction of the second 
term in Equation [1]. For if z’/z” approaches zero as a limit, 
then the second term will approach 1/n as a limit, since (#)* tends 
to be equal to(z—#)*. Thus the theoretical limit of the variance 
of E, a limit which is never realized in practice, is equal to 


V(E)min = 87/(n/2)... [2] 


There is also the practical limit that the rate of loading cannot be 
made very high, for then failure would be by plastic bending (6); 
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and it cannot be made very low, for then the number of cycles 
required to failure would increase to an unreasonable degree, 
thus offsetting any advantage that may be gained through reduc- 
ing the rate of load below a certain amount. One way of estimat- 
ing the practical limit is to take some actual test data like those in 
(6) and calculate the variance of E in that test. Taking the data 
given in Fig. 1 of (6) we get that 


V(E) = 8*/(n/6) 
while the data of Fig. 13 of (6) give 
V(E) = s3/(n/4) 


However, using only the six extreme test points from Fig. 13 of 
6) we get s*/(n/2.6), which represents a considerable improvement 


over the typical value of s*/(n/5) that results from utilization of 
all the test points of the figure. 


ResvuLts or ANALYSIS 


It will be convenient here to introduce the concept of the 
“relative efficiency’’ of the different methods for the determina- 
tion of endurance limit. The relative efficiency of a quantal-re- 
sponse method is defined as the ratio, expressed as a percentage, of 
the size of the sample for an individual response method to the 
size of the sample in the quantal-response method where the two 
samples yield equal precisions. An elementary result of statistics 
is that the variance of the mean in an individual response method 
is equal to s*/n. This variance will be used as the basis for com- 
paring precisions in the foregoing definition of relative efficien: 

Applying the definition to the staircase and probit methods, one 
can say that the relative efficiency of the staircase method is 
about 50 per cent (3, 10), while that of the probit method is about 
40 per cent (11) 

The previous analysis shows that the relative efficiency of the 
Prot method is a function of the distribution of the rates of in- 
crease of stress employed and, in particular, of the ratio of the 
greatest to the lowest rates employed. That analysis provides a 
mathematical upper bound of 50 per cent for the relative ef- 
ficiency of the Prot method, an upper bound which is unattainal 


} 


in practice. However, practical considerations lower the value 
this upper bound. Thus the average of two sets of data obtained 
by the Prot method [reported in Figs. 1 and 13 of reference (6 
elicits a relative efficiency of only about 20 per cent. If, however, 
only the extreme points of that experimental data are considered, 
which means employing only two rates of increase of stress as 
wide apart as possible, the relative efficiency of the Prot method 
is considerably improved to about 38 per cent. 

It is possible to state the main result of the analysis as follows: 
The relative efficiency of the Prot method has a mathematica! 
ipper bound of 50 per cent and a practical upper bound of about 
40 per cent. If certain conditions on the distribution of the rates 
of increase of stress are not realized, the relative efficiency would 
become considerably less. Thus the Prot method cannot hope 
to achieve any saving in the number of specimens necessary to 
determine the endurance limit. 

The second result of the analysis can be stated as follows: For 
the same number of specimens, the greatest relative efficiency of 
the Prot method is achieved when one half of the specimens is 
tested at the greatest possible rate of increase of stress, while the 
other half is tested at the least possible rate. An illustration of 
this result is the experimental data (6) referred to previously, 
where the relative efficiency can be increased from 20 to 38 per 
cent by simply limiting all testing to the two extreme rates of in- 
crease of stress. This means that only about half the specimens 
are needed to give us, with this limitation, the same precision of 
estimate of the endurance limit. 
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Appendix 


Ossections To Some ASSUMPTIONS OF THE Prot Meruop 


of the Prot method is not much less than 


e methods, and it might have been recom- 


The relative eff 
that of the other availab! 
mended as an alternative method were it not for the fact that the 
Prot method is a hypothesis based on several questionable as- 
of the author, 
It is not 


ito the details of these assumptions, 


sumptions, a circumstance which, in the opinion 


leaves no justification for the use of the Prot method 
the aim of this paper to go i 
but it might be worth poi 
to them. 

Shape of the S-N Curve 
shape of the S-N curv e, 


nting out the more important objections 


The Prot method assumes that the 
plotted to an arithmetic scale, is a hyper- 
bola. This is a claim that needs an experimental verification. 
The evidence that is available on this point is not decisive either 
way, and a great deal of it points to the advisability of adopting 
other shapes for the representation of the S-N curve. Thus in 
references (5, 6), Weibull’s suggestion that the S-N curve may be 
more faithfully represented by a power curve seems to be prefera- 
ble to the hyperbolic assumption, as the former provides a better 
fit with a large proportion of the experimental evidence accumu- 
lated in these two references. 

This generalization of the shape of the S-N curve introduces a 
third parameter into Prot’s formula, for then a, the rate of in- 
crease of stress, has to be raised to a powerr = 1/(m + 1) which 
will in general be different from '/:, and which may be dependent 


on the material. This situation will introduce two more complica- 
tions into the use of the Prot method: 

(a) The value of the third parameter would have to be deter- 
mined from the experimental! data, reducing thereby the precision 
of the estimates. Hence a still larger number of specimens is 
needed to yield a required precision. 

(b) This generalized formula does not lend itself to a trans- 
formation that would y ield a linear relation, and the statisti 
analysis of such data is much more involved. An illustration 
this point can be seen in Appendix A of reference (6), in which a 
comparatively complicated method is worked out for the calcula- 

Also, 


statistical formula for 


tion of the standard deviation of the endurance limit. 
that 
standard error in this nonlinear regression 


seems there is no available 
The generalized formula based on the power-curve assumptior 

is itaelf open to further objections. Reference (2) points out 

theoretical considerations and experimental evidence directed 

against the possibility of representing the 

curve 

f 


lerivation ol 


In the 


Prot formula as given in the next section of the Appendix, the 


Miner's Damage Theory the generalize 


assumption of Miner’s damage theory was made explicit. But 
this theory is still in the hypothetic al stage, and there is a great 
deal of evidence that does not agree with it 

Coazing. The derivation of the Prot formula assumes t 
fatigue properties of the material, and, in 


durance limit of the material, are not aff 


particular, 


ected Dy any testin 


stress level below the endurance limit. The phenomenor 
ing is in direct opposition to this assumption 

Com plicated De sign and Expe nse of Test ng Machines 
vary the stress level at a constant rat 


testing Machine that can 


would have to be a great deal more complicated than a corre- 


sponding machine for testing at a constant ess level. Obvi- 
ously, the expense of sueh machines is greater. However, w! 
may be more important is the fact that much more complicaté 
machinery will introduce more sources of experimental error 
ducing thereby the accuracy of the testing machine 

It should be noted that the first 


above are those presupposed by the derivation given in the ne 


two assumptions discuss 
section of the Appendix. However, it may be possible to deriv: 
the Prot formula 


two (12), > 


by introducing other assumptions in place 


these it these alternative assumptions will re 


wt justification. 
Prot F 


DERIVATION OF YIRMULA 


Following the hint ‘giver reference (6), concerning Henrv’s 


: 
derivation‘ of a modified Prot theory based on one of Weibull’s 
approximations to the conventional S-N curve and on Miner’s 


damage theory, a derivation of a generalized Prot formula is 
given 
The first that 


tional S-N curve is some power curve (which may or may not be 


assumption in this derivation is the conve: 


a hyperbola, as the latter is only a special case of a power curve 


This is Weibull’s approximation and can 
written in the following form 


with exponent-1). 


Miner's fatigue theor 


This car 


where N is the fatigue life at the stress S 
states that the sum of cycle ratios is always equal to | 
be written thus 
er oa 
N 


*The author is not able to compare his derivation with that of 
Henry, since the latter has not been available to him. 
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In progressive test we know that 
dS 
dN 


1 
dN = dS 
a 


r 


Substituting from Equations [3] and [5] into Equation [4] and 
changing the summation into an integration with the proper 


limits, we get 
i 
E 


where S» is the stress at which failure occurs. Hence 
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; 1 
ak(m + 1 


Sp, = E + Ka™t! 


where the new constant K is given by 


K = [k(n 4 l mri 


Equation [6] is the required generalized Prot formula, the 
derivation of which makes explicit the need for assuming Miner's 
In the special cases when the S-N curve is 


fatigue theory. 
For then n 


hyperbola, Prot’s formula follows immediately 
and therefore 


Sp = E+KvV/a 





Reflection of Dilatational Waves 


at the Edge of a Plate 


By T. R. KANE,' PHILADELPHIA, PA 


The reflection of straight-crested dilatational waves at this theory. While it contains results whic an be shown to 
the edge of a semi-infinite plate is studied in terms of a be limiting forms of expressions obtained elsewhere in the paper, 
two-dimensional plate theory and in terms of the theory _ this section is com ndependent of all that precex t 
of generalized plane stress. It is found that, in general, a 
dilatational wave propagated toward the edge at an arbi- 
trary angle of incidence gives rise to three reflected waves; 
namely, two dilatational waves and a shear wave. A 


number of special cases are investigated in detail. 
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In the foregoing equations 


_MA+ 26) 
os «KX 


(6;2 — w*/e, 


4G(X + G)/p(\ + 26 


x (A + 2G) 


a = 4h? p 


p is the mass density of the plate material; c, @, and c; are, re- 
spectively, the velocity (as predicted by exact theory 
tional wave in an infinite medium,‘ a rotational wave in an in- 
finite medium,‘ and a dilatational wave in an infinite plate whose 
thickness is very small in comparison with the wave length.’ The 
quantities 6,, d:, 6; play the role of wave numbers, and «a is the 
frequency corresponding to the first mode of pure thickness vibra- 


of a dilata- 


“Or 
Oon- 


tion of an infinite plate*; a@ and 8 are dimensionless elastic 
stants which depend only on the value of Poisson’s ratio, v 
3 Srrarcut-Crestep Waves 


If any one of the functions ¢;, ¢@:, or H is taken proportional t: 
exp (jyz), while the remaining two are set equal to zero, there 
results a straight-crested wave, propagated in the z-direction ar 

having a wave length equal to 27/y. Its velocity ¢ is given b 
@/y But, in order that Equations 6] be satisfied, the wav 
number y must be such that 


Y 2 os 
Thus 
c [15 


For purposes of comparing the results of the present theory with 
those of exact theory, it is convenient to study the ratio of the 
velocity c to the shear wave velocity ¢. Dividing both sides of 
Equation [15] by e2%, and recalling that 6; depends on the fre- 
und [9], one may express the 


quency ratio w/w» by Equations [8] 
i.e., for d& = 0 


velocity ratio in terms of the frequency ratio; 


1, 2and H = 0 


j 


= <2a 


' 


j= 


while for @; = ¢@ = 0,H #0 


* See footnote 3, p. 293. 

+“On Waves in an Elastic Plate, 
Royal Society of London, England, series A, vol. 98, 1917, pp. 114 
128. 

* This result is obtained by taking u. = f(z) sin wot in the displace- 
ment equations of exact theory, and then requiring that ¢, vanish at 
+h, and that f(z) be an odd function. 


" by H. Lamb, Proceedings of the 


z= 
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These relationships are plotted (with y = '/,) as curves I, I, and 
III in Fig. 1. 

The plate displacements corresponding to these waves are 0 
tained by substituting C exp (jyzr) for ¢:, d: or H, and setting the 
in Equations [5]. For 


remaining two functions equal to zero, 
¢; = 0,71 = 1,2, H = 0 this leads to 


Cj, exp | (x - 


U 


o,C exp EB (: _ ‘ ‘| 


vhile for @; = @ = 0, H =~ 0 there results 


It is evident that the displacements resulting from Equations 
18] are those associated with a dilatational wave, while Equa- 
J i 
tions Both ty 


described by solutions of the equations of 


19] lead to a face-shear wave. pes of waves are 
s0n il 


three-dimen 


Lamb’ showed that, for dilatational waves, the relation- 


theory. 


ship between the half-thickness-wave-number product hy and the 


velocity ratio c/cs is 


In order to compare this with the predictions of the present theory, 
it is merely necessary to note that the circular frequency w is 


given b 


so that 
sing Equations [ 


The transcendental Equation [20] is now solved for c/c: as a 
function of hy, and the results are inserted in Equation [23] 
The curve c/cz versus w/w, can then be plotted, and this has been 
done for the first two modes of motion (with »y = '/,) in curves I\ 
and V of Fig. 1. 

It may be verified that, as w/w» approaches zero, exact theory; 
(Equations [20] and [23]) and plate theory (Equation [16] with 
i = 1) predict the same result for the value of c/c, corresponding 


to the first mode 
I( A+G (24 
V(i520) 4) 


73 ‘ ‘ 
See footnote 5. 
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where where 


we=ysineé+z2zcosé, k= “ [29] ms KXo, 


on 6,% \ + 26 cos’ «€ 
The angles of emergence ¢€* are shown in Fig. 2. h 
In order that each of these motions satisfies the equations of kro 
motion, Equations [6], it is necessary and sufficient that B," j 6:7 A + 26 « 
: 
2 = §,2 7 . 
Y , = —(6,;* sin 2 
vy? = 6? 


where the 6’s are given by Equations [8]and [9]. (The circular 
frequency associated with each of the motions has been taken 
equal to w, the same for all four waves. That this must be done, 
will be apparent when boundary conditions are considered 

The displacements corresponding to these waves may be ob- , , : 

: a . : + 2 "nae The analog, in the present theory, to F. Neuman 
tained from Equations {5]. Denoting the incident wave by r_, 
p,, v,, calling the plate displacements for the emergent waves 


y? 
. vy", v= in ae. % TPR. and letting aa 4 _ stand for the 


theorem’ guarantees that the foregoing constit 
solution of the problem It can be stated, ther 
thr 


«ne 


incident wave produces, in general, 


= 
plate displacements of the “‘resultant’’ motion; i.e. ; ; . 
namely, a slow dilatational, af 


5 k The character of these waves depen 
s ¥ v, - - 
r i and the circular Irequen w ol the i 
= * 
=v T+ > vy 
r 
t 4 > » * Normal incidence is described 
> 


k tion [33] it then follows that 


special Cases will be examined 


it then follows from the linearity of the equations of motion that U, 
v,*, v,*, v,* describe a possible state of motion of an infinite plate 


~ = 6 sie ‘ . quations [: d (351. gove r thy 
For the semi-infinite plate under consideration, three boundary Equations [34] and [35], governing tl 


a considerably simplified and their 


conditions must be satisfied on the edge x = 0. 
5 Bounpary ConpDITIONS 


The plate stresses ' AA Mors ete., associated with the motion 
defined by Equations [31], are found by substitution into Equa- 
tions [3]. To obtain a traction-free edge, one must have, on z = 


0 
32 


In order that these equations be satisfied for all values of the time 

t and all values of the space variable y, it is necessary (as pre- Examination of Equation [8] shows t 
viously noted) that the circular frequencies of the four waves be Of w/w», while 6, is real, zero, or imagina! 
identical, and that greater than, equal to, or less than unity. 


tore considered separate! Conside ring 


P a oe P So » > 
in € y" sine’, A ae ot range 


Now, from the first two of Equations [30] it follows that 


and introducing the 


Thus, from Equation [33], the angle of emergence e’ of the slow 
emergent wave is equal to the angle of incidence € of the incident 
wave. Equation [33] shows, furthermore, that the angle of it is seen from the third of Equations [30] that y” is now 
emergence of the fast wave (e”) and of the shear wave (e€’’’) can nary: ie 
each be determined when the frequency ratio w/w, characterizing 
the incident wave has been specified. 

The Boundary Conditions [32] also impose restrictions on the 
“amplitude” ratios C*/C (see Equations [25}-[28]). These re- 


and that (see Equations [29], [36], and [27 

strictions are embodied in a system of three nonhomogeneous * ,” ” exp sdie 

linear algebraic equations 

Using only the real parts of all expressions, the entire motion is 


» KOk/O) — ‘ Pu (s ! ! Tt. : ; . ‘ =) seei fant mel rer 
B,C*/C) = —+V/(2)B,’ cos [(2n : --9 thus found to consist (see Equations [5], [25}-[30], [36], [37]) of 


* See footnote 3, p. 176 
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a) The incident wave Again the fast reflected wave is seen to be a vibration, in this case 


a “‘thickness” vibration; i.e., a motion in the direction of the nor- 
mal to the plane of the plate. 


Finally, in the “high-frequency”’ range 


both 6, and 6; are real so that C’ and C” as defined by Equations 


37 | are also real, and the motion consists of 


incident wave 


5, /b, 


It is seen that reflected wave has the same amplitude, 


as the incident wave, but is out of phase 


The f t refi i wave is, in fas t, a poration the amy hie use the incident wave act 
which decre xponentially as the distance from the 
increase t ioteworthy tl 


ed waves To gain further insigt 
oO hat this vibration does not 


ig character 


motion, one may examine the manner in which the energy of 
ne-stress description of normal inci incident wave is distributed to the two reflected waves: Cons 
theory predicts a standing wave, a that portion of the plate which is bounded by the planes z 
{ ” juUawoNnSs as HmMItINng 2 = 


= yo. The work done on this portior 


material during a time ir 


® given t 


» 
YO Work 18 


ie 
i 
The potential legenerates into : 


anishes f motion here being considered 
stant, and the total motio ‘ i ) T . 


time interval 7 o 


and, for convenience, choosing 


b) The slow reflected 


il work done is expressed 


where 


c) The fast reflected wave 


E, E’, E” are called, respectively, the energy per cycle, per unit 
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length of wave front, for the incident, slow reflected, and fast re- 
flected wave. Using Equations [3] to determine the plate stresses 
corresponding to the displacements of Equations [39], the energy 
ratios R, and Rez, defined in the following, may be evaluated by 
carrying out the indicated integrations in Equations [40] and 


(41) 
ee (2) 
C 
(°) 


R, and R; are plotted versus w/w» in Fig. 3, Equations [37] being 
used to evaluate the ratios C’/C and C’/C. 


6b. 3pu? ‘3 Gao 2 
6; 3pw? + Go? 


7 OBLIQUE INCIDENCE 


It has been seen that fundamentally different states of motion 
obtain according as the circular frequency of the incident wave 
is less than, equal! to, or greater than the circular frequency of 
thickness vibration of an infinite plate. Hence, for 0 < ¢€ < 4/2 
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these cases are again examined separately. We begin with 


w/w < l 


The slow reflected wave emerges at an angle equal to the angle of 
incidence; the fast reflected wave is propagated in a -lirection 
parallel to the edge of the plate, and has an exponentially decay- 
ing amplitude. This can be see as follows: From Equations [27] 
and [29] 


exp (jy"y sin e” + jy"z cos €”) 


de” = C" 


Using Equation [33] to eliminate e’ 
dg” = C” exp in y sine + jy” 


Finally, from Equations [30], and using Equation 38 


2” = C” exp {jd sin € — dsc{1 + (6,/5:)* sin? €}'”*} 
The imaginary y-dependent term determines the direction of 
propagation, while the real z-dependent term affects only the 
amplitude. 
The shear wave generated by H’’’ (see 


Equation [28]) is propagated toward the 
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interior of the plate at an angle of emer- 
gence ¢’’’ which is smaller than the angle 
incidence ¢. This may be verified by use 
Equations [33], [30], [8], and [9]. Fig. 





shows the incident and reflected waves i 
schematic fashion 
As w/a,» — 0 the fast reflected wave dis- 





appears, and the results of the present analy- 
sis reduce to the description of oblique inci- 
dence in terms of the theory of generalized 
plane stress (see Section 8c 


aS 
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| 
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ENERGY RATIO 


Solution of Equations [34] with w/w = 1 
leads to the following results (see Fig. 5 
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) = Q@ 
Furthermore, as 6. = 0 by Equations [8] 
and [10], it is found from Equations [27] 
and [33] that 
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yws that 


and the motion obtained when the angle of incidence is sufficiently 
iall. consists of the incident wave and the three reflected waves 


as shown in Fig. 6 
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Fic. 9 ComPparRIson OF Wave NUMBERS FOR 
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Ou Ou r 
(0,, %,%,) =X (; 4+ — 4+ ) 
Or oY Oz 


Or Oy oz 
f. =G (2: ms Ou, 
; . Oy or 


where A and G are Lamé’s elastic constants, 


Setting 


in the third of Equations [43], solving for du,/dz in terms of du, /dz 
and du, /dy, and substituting into the first two of Equations [43], 
one obtains, after integrating over the thickness 


2G — n (232 iw ° 
A + 2G or Oy 


er (2 ou, 
or oy 


Integration of Equation [44] gives 
ow, ou, | 
«y= G( > J y 
Oy or 
For the investigation of free vibrations of circular frequency w, 


a, and a, are expressed in terms of displacement potentials $(z, y) 
and H(z, y), by taking 


: ( op oH as 
i, = > — }] exp (— jot), 
. Oz * oy alg 


(2# oH ‘ire 1 
— — } exp (—jwt) [47] 


(é., G,) a 


[46] 


where 
j = (—1)' 


Substituting into Equations [45] and [46], one obtains the follow- 
ing expressions for the average stresses 


— 


r 


0*@m oH 
Ty = G\2 + _ 
7 dxrdy oy? yr 


Equations governing @ and H are now obtained by substit 
tion into Equations 42) In order 
@ and H, however, the first of Equations 42 
with respect to z, the second with respe 


to get separate equations for 
is differentiated 
and the results 


are added, leading to 


where 


pA + 26 50] 


Next, the first of Equations [42] is differentiated with respect to y, 


the second with respect to z, and the results are subtracted, giving 


w® 


51] 


where 


Clearly, Equations [49] and [51] are satisfied whenever @ and H 


satisfy, respectively 
(Vi? + (w/es)?]¢ = 53) 
(Vi? + (@/ee)*)H = 0 54] 


(a) Straight-Crested Waves. If either @ or H is taken propor- 
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An Improvement of the Holzer Table Based 
on a Suggestion of Rayleigh’s 


By S. H. CRANDALL! anv W. G. STRANG? 


The calculation of torsional natural frequencies is con- 
siderably facilitated by a simple auxiliary computation 
used in conjunction with the well-known Holzer table. 
The procedure is described and illustrated and several 
practical suggestions are given. In many cases the total 
computation time can be cut in half by adopting this 
method. Mathematical justification for the process is 
given in the Appendix. 


“Theory of Sound”’ (1)* a certain approxi- 
mate procedure for calculating natural frequencies was 
suggested; this procedure was apparently never actually 

applied. In 1949 the same procedure was independently sug- 

gested and studied by W. Kohn (2). In 1951 the connection 
between this procedure and certain relaxation methods (3) was 
examined (4). In the footnote of reference (4) the relation 
between the Rayleigh-Kohn procedure and the well-known 
tabular procedure of Holzer (5) for torsional vibrations also was 
indicated. It is the purpose of the present paper to follow up 
this point by describing a practical method for adding the 

Rayleigh-Kohn improvement to the standard Holzer table. 

In the Holzer procedure a trial frequency is selected and a 
table constructed which gives the amplitudes of displacements 


N RAYLEIGH’S 


TABLE 1 
w = 125 rad/sec 


3 


—e 
Ot 
“x 


1 


= 
oe 


SSSSSSNe 


and inertia torques in the steady-state, forced vibration which 
results from the application of an external exciting torque to 
some given point of the system. The natural frequencies are 
those for which no external torque is required to maintain the 
In searching for natural frequencies it is customary 
to use trial and error in conjunction with simple interpolation. 
Since the external excitation appears only at one station of the 


vibration. 
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system, the mode obtained from the Holzer table satisfies the 
free-vibration requirements at every station except the excited 
one; i.e., it satisfies n — 1 free-vibration equations in a system 
with n degrees of freedom. Rayleigh described his procedure as 
follows: “Beginning with assumed rough approximations to the 
amplitude ratios we may calculate a first approximation to 
the frequency by equating energies. With this frequency we 
may recalculate the amplitude ratios from any n — 1 of the free 
vibration equations, then again by equating energies determine 
an improved frequency, and so on.’’ Except for changes in nome: 
clature, this is exactly the description given in reference 
Thus for torsional systems the Rayleigh-Kohn procedure amount: 
to using the Holzer table to obtain the mode shape correspondin 
to a given frequency and then to obtain an improved frequenc; 
from this mode by equating the extreme values of kinetic 
potential energies. 
DESCRIPTION OF THE METHOD 

We consider the torsional system on a sing'e shaft shown in 
Fig. 1. This system is treated by Den Hartog (6). A Holzer 
table (see reference 6 for a detailed description) for this system 


is shown in Table 1. 
Column 3 gives the angular-displacement amplitudes, colur 


TABLE 


oe? = 15.62 
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of inertia are lb in. sec?.) 
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4 the inertia-force the twist-angle 
amplitudes. In the ordinary 
estimated and then, with an arbitrary value of 8, (usually 8, = 
The final entry in column 


amplitudes, and column 7 
use of the table, a frequency is 
1), the table is completed row by row. 
5, called the residual torque, is equal and opposite to the external 


shaking torque required at the final station to maintain motion 


it that freque 
The 
Rayleigh frequency Wray, 


tayleigh-Kohn improvement consists in using the 
8 of Table 1 as the trial 
To obtain way we equate potential 


based on the 
frequency for the next table 
nd kinetic energies. ! e the entries in columns 5 and 7 are 

angles in the torsional springs the sum of 
products is twice the total potential energy. Twice the 


1 of the products of the entries in 


the torques and twist 
their 
kinetic energy ne 


Wray*/w? Equating and 


7318 


written out Equation [2] for pm 


Note that, while we have 


of illustration, in practice the numerator and denominator would 


irposes 


be obtained directly on a desk calculator from the Holzer table 


without the necessity of any intermediate recording 


Practical SUGGESTIONS 


To take maximum advantage of the Rayleigh-Kohn improve- 
ment the computer should keep in mind the following points: 
(a) The number of nodes (sign changes) in the column of 
8 indicates which natural frequency the trial w of the table is 
near; i.e., if there are two nodes in the table the trial frequency 
is near the second critical b 
ndicates whether the trial frequency is high or low because 
when the external shaking torque is applied to the station s the 


The algebraic sign of the residual 


displacement 8, and the residual torque have opposite signs 


below the natural frequency and like signs above the natural 


frequency. These two criteria are well known 

In addition, there are three properties of the Rayleigh-Kohn 
improvement which will be developed in the Appendix: (a) By 
ybserving the number of nodes N in the column of 8 in a Holzer 
predicted in advance whether wny computed 
The 
rule here is that wy will move away from the trial w and in the 
Whether 


table it can be 
from the table will be larger or smaller than the trial w 
lirection of the natural! fre which has N-nodes 


nency 


2799 


Or not Wry will overshoot this natural frequency cannot be 


predicted b) When the trial frequency gets close to a natural 
frequency the Rayleigh-Kohn process becomes an iterative pro- 
cedure with quadratic convergence; i.e., the error in each succeed- 


f 


ing frequency is of the order of the square of the error of the 


preceding frequency. (c) The speed of convergence to 4 par- 
ticular natural frequency is hastened when the residual or shak- 
ing torque is placed at that station which has the largest ampli- 
mode residual 


tude in the corresponding natural To place the 


at an intermediate station s requires a slight alteration of the 
Holzer technique. The table is worked down from the top and 
up from the bottom and joined the station s as in the treat- 
The starting amplitudes are taken 


ment of branched systems. 
1 at the top and as 6, = zat the bottom; z is evaluated 
; 


as 5, = 

by requiring that §, have the sarne value when approached from 
either end. The residual at the station s is still the sum of all 
the inertia torques 

foregoing co 


Note 


resicuai 18 


The importance of the 
by the example in Table 1 o nodes in 
the 8-column and that the 


that the trial w is near the 


negative. This means 


second critical, that it is below ‘he 


second critical, and that wry will be larger than the trial w 
Some idea of the value of the Rayleigh-Kohn improvement is 
the fact that the square of the 


[2! from a single Holzer table is in error by only 


furnished by frequency obtained 
in Equation 
Using the ordinary trial-and-error procedure and 
6) used four 
For the first 
tayleigh-Kohn improvement applied 


0.1 per cent 
starting from the same initial trial, Den Hartog 
Holzer 
critical of this system the 
to the first table on page 238 of reference (6) gives 


tables to obtain comparable accuracy. 
directly 
Wray? = 714, while the final value used by Den Hartog after thre« 
Holzer tables is 711 

The Fayleigh-Kohn improvemer 
Judgment is still required from the computer. 


automatic 
It is 
range of trial frequencies enclosing each 


it is not, however, ar 
panacea. 
true tl there is a 
1¢ 


atural frequency within which iteration of the process converges 


automatically to that natural frequency, but this range may be 


very narrow. If iteration of the process is started from a trial 
frequency which lies outside one of these ranges, the resulting 
sequence of frequencies can follow a very complicated pattern 
as shown in (4 Experience with torsional systems has shown 
that the most common results are sequences which lead to con- 
Thus the com- 
puter must use the indications listed in the foregoing to steer 
With 
systems it is probably desirable to obtain the criticals in ascend- 
ing order and to compute amy only when it is indicated that wra, 
will be higher than the trial w. 

For example, the third critical of the system of Fig. 1 
There 
sign changes in the column of § so the Rayleigh-Kohn improve- 
The value of @ray* for the second Holzer table 
was 1.35 X 10, which is in error by less than 1 per cent. For 
guess of w* = 2 X 105 


that 


vergence toward either zero or the first critical 


the process away from undesired behavior. torsional 


was 
obtained by starting with the guess w* = 10° were three 


ment was used 


the fourth critical, however, an initial 
led to a column of 8 which had only 
back toward the 


3 nodes. This meant 


third critical so it 
10° led to a four-noded 


Gray Would move was 
A new guess of w* = 3 x 


3.21 K 10. 
the intermediate station s = 6. 


computed. 
mode with Wray? = Furthermore the largest ampli- 
tude was at 
residual shaking torque at this station in the next Holzer table 
the value way? = 3.42 xk 108 
per cent) was obtained. If the residual shaking torque was left 
at the end s = 8, it took two Holzer tables to reach this same 
accuracy. 

The importance of putting the resid 
ted by comparing Table 1 with the table 


By placing the 


which is in error by less than 0.3 


ial at the largest amplitude 


station is also illustr 
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in reference (6). The only difference between these is that in 
the former the shaking torque is placed at the first cylinder 
(which has the greatest amplitude at the second critical) while 
in the latter the shaking torque is placed at the propeller (which 
has the smallest amplitude in the second critical). In the former 
case there are two nodes in the 8-column and wry? moves up to 
within 0.1 per cent of the second critical, while in the latter case 
there is only one node in the 8-column and @,,,*? is found to fall 
back to below the first critical. 
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Appendix 


A brief outline of the mathematical foundation of the results 
quoted follows. The torsional natural frequencies of an n- 
inertia system are determined as the eigenvalues of 


AX = w*BX LN 


where X is the modal column of 8, B is a positive diagonal matrix 
of inertias, and A is a symmetric stiffness matrix of the following 
special type: The main diagonal elements are positive, the ad- 
jacent diagonal elements are negative, all other elements are 
zero, and each row-sum is zero. 

For such systems it is known (7) that there are n real distinct 
natural frequencies 2; (7 = 0, ..., m — 1), with correspond- 
ing natural nodes X, which can be considered to be orthonormal 
with respect to B; i.e. 

J | O,8 #9 | 
X,'BX; = asthe 
lti=j 


The trivial mode X, = (1, 1,1, ; 1)/V b;, corresponding to 
Q, = 0 is considered to be included. 

The Rayleigh-Kohn-Holzer procedure may be described as 
follows: Starting with an initial trial frequency a we compute 
a sequence of frequencies w, and vectors V, according to 


(A — w2{B)Vin = R ) 


2 Von'AVon | * = % I “a 

vi View BV ets mi 

where RF is a residual vector whose only nonzero element is the 

sth. Without loss of generality we can assume in the theoretical 

discussion that the elements of Vis; have been so scaled that 
R is a unit vector. 


* At the top of page 241. 
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If now R is expanded in terms of the modes 
R= >> h,BX, 
where the h; are Fourier eacllidente and inserted in Equation 
[5] we find 
Vn = > az 
72 


Substituting Equation [8] into [6] yields 


ho, 
~ 


5,2 
“k 


The three properties of the Rayleigh-Kohn improvement 
quoted in the second section can be deduced from Equations 
[7], [8], and [9]. 

First of all, if w,? = 2, 


+ ¢€, then from Equation [9] we find 


AMO? Or 
> i \s4; =45 
: (22,2 w,*)? 


where the prime on summation indicates that j = p is omitted 
This shows the quadratic convergence of the process when «€ 
is small and h, = 0. Furthermore the convergence is optimum 
when A, is as large as possible. But A, (which is evaluated by 
premultiplying both sides of Equation [7] by X,’) is simply 
the sth element of X,. Thus optimum convergence is obtained 
toward the mode which has largest amplitude at the sth station 


To ascertain the direction in which wy will move, we form 


from Equation [9]. Considered as a function of w,* this has 
2n — 1 zeros; the n natural frequencies 27 (j = 0, 1, ..., n l 
and n — | other points u,* (j = 1, , n — 1) which separate the 
natural frequencies (see diagram in reference 4 In the vicinity 
of w = Q, the value of Equation [11] goes from positive to 
negative with unit negative slope; i.e., wi, moves toward Q, 
whether w, is above or below {2,. In the vicinity of a = yu, 
the value of Equation [11] goes from negative to positive with 
unit positive slope; i.e., w.+, moves away from uw, whether a, 
is above or below yw,. Thus if u, < w, < wpn, then wey, will 
move toward the natural frequency 02, 

Finally, we identify the 4; with the configuration of the trial 
vector Vx, by showing that it is just in the range uz < w, < 
My+: that Vix, has the same number of nodes (sign changes 
as X,. A careful proof (8) of this is long. The main ideas are 
briefly sketched in the following: 

The sth element of V,+; is zero only when w, equals one of the 
u;. This follows from the fact that the sth element of Vu, 
as given by Equation [8] is just the numerator of Equation [11], 
and it is the zeros of this numerator which are the 4; The final 
step is to show that a change in the sign pattern of Vi, occurs 
(a new node is introduced) when, and only when, the sth element 
of Vix changes sign. Thus the yu, are the frequencies at which 
new nodes are introduced into the configuration of Vis. 





The Propagation of Compressional Waves 


in a Dispersive Elastic Rod 


Part I—Results From the Theory 
By JULIUS MIKLOWITZ,? PASADENA, CALIF 


‘ roble ‘ the mf 


Information on the propagation of compressional waves In addition, the paper trea 
in a rod, in accord with the Mindlin-Herrmann approxi- subjected initially to an infinite axial stress at the origin 
mate theory, is presented. The information stems from work with the Mindlin-Herrmann theor has beer 
two sources: (4) A numerical evaluation of a previously Kelvin’s stationary-phase method in 
derived integral solution, for the problem of a semi- Davies’ (1) studies with the Pochhammer and Love theories 
infinite rod subjected to a step axial pressure, and (6) ap- The work throws further light on the integral solution derived 
plication of Kelvin’s stationary-phase method to the previously, and on compressional waves in general as governed 
classical problem of the infinite rod subjected initially to by the present approximate theory 
an infinite axial! pressure at the origin. 

STATEMENT OF THEORY 


TRODUCTION Only a brief statement o 


needed in this paper Comp 


HE recent literature has exhibited a strong interest in ap- : 


erences (3, 4,5 
The Min 


the modihcations recentiy made 


proximate theor ot Ity as & means Of getting more . 

ilin-Herrmann theor) 
accurate iniormatio! yn vibrational motions and the . — . 

propagation of wav n rods, beams, and plates. In the specific 


: 


displacement equations of movion 


use of rods Davies (1)* : nted out clearly the usefulness of 
approximate theory d to Love (: n idying dispersion of 
npressional type wavs Th heory id e effect of 
dial inertia of the rod recently Mindlin and Herrmann 
ave derived a one-dimensional theory of compressional waves 
at takes into ac int tht radial inertia and radial shear of 
he rod. The theory has two modes of wa' ransmission, the 
lower showing much better agreemen t] orresponding 
de of the exact elasticity theor ie ochhammer*) than 
joes Love «5 

This paper is concerned with inform yn the propagation 
id dispersion of comy onal } an be derived from 
the Mindlin-Herrmann theor TI is an extension of a 
recent paper by the author hich rned with travel- 
ng-wave solutions { 

The earlier wo resented, for one thing, a solution for the 
xial stress in ite rod, where the end (at z = 0) is 
onstrained radially an 1bj d to a step-axial pressure. This 
paper presents detailed information on compressiona! waves that 
was derived from this integra! solution with the aid of an IBM 


701 computer 
‘The work reporte: re was done at the U. 8. Naval Ordnance The correction factor «x, is obtained f 
I 
Test Station. Pasadena, Calif. It was supported through the Ex- 
ploratory and Foundational Research Program nA 

? Associate Professor of Applied Mechanics, California Institute of = 

: " 8(A 
Technology. Mer ASMI 

? Numbers in parentheses refer to Bibliography at end of paper 

* See reference (2), pp 287-91 

* For further background information in this subject it suffices, for 
the purposes of this paper, t refer the reader to the excellent ac- (- - =~) 

nJ 


where 7 is the lowest root of 


ounts in the quoted works (1) and (3 

Presented at the Applied Mechanics Western Division Con- 
ference, Pasadena, Calif., June 11-13, 1956, of Tae American So- 
CIETY OF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
mtil July 10, 1957, for publication at a later date. Discussion re- = axial-rod stress 
ceived after the closing d ill be returned. = radius of rod 

Nore: Statements and opinions advanced in papers are to be d. =: Lamé constants of elasticit) 
inderstood as individual! expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 


Division, April 16, 195¢ This paper was not preprinted 


9 
aad 
The nomenclature in this statement is as 


radial and axial displacements, respective 


Poisson’s ratio 
density 
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z, t = co-ordinates in axiai direction and time, respectively 


Jo, J: = Bessel functions of order zero and one, respectively 
The semi-infinite rod problem treated in the earlier work (4 
employed the initial conditions 
du(z, 0) dw(z, 0) 
ot ot 


0 





u(z, 0) = w(z, 0) = 


and the boundary conditions 
PO, t) _ 0, 
= Py, 


t<0 
t>0 


du(0, Zt) 


0, t>0 
ot 


The stresses and displacements were required to vanish atz = @. 

The solution for the axial-rod stress in this problem was derived 
in traveling-wave form by means of the Laplace transform theory. 
It was shown to be 


P,(z, t) = 0, 
—P,,(z, t), 


P,,(z, t= P,,(z, t), 


where 


a(z,t) = 4 ”T sin G sinh Hdp 
P kif"r bh H 
{Jo 


+ f, [As sin J; sinh K; — WV; cos J; cosh K; 
pdp | 


+ A, sin J; sinh K,; — VY; cos J; cosh Kj] tt. Py 
ae 


8 
Pz, t) = —4K jf Q sin U sinh V dp 


g — . eae It 
_ [tne f, integral in Equation (6) |} 


where 


i A cate a ee 
8? + p? r [k(p? + v?)? — 4kp%v* sin? a)'/*4 





(N® — M%)p* + L? } 


my [k(p* + y*)? — 4kp*v? cos? a)‘ “f 


ra 
%p) = —P— Ja 
Oe Paw | 





G(p,t) = [C(B* + p*)]'*t, Up, t) = [C(8* — p*)]' 


H(p, z) = P{ [k(p? + v*)? — 4kp*v? sin? a]'/* — p}'/tr 
Vip, z) = P{[k(p? + v*)* — 4kp*v? cos? a]'’* + p?}'/*z 


Afp) = AC; + BD, Wp) = —AD, + BC, 


Jp, z, t) = V(Chwt — PBz, Kp, 2z,t) = V(C) wt - Paz 


C,; = M*n; cos 2a — N*p* sin 4a — (M*%,; + L*) sin 2a 


D (M*6,; + L*) cos 2a + N%p? cos 4a + M*n; sin 2a 


‘ 


= €- —_ e£ 


A 
B=e£§ + ay 
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and where* 


€ sin(a — 4,), & = v/(r,) cos(a — A, 


= vy (Ts cos A, 


) = Qanws 


(sy 


—1)*e,], 1 = p* sin 2a + 


cos (a + A, 


6; = —[p? cos 2a + 


c— @ 9,2 fi 
~~ § es fe l =P" V\"e 
s : 


2 — p? 
[(p? 4+ §2)2 — 4B%p? cos’? a 


[ p? + y?y? — 4p?y? cos? 2a) 


p sin a 
— pcos a) 


— tan 
Py] 


where the constants involved are given by 


, 
2 4. ¢,? 


Cy 
defined by the basic constants 


8«%A + 


A + Qu . x7 
; a’’ 


Ga-———, ao 
Pp p 
where c; < cs < ¢;, and E is the modulus of elasticity. 
Equation [5] points out that the axial-rod stress is composed 
two resultant waves, P,, and P,:, with corresponding wave-front 
f+ 


velocities c, and @. The qualitative character of these waves 


was discussed in the earlier work. 


In particular it was pointed 
out that the leading wave-front velocity c,; was a desirable feature 
of the theory since this velocity has been detected experimental! 
[see the work of Hughes, Blankenship, and Mims (6), Kolsky (7 
and Tu, Brennan, and Sauer (8)]. 


Resutts From Intecray So.Lvtion 
Figs. 1 to 4 present the results which were derived by numerica 
integration from the solution for P, with the aid of an IBM 701 


* It will be noted that some of the following variables « 
from their statement in reference (4). These functions, which appear 


differ 


y 
in the integrand of the f integral, represent the real and imaginary 
0 


parts of complex variables on the inclined paths of the contour showr 
in Fig. 1 of the earlier work. The corresponding original variables 
were exact only at the path end points. The author is indebted t 

Prof. J. D. Cole, California Institute of Technology, for pointing out 
the discrepancy. It should be emphasized that the correction ] 

affects the earlier work in the latter part of the solution statement 
appearing there. 
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electronic computer.’ Figs. 1 and 2 show the dispersive influence 
of the space co-ordinate z on the stress-time relation at a particu- 
lar station z of the rod; Fig. 1 for a a (Poisson’s ratio) value of 
0.325, and Fig. 2 fora of */, this value. Fig. 3 demonstrates the 
influence of Poisson’s ratio, and Fig. 4 the influence of the correc- 
tion factor x; on the stress-time relation. 

4 few remarks are necessary at this point for a complete under- 
standing of the curves presented in these figures. To define the 
basic Constants [8], the material constants E, c, p’, and the bar 
radius a have to be specified. The constants EZ, p’ (hence c,), and 
a were fixed for all calculations, respectively 10.6 X 10* psi, 2.590 

10~* Ib sec*/in.‘, and 0.5 in., the first two reflecting the 
minum alloy 248-T, chosen for agreement with the experi- 

tal work described in Part II of this investigation. Only the 
additional selection of Poisson’s ratio o was needed to define the 
other basic constants ¢, The box inserted in each 
figure contains the quantities that were held constant for all 
curves appearing there. It is readily shown that the period 7, 
= 27 c/s, stated in the figures, is that of pure radial vibration 


x 
al 
re 


¢, and C'/*, 


of the rod according to the present theory, a fact stemming from 
the method that is employed to calculate the correction factor x; 


(hence C’’*), reference (5 


? The integratior hnique employed Simpson's rule aid an error 
criterion based on a comparison of results from « three and five point 
quadrature of the same incremental strip. Such comparisons through- 
e range of integration produced a highly accurate result by de- 
f integration best suited to the local properties 
The technique is due to Mrs. Helen Morrin 

the Computing Branch, U NOTS 


out th 
termining an interval « 
of the integrand function 
and Mr. Bruce Oldfield 
China Lake, Calif 


j 
of g 8 


v 
. 
) 
’ 
} 
? 
; 


itial Dist 


Fia, 1 
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irves the initial disturbance (a 


tact 


It willbe noted 
a jump to the value P», the magnitude of the step 
This means that a 


that in all the c 


i= 
i= 


s 


Z/cCi}) 
input. They are otherwise continuous with / 
finite discontinuity in axial-rod stress is propagated with con- 
stant magnitude and with the velocity c,. The initial j f 
magnitude Ps, and the continuity of the curves throug 


vendently of the solution given 


imp ol 


‘os 
§@=@7Z 


can be established exactly and inde; 
by Equations [5], [6], amd [7]. This is done by letting |p| ~ @ 
in the inversion integral statements of P,, | see Equations [11 
reference (4)} for the region t > z/c,, and then imposing ¢ — z F 
on the resultant inversion of the integrals. The result is 


Lim 


3] of 
a} Of 


z 


; 


P.Az, t =) 


, 
Zz, 


t) = —P,, 


Lim P., 


These exact values at the wave fronts have been used as a means 
of judging the accuracy of the numerical results in Figs. 1 to 4 
The second of the values infers that computations for t = z/¢s, 
from the solutions on both sides of t = 2z/c, (which differ), 
should have very nearly the same value. 
Figs. 1 and 2 point out that the n 
present solution was limited to the smaller z-values and to smal! 
t-values as well as the largest of these z-values. A dashed line 
has been used for curves where computations in the region { > 
z/c, could not be obtained with reasonable accuracy by the in- 
These large z-curves, how- 
for this reason were ir 


the 


merical evaluation of 


tegration methods employed here 


f - 


i 


ever, had good accuracy at = 7/ and 


urbance 


Invivence or Station z Position ow Variation or Axtat-Rop Srress Wire Tiwe; Porsson’s Ratio « = 0.325 
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x = 2.5 in 
x > 3.0 in 
pa 22.0 in 
x = 1.0 in. 


,« = 0, and elementary theory solution 


for all x ( with — a) 
~ 0 





t) (x P, tb.) 


(x 


Axial Bar Stress P 


Time After Arrival of Initial Disturbance (; -— 


.2 INFLUENCE or Station z Position on VARIATION OF Ax1at-Rop Stress Wits Time 





1.4 





(x, t) (x Pp) 


x 





co T, (x 107* sec n/c, (x 107° sec 


Axial Bar Stress P 


0.32500 6.696 4.097 
0.24375 8.336 4.538 
0.16250 9.439 4.785 
0.086125 10.247 4.908 
0.02031 10.705 4.941 

0 10.820 4.943 (x/c 


0 





4 6 8 10 12 


Time After Arrival of Initial Disturbance (t - =) (x 107° sec.) 
1 


Fic. 3 Inrivence or Porsson’s Ratio ¢ on VARIATION oF AxtaL-Rop Stress Wits Time 





0.767, according to Ref 
0.691, according to Ref 


as 7 
Theory (wth — -- 


2 


ss P_ (ut) (= P,, Ib.) 
. 0 


Axial Bar Stre 


‘ 
ime After Arrival of Initial Distu 


£ or Correction Fa 10n or Axtat-Rop Srress Wirs Tie 


cluded in the figur en =z came larger than the largest vorhood of z = 4.5in. It is important and interesting to note 


value shown, the a rac ol even at i r/c), Was not ac- Fig 1. that the stress associated with this first amplitude a 


= + 
ceptable (i.e., error w ; cent This limitation on comes negative (i.e., tension 


numerical evaluation for la nd large ¢ at moderately large z The amplitudes associated with the second and later hal 
is not surprising for a solution of exponential oscillatory character periods behave quite differently, exhibiting maximums in th« 


A sn r value of I n rath permitted accurate calculations neighborhood of z = 25 in Note that this z-station is tl 


for a somewhat higher limiting z-value. mentioned as the limiting value in connection with point (6) i 

In addition to th ve-fi characteristics already men- the foregoing. There is the suggestion in this behavior that ex 
tioned, the curves iz l to 4 exhibit five other obvious proper- citation of this length of rod (for the ase represented by Fig. 1 
ties of the solution " 1) an oscillation of the stress is necessary before the full radial-disp! wement effect on the 
about the constant value given by the elementary theory, (0) a stress can develop (see Equation [2 The first and second hali 


; 


decay of the amp! es in this oscillation with time for the periods give further support the wee of a characterist 
smaller values of z (i 1 this is for z up to and including the length of rod by showing minimums in the neighborhood of 
1.25-in. station), (c) a relief of stress during the first half-period 1.25 in. For stations greater than z = 1.25 in. the curves begi: 
of vibration, (d) a st ¢ influence of the pure radial] vibratior to show a more erratic character r ing further separatio: 
property of the theor t eriods involved in the solution, and the wave groups with the larger times involved 

e) the asymptotic appro with time) of the pe riod to that of Similar effects are bro ight out by Fig. 2 for the reduced Pois 
pure radial vibration son's ratio value. The main differences here are the reduced 
Further important racteristics of the solution are revealed amput ide values and the larger value of 7, anditsinfluence. Bot! 


+} 


by a more detailed exami: n of the individual figures. Fig. 1 of these differences are related to the theory’s approach to 
shows that as z becomes lar hence more remote from the elementary as ¢ — 0 (this is more fully demonstrated by Fig. 3 
source ), the deviation fror ] np it curve (also the elementary- Note that the s iggested characteristic le ngth is larger here. 
theory curve) becomes more pronounced. This, of course, is The strong influence of Poisson’s ratio exhibited by Fig. 3 is 
typical of a dispersive medium, the increase in z permitting mor« not surprising since the two modes in the Mindlin-Herrman: 
time for the wave groups u volved to separate Important in this theory are co ipled through this parameter The variation of a 
dispersion is the fact that the amplitude associated with the first with Poisson’s ratio is given in the table inserted in Fig. 3. Its 
half-period of the oscillation keeps increasing as z increases. It influence on the curves there is again apparent 

may be noted, however, that the rate of increase suggests that a The correction factor x, brings the phase velocity-wave length 
maximum exists. The limitations on numerical evaluation pre- relation of the longitudinal mode in the present theory into 
vented establishing the maximum for Fig. 1 (or 2), but computa- closer agreement with the corresponding mode in Pochhammer’s 


tions for a o-value of 0.1625 established a maximum in the neigh- _ solution of the exact theory (3, 5). Since C’’', and hence T_, de- 
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pend directly on the value of xi, it is obvious that the method of 
selecting the latter becomes important to the theory and solutions 
of its governing equations.’ Fig. 4, based on a fixed z and o-value, 
demonstrates this with respect to the present integral solution. 
It may be noted that the effects are in the same direction as those 
imposed by Poisson’s ratio, stemming from the fact that C’/* is 
directly proportional to both ¢ and «. 

The method presented in reference (3) for calculating «x, em- 
ployed the fact observed by Hudson (9), that the lower mode 
curves of Pochhammer’s solution, when plotted as c/c, versus 
a/A, had a common point of tangency for various values of 
Poisson’s ratio (in this relation c is the phase velocity, c, the shear 
wave velocity (u/p’)'/*, and A the wave length). A similar tan- 
gency point for the lower mode curves in the Mindlin-Herrmann 
theory was given the co-ordinates of the tangency point from 
Pochhammer’s curves with the resulting relation for x, 


*It may be noted the nomenclature 7, loses some of its meaning 
when « is chosen by a method differing from that suggested in ref- 
erence (5). The nomenclature has been retained, however, to facili- 
tate comparison. 
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= ().422(2 K* 
where « is again computed from Equation [3]. 

The method for computing «; given in reference (5 
in Equations [4]. These equations result from adjusting the fre- 
quency of pure radial vibration in the present theory to be that 
for the case of pure radia! vibration of an infinite isotropic rod in 
the exact theory.’ Since Fig. 4 exhibits sizable differences in the 
curves when x; is changed, it seemed important to examine the re- 
lated differences in the phase-velocity wave-length relations 

Fig. 5 compares the phase-velocity inverse-wave-length curves 
for the two methods and x; = 1 (i.e., no correction factor) corre- 
sponding to Fig. 4, with the first and second modes of Pochham- 
mer’s solution of the exact theory. It may be noted that on the 
basis of this comparison the original method presented in (3) is 
It may 
be noted that the second-mode curve of Pochhammer’s solutior 
0.29 I 


is contained 


the better of the two for the lower mode of transmission. 


was taken from (1) and is based on a o-value of 


* Except for the two 
appearing in this work v 





1.8 


—_——— 


=i 


0.767, by method of Ref. (5) 
0.691, by method of Ref. (3) 


Radia! Mode 





c 
<9 


w,=1 
K, = 0.767 
a) = 0.691 


Phase Velocity 


| 

; : 
aie 
| | 
L 
~ 
| . 
t 


Secord Mode of Pochhammer Theory 
[ From Ref. (1), @ = 0.29] 


Longitudinal Mode 





First Mode of Pochhammer Theory 
[From Ref. (10)] 





or  s 


Ratio — 
A 


Fia. 5 


INFLUENCE OF. CORRECTION Factor «x: ON Puase VeLociry-Inverse Wave Lencts Re! 


ATIONS OF Present Toeory; Porsson’s 


taTIO ¢@ = 0.325 
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second-mode curves of the present theory appearing in Fig. 5 are 
based on a g-value of 0.325, no definite conclusions can be 
reached concerning the merit of one of the x; methods relative to 
this mode. However, if the small difference in Poisson’s ratio can 
be neglected, it appears that the reference (3) method of com- 
puting x; is again the better of the two. Reference (8) pointed 
out that this difference in Poisson’s ratio did not make a signifi- 
cant change in the lower-mode curve from Pochhammer’s solu- 
Fig. 6 presents the corresponding group velocity (c,)-in- 
It should be noted that the extremes 


Figs. 5 and 6 do not depend on «;. 


tion. 
verse-wave-le ngth curves 
of the curves shown i: 
at the 


It is interesting th o different methods agree as well as 


As will be seen later, the experimental work reported in 


they do. 
Part Ii supports the x, method of reference (3) in connection with 
the radial (second) mode.” 

tesuLtTs From Stationary Poase Metuop 


Davies (1) formulated a means, based on the elements of Kel- 


was omitted in the state- 
. Unfortunately, the omission 
lations of the present work. The omis- 
hence the constant C’/*), for a particu- 
its correct value. The effects brought out 
refore even stronger. The correct values of 
«: and T, ‘according to refe * are 0.885 and 5.97 X 10 +, re- 
spectively, instead of 0.767 ar 10-* sec. A corrected curve 
could be obtained by utilizing the other two curves in these figures 
of course also involved in the other 
A recalculation of C'/* and dependent 7 
volved, showed the modification of curves 
be consistent with that indicated in Fig. 4 
larger amplitudes and shorter periods 
herefore, none of the effects brought out in this paper would be 
tered. It is possible, however, where an absolute value plays a r 
as in the discussion of the length of rod associated with the maxi- 
um of the second an , 8 somewhat different length might be 
volved. The corre« responding to those in the t 
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vin’s stationary-phase method, for analyzing the experiment 

and theoretical work in his paper. The same technique was ap- 
plied in this work and produced further interesting information on 
the Mindlin-Herrmann theory and the integral solution presented 
here. 
rod, subjected initially to an axial stress that is infinite at th 
everywhere else, can b 
In the method th 
initial distribution of stress is expressed as a Fourier integral 


As pointed out in reference (1), the problem of an infinite 


origin (z = 0) cross section and zero 


treated by Kelvin’s stationary-phase method. 


Physically the situation may be interpreted as the superpositior 
of the stresses due to an infinite number of sinusoidal wave trains 
of equal amplitude (a uniform frequency 


phase at the origin at time t = 0, but canceling to give zero stress 


spectrum), agreeing u 
everywhere else. At a later time ¢ the result at a station z is ob- 
tained by summing up the contributions due to all the waves 
The main effect at the station z 


is produced by a small group of waves that have nearly equa 


which have traveled distances ct. 
phase velocities, periods, and wave lengths, and tiiat are in phase 
at the station at time { 

Following Davies’ nomenclature, 7, 
period of the waves that are 


referred to as the pre- 
dominant period) is the mear 
phase at station z at time ¢. The relation between 7, and its 
time of occurrence { at the station z, for a particular rod radius a, 
is derived from the phase-velocity wave-length relation of the 
theory (see Fig. 5), the related group-velocity wave-length rela- 
tion (see Fig. 6), and the condition expressing staticnary phase, 
zx — cf = 9. Davies plots the basic dimensionless relation be- 
tween T,/T, and t/[('/2)Ts] from which he can easily get curves 
of 7 


» Versus ¢ for particular values of the station z and rod radius 
These co-ordinates are given by 
Co 
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infinite length to travel the radius of the bar and the distance z, 


respectively. It should be noted that for a particular material 
(given by a fixed value of c) and o), multiplying the rod radius by 
a certain factor multiplies the period 7’, by the same factor. In 
turn multiplying the z-position by a certain factor multiplies the 
time t by the same factor. 

Fig. 7, derived from the seta of curves in Figs. 5 and 6 marked 
“method of reference (5),” presents the 7, — ¢ relations for the 
present theory for three equally spaced z-stations, corresponding 
to Fig. 1 and extended data for the same stations. Of particular 
interest are the extremities of a set of curves (both modes for a 
particular z-station). These values, which are given in Fig. 7 by 
the labeled dashed lines, were established by substituting A/7, 
for c in the c/co versus a/A solution given in (3) and finding the 
limits of 7, as A — 0 and o, taking into account correspond- 
ing limits that were established [in references (3), (4)] for the re- 
lated curves in Figs.5and6. In so far as these limiting conditions 
are concerned then, Figs. 5, 6, and 7 point out the following for the 
longitudinal mode: (a) The infinitely short wave lengths have a 
¢:, along with an infinitely 


phase velocity = group velocity 
short period; (b) the infinitely long wave lengths have a phase 
velocity = group velocity = ¢, along with an infinitely long period. 
For the radial mode the situation is similar as far as the infinitely 
short wave lengths are concerned; that is, they have a phase 
velocity group velocity ¢, along with an infinitely short 
period. It should be noted that they form the initial disturb- 
ance; i.e., ¢ is the maximum group velocity. The infinitely 
long wave lengths of the radial mode are involved in a rather dif- 
ferent and important situation. The phase velocity here is in- 
finite, the group velocity is zero, and the period is the constant 
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theory the vibrational behavior of the rod 


pomts out prese 

at large times is gov 
erned by a predominant period equal to that of pure radial 
behavior 


is inde 


bration. 
pendent of z. 


As is shown in Fig. 7, this isymy ot 


The conclusions to be drawn from Figs. 5, 6, and 7 then, r 
garding the stress behavior at a random z-station, due to an in- 
finitely intense, infinitely thin initial disturbance at z = 0 is as 
follows: The initial disturbance to arrive is composed of ir 
finitely short wave lengths and periods traveling with the dilata 
tional velocity c;. As time increases in the region z/c, < t < z 

the disturbance is composed of longer and longer wave lengths 


At 


z/co the longitudinal mode of transmission enters into the picture 


, 
the time 


and periods from the radial mode of transmission. 
supplying infinitely long wave lengths and periods. In the regior 
t/t Qt < z/cz, the disturbance becomes more complicated since 
both modes are acting. As time increases in this region the radia 
mode supplies longer and longer wave lengths and periods, and 
the longitudinal mode shorter and shorter wave lengths and 
Ati 


disturbance by an additional group of waves, a set of infinite) 


periods. z/c. further complications are introduced in the 


short wave lengths and periods connected with the longitudinal 
In the subsequent time region z/c, < ¢ « 


mode. . t,; (the upper 
bound on time for the longitudinal mode) there are always three 


Note that a 


vertical line in Fig. 7, within this time region, intersects the radial- 


sets of wave lengths and periods predominating. 


mode curve once and the longitudinal-mode curve in two places 
As time ¢ approaches ¢,,, in this region the two sets of wave 
lengths and periods supplied by the longitudinal mode progress 


toward the same value, hence a less complicated situation. For 
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f t the solution is governed exclusively by the radial progression toward the state of harmonic metion in Fig. 7, hen 


times { > ¢,,;, th g i i 
mode, and for any particular time in this region Just one wave the agreement between two solutions related through a tim: 
group predominates 4s i — o@, the wave length of this derivative 
wave group becomes infinite and the period approaches a value The influence of both modes of transmission on the earli 
equal to that of pure radial vibration periods from the integral solution is apparent in Fig. 7, pointing 
wre attempting to show any correlation between the results out that these periods are not identifiable with just one pre 
the integral solution, Fig. 1, and those in Fig. 7, it is dominant group of waves. Aside from the difference in solutio 
iry to empl ‘ y are based on different input involved, it is clear that to identify separate wave groups larg 
functions. If use had beer f the Dirac delte function in ‘times are needed (11 The smal! values of z and their related 
step input, ¢ rect corre- small times, considered in Figs. 1 and 7, are not helpful in this 
between Figs. l and 7. However respect. If close observation is made, however, the influenc: 
ie to an impulse of infinite ampli- these earlier periods, of the various predominant groups, © 


itive of the response due to the i » consistent for all three sets 


ist between the results in the tw 
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The Propagation of Compressional Waves 
in a Dispersive Elastic Rod 


Part II—Experimental Results and Comparison With Theory 


By JULIUS MIKLOWITZ? anv C. R. NISEWANGER,’ PASADENA, CALIF. 


Experimental results, obtained by employing an aero- 
dynamic shock tube for rod excitation, are presented. 
Comparison of these results with the theoretical informa- 
tion presented in Part I‘ is made. It is shown that the 
Mindlin-Herrmann theory, through its upper mode (ra- 
dial), offers a good approximate representation of the mod- 
erately short waves that predominate at the later times 
at a random station of the rod. The very short waves of 
this same radial mode, however, govern the early disturb- 
ance, thus precluding the possibility of representing this 
portion of the disturbance, which the experiment shows 
to be composed of relatively long waves, by the longitudinal 
mode of the theory. 


INTRODUCTION 


N the companion paper (Part I, reference 4), it is pointed out 
that an aerodynamic shock tube would be useful in studying 
rod behavior where, in particular, excitation is due to end 

pressure variation. Experimentation of this type was carried 
out in connection with the present investigation. The first 
part of this paper presents the test results and an integrated com- 
parison of these results with the theory discussed in Part I and 
related theoretical and experimental information from the 
literature. 

A final section of the paper is devoted to the main conclusions 
that stem from the work, both Parts I and II, asa whole. The 
work offers some interesting facts on the propagation of compres- 
sional waves in a rod. It is believed that the work will aid in 
judging the Mindlin-Herrmann theory as an approximate physi- 
cal model and will guide further work in this subject. 


Resvutts aND Comparison Wit THEORY 


The experiments involved only the case of the “‘semi-infinite’’ 
rod subjected to a step axial pressure, with no radial restraint, 
at z = 0. This case was chosen since it is obviously easier to 

1 The work reported here was done at the U. 8. Naval Ordnance 
Test Station, Pasadena, Calif. It was supported through the 
Exploratory and Foundational Research Program. 

? Associate Professor of Applied Mechanics, California Institute 
of Technology. Mem. ASME. 

* Research Engineer, U. 8. Naval Ordnance Test Station. 

‘The Propagation of Compressional Waves in a Dispersive 
Elastic Rod—Part I,” by Julius Miklowitz, appearing on pp. 231- 
239 of this issue of the Journnat or AppLigp Mecuanics. Through- 
out the paper, it will be referred to as Part I. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Pasadena, Calif., June 11-13, 1956, of Tae American 
Society oF MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 16, 1956. 


realize experimentally than the direct analog of the theoretical 
semi-infinite problem discussed in Part I of this investigation. 
The two problems are, however, strongly related* and certain 
valid comparisons, between the present experimental information 
and integral solution, have been made. Comparison of the ex- 
perimental data with further appropriate results from the sta- 
tionary phase method (discussed in Part I) also has been made. 

A step pressure (approximately 300 psi) was applied to the end 
of a 1-in-diam rod (24S-T Al alloy) by means of the shock tube.’ 
To calculate an axial stress in accordance with the present 
theory it is obvious from Equation [2], Part I, that both the 
radia] displacement and axial strain at a particular section z 
have to be measured independently. To make both of these 
measurements “simultaneously,’’ use was made of the fact that 
the shock-tube tests were highly reproducible with respect to 
the results of primary interest here; i.e., the measurements of 
radial displacement for a set of z-stations were made in one group 
of tests and the axial-strain measurements in another. The 
radial-displacement measurements were made with a radial 
condenser microphone, and the axial-strain measurements with 
20 very short strain gages (C-19) mounted in series (oriented 
axially) around the circumference of the rod. A cantilever 
support was used for the condenser-microphpne ring to permit 
recording the early part of the transient (about 80 yu sec) without 
extraneous signals. 

Figs. 1 (a) and (b) present the test results. It is quite obvious 
in both sets of records [(a) and (b)} that the input step does not 
respond as a step at any z-station. There is initially a definite 
rise time in each of the records (these rise times are far too large 
to be influenced seriously by experimental error). In this con- 
nection it is also clear from the slopes of the initial rise that in 
each set [(a) and (b)] of records, as the station z becomes more 
remote from the source, the slope becomes less steep. This sug- 
gests the influence of short waves traveling slower than long waves. 
Davies also observed this in his and other quoted experiments 
(Part I, reference 1). As he points out, the Pochhammer theory 
longitudinal mode and the Love approximate theory, predict this 
behavior. Through its agreement with the lower mode of the 


§ Examination of the exact values of P,(z.f) at the wave fronts, for 
the problem of the free radial end at z = 0, showed them to be the 
same as in the integral solution treated in Part 1. Further, with the 
aid of a small time approximate solution (1).* the slope of P,(zt 
for the former case also was found to be negative just after ¢ = z/c). 
From physical reasoning then, taking into account the form of Equa- 
tion [2] and the character of the integral solution in Part I, the 
solution for the free radial end problem might be expected to exhibit 
relatively larger amplitude oscillations at the smaller z-stations. 
From Fig. 7 in Part I the large time behavior of the stress could be 
expected to be the same for both solutions. 

* “Complex Variable Theory and Transform Calculus,” by N. W 
McLachlan, Cambridge University Press, second edition, 1953. 

7A similar tube is described in a previous report by one of the 
authors.® 

“Laboratory Measurements of Pressure Versus Time at Water 
Impact,”” by C. R. Nisewanger, Technical Memorandum No. 614, 
Naval Ordnance Test Station, January, 1952. 
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Pochhammer theory, the Mindlin-Herrmann theory also would 
predict it, were it not for the front-running groups or shorter 
waves (supplied by the radial mode) that govern the earlier dis- 
turbance. 

A second point worth noting is the fact that the axial-strain 
records, Fig. 1 (6), exhibited prominent evidence of very high- 
frequency phenomena, where no appreciable activity of this 
kind was recorded radially, Fig. 1 (a). The difference in the 
recording techniques used for the axial and radial measurements 
is involved here, pointing out that these waves are not plane. 
The radial microphone measures radial displacement at the 
cylindrical surface of the rod, and is an integrated quantity over 
the rod cross section. On the other hand the strain gages re- 
cord the axial strain at the rod surface. There are at least two 
possibilities, therefore, for the appearance of very short waves 
in the axial strain, and not the radial-displacement records. 
One is that these waves are surface phenomena. The other is 
that several nodal cylinders are involved. In either case the 
possibility of representing these waves by a theory admitting 
only a plane-rod section is rather remote. Hence only the mod- 
erately short waves exhibited in these records will be important 
from the approximate theory point of view. It should be noted 
that the radial microphone measures directly the displacement 
u of the present theory. 

It is interesting to note the strong coupling between the radial 
displacement and axial strain exhibited by the longer waves com- 
prising the initial portions of the 5, 10, and 20-in. records, par- 
ticularly the 20-in. record. Note in the latter case that, except 
for the superposed high-frequency disturbances in the axial- 
strain record, the two records are very much the same in the 
initial region of time where these relatively longer waves domi- 
nate; i.e., for about 30 X 10~* sec. 

The records in Fig. 1 for all stations give evidence of sizable 
activity at the later times® that cannot be answered in terms of 
the lower mode of the Pochhammer theory. It is in this be- 
havior that the radial mode of the Mindlin-Herrmann theory 
becomes important since it does predict approximately the 
character of the disturbance observed. In this connection it may 


* Except the 20-in. station, where the limiting long time recorded 
was not large enough also to give support to this. 
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be noted at first glance, particularly in the radial records of sta- 
tions up to 5 in., that one particular period seems to predominate 
This type of action, it will be recalled, was a property of the 
integral solution, and more basically the radial mode of the 
theory, discussed in Part I (see Figs. 1, 2, 3, 4, and 7 there). 

The “stationary-phase”’ curves in Fig. 2, analogous to those 
in Fig. 7, Part I, gave the opportunity to compare more closely 
this later time behavior of the experiment and the present 
theory. The various points appearing in Fig. 2 reflect measure- 
ments made on the magnified negatives corresponding to the 
records in Fig. 1." A peak to dip, dip to peak scheme was used 
to measure the half period. The full period then was as- 
sumed to occur at the mean of the time determining the related 
half period. The box inserted in Fig 2 states the nomen- 
clature used for the experimental points. A 
tached to the first point (timewise) in a set, and its related 
curve, have been used to aid the reader studying Fig. 2. It 
should also be noted that the theoretical curves were based 
on a «,-value calculated according to the method of reference 
(3), Part I, since this gave a T,-value that fitted the experimenta 
data better. 

First, it is clear from Fig. 2 that none of the long-time data 
appearing there can be accounted for by the lower mode of the 
Pochhammer theory. Kolsky also showed evidence of 
his work (Part I, reference 7). It is also clear from the scatter 
in a particular set of points that these data cannot be accounted 
for precisely in terms of a single mode of transmission. If one 
accepts the approximate-theory point of view, however, it appears 
that the Mindlin-Herrmann theory does a remarkably good jol 
of predicting the long-time behavior at a particular z-station 
The most complete data, i.e., consecutive points over a reasonab 
long time, were from the 1, 3, and 5-in. radial-displacement rec- 
ords. As can be seen, these agreed very well with the respective 
radial-mode curves. In the corresponding axial-strain records 
data were available only over a shorter time region. This was 
true also of both types of records at the 10-in. station. It was 
clear in the case of these records that more extended data could 
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not be obtained accurately, primarily because of the very small 
amplitudes involved." These limited amounts of data, however, 
did show good agreement with the theoretical curves. It is 
interesting in the points that were obtained that, as a group, the 
axial-strain points tend to lie below their radial-mode curve, 
whereas as a group the radial-displacement points tend to lie 
above this curve 

It is interesting to note in’Fig. 1 the more complex nature of the 
disturbance for times ¢ < t..,; ie., where the longitudinal mode is 
involved. Note that Fig. 1 supports the fact that as r becomes 
larger this region of time becomes larger; i-e., the more uniform 
oscillations discussed in the foregoing begin later as z becomes 
of the 10-in. radial-displacement record, and 
the periods of the initial oscillations (previ- 


larger. In the case 
both 20-in 
ously referred to as relatively longer waves) could be measured 

excellent agreement with the longitudinal 
mode, hence the basic mode of the Pochhammer theory. It is 
also clear that the Love approximate theory would show good 


records, 


Note in Fig. 2 the 


agreement here 
The complexity 
course, Supports the fact that more than one group of waves is 
note the discussion in Part 1). The 
and agreement with the longitudinal 
and 20-in 


of the early portions of the disturbance, of 


acting at a particular me 


smoother early disturbance 
mode, in the case stations, reflect the action 


then of a Ssingie group atay cular time It therefore appears, 


if one notes in Fig the points involved here are all in the 
time region z that the radial mode of the present 


theory plays nor uis region. The earlier remarks concern- 
ing the slope of the initial rise supported a similar conclusion for 
all stations 

It is of interest to consider the very short waves appearing in 
the axial-strain records with respect to the lower mode of the 
theor It is 


curves in Fig. 2 (wl 


Pochhammer clear from the longitudinal-mode 


h are close representations of the correspond- 
that the high-frequency 


ing Pochhammer er-mode curves 


oscillations, superposed on the relatively longer waves occurring 
initially in the 10 and 20-in. longitudinal records, obviously do 


not belong to this mode of transmission. Similar remarks could 
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that the present experimental work does not support the proba- 


bility that any groups of very short waves are at or 
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important 
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But 
function it is 


It is true, of course, that a thin pulse 


created more short-wave activity in the present tests 
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clear from Fig. 1 that the important short waves lag 
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It was evident from the velocity measurements made in the 
present work that the initial disturbance had the three-dimen- 
sional character of the dilatational-wave velocity associated 
This was exhibited in the fact that the same level of 
defining the initial disturb- 


with it. 
activity (and this was quite small 
ance came later, and later as the station was removed more and 
more from the source; i.e., indication that the small amount of 
energy at and just behind the front was dissipating with distance 
This would agree with the experimental work in Davies (Part I, 
reference 1), and the shock-tube work of Curtis,"* where measure- 
ments were made at large distances from the source and sup- 
ported the “bar’’ velocity c as the initial disturbance velocity 
Interesting in the present tests was the fact that the initial 
disturbance, as far out as the 20-in. station, stil] had a velocity 
greater than ~; Le 


One further point in the records of Fig. l(a) is worth mention- 
ing If one corrects for a slight variation of the gain in these 
records, i.e., for mean ordinate associated with the large time ac- 


tivity, and compares the */,, 1, 1'/s, 1'/s, and 2-in. records, the 


about the large 
time mean This is 
again the suggestion of a characteristic length associated with the 


amplitude associated with the first oscillation 
has its largest value at the 1'/,-in. station 


development of the full radial-vibration effect; i.e., similar to 


that discussed in Part I in connection with the amplitude of the 
second half period in the integral solution 


CONCLUSIONS AND COMMENTS 


The primary objective of this investigation was to preser 
new information on the propagation of compressional-type waves 
in a dispersive elastic rod. Toward this end numerical informa 
tion, based on the Mindlin-Herrmann approximate theory, has 
been obtained and compared with experimental data. The nu- 
merical information was derived from two sources: (a) a previously 
derived semi-infinite-rod solution of the governing equations 
and (6 


stationary-phase 


the classical infinite-rod solution as interpreted by the 
method. The experimental data were ob- 
tained from studies employing an aerodynamic shock tube for 
The main theme has beer the compressional- 


ite-Lheory 


rod excitation 
type wave in rods from the approxim point of view 
i.e., plane sections remain plane 


from the experimental work of others (a 


of the Pochhammer 


It is well known 


this work would agree), that the lower mode 


theory plays the main role in characterizing a disturbance 
compression il-wave type, at least in the earlier f 


regions o 


at stations several diameters from the source Davies (P 


reference 1) has shown that Love’s approximate equatior 


ts this ea 


taining the Rayleigh radial-inertia correction, predic 
behavior with sufficient accuracy. 

It is clear from the present experiments and the work of Kolsk 

Part I, 


hammer 


reference 7 bh however, that the lower mode of the Poch 
theory cannot account for the longer tume phenomena 
In this connection the present work shows 


ffers a good approximat: 


of the disturbance 
that the 
representation of the waves that predominate at the later tim 


Mindlin-Herrmann theory o 
The second mode (radial) of this theory governs in this regio 

It is also clear that the early portions of the disturba 
according to this theory, are composed of short wave groups 
supplied by this same radial mode. Hence, the excellent agree- 
ment of the basic mode of this approximate theory with th 


Pochhammer lower mode is overshadowed. It appears, there- 


Second Mode Vibrations of the Pochhammer-Chree Frequency 
Equation,”” by C. W. Curtis, Journal of Applied Physics, vol. 25 
no. 7, 1954, p. 928 





244 


fore, that even though the maximum group velocity ¢ of the 
present theory is in agreement with what is measured experi- 
mentally, its association with the shortest waves of the radial 
mode does not make it a desirable feature of the theory. The 
present experiments give further support to this. They indicate 
that the initial disturbance, and the phenomena occurring just 
behind it, are of three-dimensional character and are relatively 
unimportant several diameters from the source. Modification of 
the short-wave character of the radial mode, therefore, seems in 
order. The limiting short-wave velocity, it would appear, should 


be less than cs. The long-wave character of this mode is desirable. 

The integral axial-stress solution, derived earlier (Part I, 
reference 4) and numerically evaluated here, has the related 
faulty character for the early times. The later time behavior, 
however, closely resembles what is observed in the corresponding 
time regions of the experimentally obtained radial-displacement 
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and axial-strain records (or their summation according to Equa- 
tion [2], Part I); iie., a damped harmonic oscillation. The 
coupling effect (through Poisson’s ratio) exhibited in the stress 
solution appears to have the proper physical character; a larger 
amplitude wave for a larger value of Poisson’s ratio. The limit- 
ing stress behavior for the nondispersive rod (elementary-theory 
solution) was obtained when Poisson’s ratio was set equal t 
zero. On the basis of agreement with the lower mode of the 
Pochhammer theory, and the experiments carried out in this in- 
vestigation, it is clear that the original method for calculating 
the correction factor «x, (Part I, reference 3) is the better of the 
two that exist. 
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Analog Computer for Nonlinear 
System With Hysteresis 


By W. T. THOMSON,' LOS ANGELES, CALIF 


Structural materials loaded beyond the elastic limit 
generally display a hysteresis effect such that recovery from 
Assuming a 
spring-mass model for such a structure to exist, where the 


maximum deflection proceeds elastically. 


stiffness is represented by segments of straight lines, its 
solution under dynamic excitation still offers sufficient 
difficulties to welcome a computer technique which will 
automatically perform this task. This paper describes an 
electronic analog computer scheme which will carry out 
such a solution for a unidirectional force excitation. 


Sprinc-Mass Mope. Wits Hysteresis 
SPRING-MASS 1 
is shown in Fig. ! 


odel with stiffness displaying hysteresis 
The 


lifferential equation for such a 
system 1s 














Sprinc-Mass Move: Wir 


two diff 


and k; 


Also, the per cent 


where the stiffness k m ake o1 erent values -;, 


depending on the value of y 
damping ¢ 


' 
5 


jst ti 


and the sign of y 


Cer associated with stiffness 


= Cc 


ist change to 


: s3 " , — 
ky /k,)] /* when the plastic stiffness k; is in effect 


Computer Circuit 


The differential ) in each stiffness interval is linear and 


ountered are due to the troublesome 


the analytic difficulties en 
g, University of California. Mem. ASME. 
i Mechanics Western Division Conference, 
13, 1956, of Tae American Society or 
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task of keeping track of the initial conditions for ea 


hanges in the parameter 


Fortunately, these initial conditions and " 


can be taken care of easily by the analog computer by means 


diodes and relays 


t 18 Gesirabie to discuss frst 


In describing the computer circuit i 
the elementary circuit of Fig. 2 which automatically changes 
the stiffness from k, t« 


iis is accomplished by a diode in 


> ky at a specified value of the deflection y, 


loop of amplifie 
j 


which serves as an open switch for y yo and closed switch fo 


i automatically 


2{km| 
Yo, it 
mes negative 


yo. The per cent damping also is 
i * in that the critical dam; 
Although the circuit of Fig. 2 changes 


Y 


fror 


: 


een -« +1 
to ¢[(ki/ks)) 
aoes I 
TI 


allow for an elastic recovery when 


th task 
to that of Fig. 2 and 


loop with relays (1 


circuit of Fig. 3 is designed to carry iis additional 
this new circuit the outside loop is i j 
The inside 


carries out the additional task of all 


hi 
carries out the same function 
and (2 


2 ywing for an elasti 
recovery 


/ 








0 


! 
! 
! 
! 
' 
' 
! 
i 
' 
! 
' 
i 
! 
’ 
Bess 
’, 


Stirrness Disparine Hrsreresis 


» 


Amplifiers 2 and 4 are identical and hence both outputs are y 
Amplifiers 5 and 6 have gains of unity and hence only change 
signs. Amplifiers 3 and 7 are identical except that the diode 
circuit is not present in 7 which makes its output /, times the 
Relay (1) is closed if 9 is positive and open when 9g is 

telay (2) opens only when the output of 7 is positive 


input. 
negative 
With this description of the function of the various elements of 
the circuit, the sequence of operation is as follows: With the ap- 
the velocity builds up positively 
; 


4 


plication of the exciting force, 
Relays (1 2) 


2 e is nonconducting 
Thus the outer and inner loops have the same value of y with 


and ( are closed and the dio 
opposite signs and the output of the summing amplifier 6 is zero, 
which means that only the outer loop is effective. This condition 
prevails even after the diode conducts and the deflection is 
brought up to point b on the stiffness curve. At this point the 
velocity becomes negative and relay (1) opens, thereby placing 
the voltages of the outer loop on hold at y,. The inner loop con- 
tinues to operate, however, and the output of amplifier 6 now be- 
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3 Crrcurt ror Two Stirrnesses k; anp k: Witn Evasti 


(eo) (>) 


Fie. 4 (a2) Response Wirnovut Exvastic Return. (b) Response 


Wirs Exvastic Rervurn 


gins to build up with amplifier 7 generating k, times the difference 
(y —y). This then opens relay (2) whose function is to keep the 
outer loop on hold until y reaches y, again. In the meantime, y 
has become positive again at point c on the stiffness curve, 
thereby closing relay (1). When relay (2) closes again at b, the 
outer loop again begins to function and the input to amplifier 6 


RECOVERY 


Taste 1 TasuLation ror EquivaLent Mass anv STIFFNESS OF 


Beams 


moment actually developed 
Fixity = f = 


moment developed with rigid supports 


256 M 31 17s f2 ' 
Equiv mass = M, = — < - ( + ) 
(5 if 630 210 48 


; 384 I f f El 
Equiv stiffness = K, = (; ) ( =~ ) = 
5 - 4 120 72 144 l 


SpecraL Cases 


Type of beam Equiv. stiffness Frequenc 


' 384 EI\ ai El 
0 640 (* n) 9 ¥( ir) 


0.406 M 0.533 (384 = =3.5 y ( a ) 


Equiv. mass 


Simple supports 0.504 M 


Clamped ends 


again remains equal and opposite, making the output of the inner 
loop zero. With the diode conducting, the plastic slope / is 
again maintained until the displacement reaches a peak for the 
second time after which the same sequence of operation is re- 
peated. If y oscillates without reaching y, again, the system 
oscillates elastically with stiffness k;. 





SIMPLY 


Fic 


SUPPORTED 


CLAMPED 
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Both circuits, Figs. 2 and 3, give the same response up to the 
first maximum. Beyond this there is a marked difference in the 
solutions obtained by the two circuits which is demonstrated | 
the oscillograph records of Fig. 4. As one would expect, with the 
absence of elastic return the restoring force remains high and 
hence the deflection drops to a low value. In contrast to this the 
correct solution utilizing elastic return prevents this large drop in 
deflection by the considerably smaller restoring force of the elasti 
return line. Examination of response records of reinforced-cor 
crete beams*? loaded beyond the elastic limit all show curves of 
the latter type and never those of the former 


Srrinc-Mass Mope.s or Beams 


Within the elastic limit, vibrational characteristics of single- 
span uniform beams can be represented adequately in terms of the 
spring-mass model.* Table 1 represents the equivalent mass 
and spring constant for such beams under various end conditions 


These quantities computed by the energy method from stati 


curves are plotted as Fig. 5 against fixi 


Considerable experience and judgment are required to exter 


the use of the spring-mass model for beams in the plastic regior 


although if only the deflection is of primary interest, acceptal 
accuracy can be obtained by such means The procedure re- 
quires the raising of the vield stress in accordance to the rate 


esentative plastic slope k, 
ictural Elements Under 
Hansen, M.LT. Report 


Duration In 


California Engineer 





The Response of Mechanical Systems 
to Random Excitation 


By W. T. THOMSON! anv M. V. BARTON? 


Mechanical systems are not always excited by a harmonic Briefly, the problem requires the statistical description of the 
force of fixed frequency and amplitude. Often the excita- random excitation and the determination of the frequency re- 
tion input is of random nature, and the response of the sponse of the structure, including structural damping. With this 
system displays no orderly trends. Instantaneous values information it is possible to determine for any point in the stric- 
and phase are meaningless in such cases, and the problem __ture the probability of exceeding any specific response such as 
must be treated statistically. It is the purpose of this pa- stress, deflection, moment, or other quantities of interest 
per to outline such an approach as related to the dynamic 
response of structures. GENERAL TREATMENT 

The displacement response of a linear structure can be ex- 
NOMENCLATURE pressed in terms of the principal modes of motion as 


The following nomenclature is used in the paper: u(z, y, 2,t) = Zq,(t)y,(z, y, 2 
u = displacement Assuming that positive damping exists which is in phase with 
u? mean square value of displacement the velocity and proportional to the generalized displacement 
In generalized co-ordinate each mode, the Lagrange equations have the form 
¢, = principal modes of motion ; 
g coefficient of structural damping a. + (1 + ighw,’g, = @.(E) 
Q, generalized force M 
M, generalized mass 
J, FP force 
w frequency, radians/sec 
fi wer spectral density of excitation , ' - } 
Z(w) comaaiiiell impedance of structure Q(t) = SHS, v, 2% Del, y, 2id0 
c propagation velocity of longitudinal waves in slender M, = Sz, y, z)dm 
rods 
E modulus of elasticity 
A cross-sectional area of a bar 
I moment of inertia of cross-sectional area of beam 
og 
l 


where Q,(¢) is the generalized force, M, the generalized mass, 
w, the nth principal frequency. Specifically 


The applied force f(z, y, z, t) for our purposes is assumed |} 
monic. Or 


f(z, y, z,t) = F(z, y, z)e™ 
stress hts ’ 

r—j]'/ = . . . ‘ sath: , , 
im4] Substituting Equation [4] in Equation [3] gives an expressior 


the generalized force 


The mathematical basis of the statistical technique has been Q(t) = S F(z, y, 2)pa(z, y, 2)de 
treated exhaustively by Rice (1).* Engineering applications of —,},i-h we will rewrite as 
statistical concepts have followed with notable advances in fields 
such as communication. Applications to the structural field only Q(t) = ewe, 
recently have received attention, with treatment of problems 
such as buffeting (2), fatigue (3), and earthquakes (4). With 
greater utilization of rocket and jet engines, the statistical ap- w = / F(z, y, z)dv = amplitude of total applied force on str 
proach to structural dynamics assumes a role of increasing im- ture 
portance in the fields of airplane and missile design. 


INTRODUCTION 


where 


S F(z, Y, Z)Pn(2, Y, 2)de 
1 Professor of Engineering, University of California, Los Angeles, = We 

Calif.; Consultant, The Ramo-W ooldridge Corporation, Los Angeles, 

Calif. Mem. ASME. The steady-state solution of Equati (2) j 
? Supervisor, Aeromechanics Department, The Ramo-Wooldridge et a oe 

Corporation, Los Angeles, Calif. Mem. ASME. w weet ot +n) 


WU, = mode participation of load 
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M,«,? I( 


+ Numbers in parentheses refer to the Bibliography at the end of = - “\ sm 
w 

M w,? I(: - ) > | 
w,,” 

and the corresponding displacement from Equation [1] is 


w. 
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at 9] us ? f Ww, ju 
i x * "2g Se M0 


2. 2 
a Ya 
0 


which expresses the mean square displacement in terms of spectra] 
density of the excitation and the principal modes of the syste 


which upon substitution in the expression for u from Equation [8] 
becomes 


UWaGane, 008 (0, — 8.) 


we FD r wot \8 Fs 
etiectiiae i( " a} . e] i( ‘ 


where F? is the mean square value of the force F? = w,*/2 Power Sprecrrat Density or ExctTaTiIon 

Now for small damping g all the contributions to the response 
are small except near resonance so that an approximate expres- 
sion for the mean square response is 





The curve for the power spectral density of excitation f(w) may 
have various shapes depending on the nature of the source of ex- 
citation. For any distribution, f(w) may be defined by its mean 
d 7 square value and some characteristic frequency w 
> e > b / w? \2 ] am As an example, the “white noise” distribution with a cut-off 
M ,*w,* ( i- ) sy | frequency w, is described by the equation 


w,? 





‘ ah Pp? 
If there is a spectrum of excitation frequencies we can define a S(@) = 
power spectral density, f(w) of the excitation force, such that its 
mean square value is given by 


Fi = f % S(w)dw [ Another variation which is often suitable for analysis is the mono- 
’ tonically decreasing distribution described by the equation 
This equation indicates that the contribution to the mean square «\! 
value of excitation in the frequency range Aw is flu Ay ( ve ) 
—_—_— ‘ : W, 
72 " 5 sk 
OFF = Seen. - -_ which also satisfies the original Equation [12]. The choice of the 
The expression for the mean square response in terms of the characteristic frequency @, is here arbitrary; however, it is con- 
power spectral density of the excitation is obtained from Equa- venient to relate it to the frequency corresponding to the hal- 
tions [11] and [12] as power point of the input spectral density. If wis, represents this 
half-power point, then w, = 2.1 wi,,, and 84 per cent of the input 
energy will be contained in the frequency range 0 to w, 


PROBABILITY OF ExcEEDING 4 SpEecIFIED REsPONSE 
where For a random function, the normal probability distribution is 
reasonable assumption. Letting A be any random variable 
+” = question, such as the displacement u, the normal distribution 
) + 3 | curve establishes the probability that A will be found in the range 
J \ to A + dd to be 


= reciprocal of square of the generalized impedance of l —A%7) 20) 
iol 9 


the structure x} 

Of interest here is the question of the probability of |A| ex- 
ceeding some specified value A,, which is n times the root mean 
square value [\?]'’*. Replacing \ by \/{[2\?)}'/* the probability 


f |X | exceeding a certain value A, = n[\*]/* is 


If the damping g is small, the generalized impedance Z(w) will 
undergo a large change near the resonant frequency w,; and if the 
variation in the power spectral density f(w) is of lesser extent in 
this neighborhood, Equation [14] can be approximated with good ° 
accuracy by the expression 
Ay 


w_ + Se . 2 : , 
i- Tf, dg ns) PUAL>&) = - Taxa, O = erfe = 


3 5] Vv wT. : 2 2\:] ° 


u 


“n — dw Z(w) 


. ; rs =n 
Letting w/w, = 1 + € near resonance where ¢< 1, the integral in erfc (~ 2 


Equation [15] may be evaluated as 
LonoiTupinaL Motion or SLenpER Rops 


ne w.d » i 3 " 
<7 ee 16] For a slender rod of length 1, excited by a random longitudir 
Mx rt : ie- +f M,*w,* 2g , force at z = 0, the displacement u(z, t) may be expressed in terms 
f its free-free vibration modes ¢, plus a rigid-body translatior 


which is also equal to x/2 times the peak value of term ge 
| > 
——~s u= gt Ian 
Z(w 8 n=l 


multiplied by its width w,g at the half-power point. Equation The principal vibration modes for this case are defined by the 
{15] can now be written in the form following equations (5) 





x 
[2] /* cos nr ( = i) 


c ‘ : 
nT T = natural frequencies 


AE\]'* ' 
— = velocity of sound in rod 
m 


m = mass per unit length 


and the quantities M, and w, become 


I 
M,= if ¢,*dm = ml = total mass 


w, = 9,(0) = [2] 
Of interest here is the stress o defined by the equation 


Ou x EZo, dp, 


o=E£E 
ox dz 


[23] 
and by comparison with Equation [1], 7 may be obtained from u 
by replacing ¢, by Edg,/dr. Its mean square value from Equa- 
tion [17] then becomes 


. we 2 dg, \? 
ga — i i —} fiw,) 
29 (ml)*w,* \ dx J * 


2c 1 (: f(w, 
=— — aintne | — — 1 } ‘— 24) 
Paes -) Fo 


g 
where f(w,)/A* may now be considered to be the spectral density 
of the excitation stress 0». 

If the spectral densities of Equations [18] and [19] 
sumed, the foregoing equation for the “white noise’’ spectrum be- 


comes 
c =e l z 
— sin? -~—IU).... 
(5) yo sin on (2 ) 


n=1 


are as- 


where the upper limit n, of the summation corresponds to the 
cut-off frequency w, orn, = w,l/me. 
For the monotonically decreasing spectrum, Equation [24] 


becomes 
_ - c ss 1 = (ns ‘)’ : Zz 
a*/o7 = - — © -~ sin? nr T —1 


gVEwl 4 n 
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It is evident from these two equations that o?/ao? can be 
plotted as a function of the nondimensional! quantity (c/w,l) with 
z/land g as parameters. 

Results of calculations carried out for z/l = 1/2 and g = 0.01 
are plotted in Fig. 1. These curves indicate that for small values 
of c/w, the white noise and the monotonic spectral densities 
result in nearly the same values of the mean square ratios. Since 
g appears as a linear factor in these equations, results for other 
values of damping are obtainable from these curves by simple 
division. 

Ezample. 
noise distribution is found from Fig. 1 to be o? 
the root mean square ratio is [o"]'/* = 4.80[¢,"]' 
ity of the absolute value of stress exceeding some number, such as 
three times the root mean square stress at z/] = 1/2 with g 
0.01, or 3 X 4.80 [o,*]'* = 14.4 times the 
value of the input stress is 


If c/wl = 0.08, the mean square ratio for the white 
o¢ = 23. Thus 
The probabil- 


root mean square 


P(o > 3{a?]'4) = P(o > 14.4 fo, rfc (2.12) = 0.00272 


LATERAL Motion or Beams Unper Ranpom Excitation 


For the free-free uniform beam excited by a random lateral 
force at the end z = 0, we can make use of the tables by Young 
and Felgar (6) whick contain a tabulation of the first five norma! 
modes, their derivatives, and various integrals pertinent to the 
beam problem 

For this problem we have 


M, = So.tdm = m 


= 0 - 
where 


Expressing the lateral displacement / 


2z 


wiz. ft = orton (1- = 


where gr and gz are generalized co-ordinates for the rigid-body 


translation and rotation, respectively, we will investigate the 


bending moment as a quantity of interest 
Oy . d*y,, 


M(z, t) = EI —— = EID ¢, 


EIS 9,8,%¢,".. (28 
oz? dz? eae 


Again by comparison with Equation [1], the mean square value 


of the bending moment must have the form 
5 : f(w,, rw,” 
(EI)? > “—*~*- B49, "2 
29 M,,*w,,? 


-=((5)[P oer 
i 7g \ ml* ~ (2n + 1 Sai 


Substituting again the distributions of Equations [18] and [19] 
and defining the mean square excitation moment as M,? = 
F%1/2)?, we arrive at the two equations 


32 1 (=) the ser ¢" 
Ty w, mis (2n + 1)? 


n=1 


M?/M2 = [30] 





+ 
&- white noise f(.) 


O- menotemic f(~) 


. 








Motion or Beams 


| (=) 
mtv (5)° (SG) (G1... 


2n + 1 


31) 
a=] 


and (31] were numerically evaluated for z/l = 


Eq ations (30 j 
: and g = 0.01 and plotted in Fig. 2. 
interpreted in a manner similar to that of the longitudianal case 


These curves are to be 


and the probability Equation [21] is again applicable with n eq 
to the number of times the specified moment exceeds the root- 


mean-square moment 
CONCLUSION 


A statistical treatment for any linear structure excited by ran- 
dom forces has been presented in a general manner, such that 
knowing the normal vibration modes of the structure and the 
power spectral density of the excitation, the mean square respons 
The probability of the response is then availa- 
Two ex ample Ss 


can be evaluated 
ble under an assumption of normal distribution 
illustrating the statistical approach and a method of nondimer 
off 


sional] presentation are ered 
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Dislocation Over a Bounded Plane Area 
in an Infinite Solid 


By L. RONGVED,' MURRAY HILL, N. J. 


The Papkovitch functions are determined for an in- 
finite isotropic elastic solid with an arbitrary displacement 
discontinuity over a bounded plane area. A solution, in 
closed form, is given for the case of a constant discon- 
tinuity in the displacement over a rectangular area. 


INTRODUCTION 


HE problem studied here is to obtain a solution of the 
Gb igo = of equilibrium, in the absence of body force and 

surface traction, with a displacement continuous every- 
where except over a bounded plane area. It was first pointed out 
by Weingarten? that such nonuniform displacement over a barrier 
ean be interpreted physically as the phenomenon Love? later 
termed dislocation. 

The solution is obtained by means of an application of potential 
theory. The technique employed is much like the one followed by 
Mindlin.*‘ 

Discontinuities in the components of the displacement normal 
and tangential to the plane surface are solved separately in Sec- 
tions 3 and 4, from which the more general case of an arbitrary 
dislocation over a plane area may be obtained by superposition. 
The Papkovitch functions are determined up to a surface integral, 
over the plane area, the integrand of which contains an arbitrary 
function describing the nature of the dislocation. 

In Section 5 the solution, in the special case of a constant dis- 
continuity in the displacement over a rectangular area, is ob- 
tained in closed form. 


1 Papxovitcn Functions 


The displacement u; is, in terms of the Papkovitch functions 
B, and 8, given by 


1 
4(1—t 71 5 


u; = By — 
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In the absence of body forces the Papkovitch funtions satisf; 
differential equations 

V*B,; = 0.... 

V8 =0.... 


The proof of completeness of the Papkovitch functions was ¢ 
by Mindlin.* 


2 Green’s Formuta ror a Harmonic Funcrion 


If U is a harmonic function in a closed region V bounded 
surface S, then if U is known on S, its value in V is given 
Green’s formula for a harmonic function’ 


l OG 
U = —— f U ds 
ir. s Or 


where G is Green’s function, which for th 


(2 — §)? 


re = (x — §)* 


case of a plane boundary z = 0, one finds 
oG 0/1 
og > ) 
On Oz \fro 
and since the integration in Equation [4] is with respect to £ and 
n, Equation [4] may be written in the form 
10 U 


9 > - 
am U2 » To 
/S5 


U - 


where 


To [¢ &)? y — 9)? + 24]'4 
One notes here, for later use, also the following result. If V and 
U’ are two harmonic functions in the region z > 0 and if 


ou 
V -onz=0 


=f 
Oz 
then 


y ou , 
V =z ——z—inz > 
x 


Oz 


One proves this result simply by showing that the Laplacian of V, 
as given by Equation [8] is zeroinz > 0. Similar results can be 
* *‘Note on the Galerkin and Papkovitch Stress Functions,” by R 
D. Mindlin, Bulletin of the American Mathematical Society, vol. 42 

1936, p. 373. 
1 “‘Advanced Vector Analysis,”” by C. E. Weatherburn, G. Bell and 
Sons, Ltd., London, England, 1928, p. 34. 
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formed by cyclic interchange of the vaccables z, y, and z. It ap- 
pears to the author that the result expressed by Equations [7] 
and [8] are due to Mindlin.* It will appear that this result is 
juite valuable in the present study. 

DISCONTINUITY IN THE DisPLACEMENT NORMAL TO A PLANE 

AREA 

We assume that the plane area A is contained in the plane z = 
), and that the displacement is continuous everywhere, except 
that u,, the component of the displacement in the z-direction, has 


un arbitrary discontinuity @,(£, 7) across A. Let 


1 Oo 


Di=— — 
2x Oz 


then by Equation [6] D, is harmonic in z > 0, equal to @, over 
A, and equal to zero over the remaining portion of z = 0. 

Let B,; and 8 be the Papkovitch functions associated with that 
ialf of the infinite solid which occupies z > 0, and B,’ and §’ be 
the Papkovitch functions associated with the other half of the 
solid occupying the region z < 0. We adapt, in general, the nota- 
tion that plain and primed quantities are associated, respectively, 
vith the half space in which z is greater or smaller than zero 


Onz = 0 we must 


where k; is a uni in the z-direction, where Equations 
10} and [11] express the conditions that the traction across 
planes parallel to zy-plane and the z and y-components of the 
displacement be continuous across z = 0, and Equation [12], in 
virtue of Equation [9], expresses the condition that the 2z-com- 
ponent of the displacement be continuous across s = 0 except 
over the area A, where there is a discontinuity d,,. 

Using the stress-displacement relation 

oi = \ nis T MVM; + 3.6 

and Equation [1], one writes the Equations [10] to [12) in terms 
of the Papkovitch functions and obtains 


OB, OB, 078 


> 
2 


OB, 
23 z 


3 — 4r)B,’ —z 


B, + B = 2B,’ + Bp’... ...[18] 


* This result has been discussed by Prof. R. D. Mindlin in a seminar 
on Elasticity at Columbia University. 


where arbitrarily we bay 


iter periormu 


Adding Equations 117 I 


atter with respect to z, one tains 


One notes that both sides of Equations [1 
monic, the left side in zg > 0, the right sides in 
then from the uniqueness theorem of the Diri 


the solution of these equations must be of the fi 


where L stands for the left side of wo equations 


>» 


R for the corresponding right side. Equation [22 


expresses that 
L is the image of R with respect to the plane z = 0. One obtains 


then from the solution of Equation [16] 


p 
B, = —B, 


J 


and by Equation [21] 


B,=B,'=0 


yc! 


23] in Equations [14], [15], [18], a 


Upon inserting Equation [23 
[19], which are now the only 
six equations, one notes again that both sides are harmonic in their 
respective domains, and hence their solution is in the form of Eq 


‘991 


ION [42 


independent equations of that se 


the results 


By simple elimination one obtains easily 


B,{z, y, z) = - 


. 


8 | * Dye, y, adda 


* 


it in the 


In virtue of Equation [9] the last two results may be p 


13 i 
B, = et ‘ as 
27 Oz JA Te 


form 


vonstitute t 


Equations [20], [23], [24], [25 [28], and [29] 


solution. 


4 Duscontinurry in DispLaceMENT PARALLEL TO A PLANE AREA 


We assume again that the plane area A is contained in the plane 
z = 0, and, this time, that the displacement is continuous every- 
where except that u,, the component of the displacement in the 


--direction, has an arbitrary discontinuity @,(f, 9) across A. I 


l ) ts u 
2x Oz | 4% 


and following similar arguments and procedure as in the previous 
section, we find that the Papkovitch function in this case must 


satisfy Equations [14], [15], [16], and [18] on z = 0in addition t 
the following two relations, also on z = 0 
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OB. 


(3—4 \B — 
VD, zx ~ 


0p’ 


> [32] 


= (3 — 4yv)B,’—z 
By arguments and procedure almost identical to those of the last 
section, one obtains from Equations [16], [31], and [18] 


B,(z, y, z) = —B,'(z, y, —z [33] 


l 
B, = —- D, (34] 
We insert the foregoing results in Equations [14], [15], [18], and 
[32], which are left for the determination of the four remaining 
Papkovitch functions, and obtain on z = 0 
OB, oD, . OD, oD, 08 
— 2p - +s —s-——— 

oz Ox oz? drdz = Oz? 

B’ 098’ 


oz Oz? 


21—vp 
= 2(1 — v) 
[36] 


08 op’ 
(1 — 2v)B, — — = (1 — 2v)B,’ — 
, lin Oz "s Oz 


err, 


—20, +25. [ Da&+8~8 
Ox 


0g op’ 
(3 — 4v)B, — = (3 — 4y)B,’ — [38] 


Oz Oz 

The combination of the third and fourth terms in Equation [35], 
and the combination of the first and second terms in Equation 
[37] are, in virtue of the result expressed by Equations [7] and 
[8], harmonic. One notes that the fourth term in Equation [35] 
and the second term in Equation [37] have been added for this 
purpose, and this is permissible since they vanish on z = 0. Since 
thus the left and right sides of these equations are harmonic, their 
solution is in the form of Equation [22]. By elimination one ob- 
tains the results by virtue of Equation [30] 


[39] 


1 ( rs) i ra) 
8 = s— — ds - 8 40} 
4n Or Ja , 


Equations [20], [33], [34], [39], and [40] constitute the solution. 


5 Case or A Constant DisPLAcEMENT DisconTiINvurTry ACROSS 
A PLANE RECTANGULAR AREA 


As an example we work out the following special case. Assume 
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that the displacement is continuous everywhere except over a 
plane rectangular area. For simplicity let the rectangular area 
have its center at the origin with sides of length 2a and 2b parallel 
to the z and y-axis, respectively. "Ye restrict ourselves, in the 
case of normal displacement discontinuity, to calculate only the 
first partial derivatives of 8 rather than § itself, which is all that 
is necessary for the determination of the displacement and the 
stress. To complete this case then, there remains to evaluate the 
three first partial derivatives of the integral 


r= ff f dy 
—3e —» % 


One obtains these without difficulty with the results 


b + y)? 


In the case of a constant discontinuity @, 
placement one obtains 


op — 2v)a, Ol 


Oz; 2r Or 


i, Ol 
B,= =° (46) 
2r Oz 


and in the case of a constant discontinuity a, in the tangential 


displacement 


a, Ol 
4n Or 


i, (2 ol 
5 = - z— z) 19 
497 \Or Oz 


in both cases the other Papkovitch functions vanish identically. 
The displacement and stress may now be obtained from Equa 


tions [1] and [13). 





A Theory of Adhesive Scarf Joints 


By J. L 


This paper establishes conditions under which a wide or 
narrow adhesive scarf joint can have uniformly dis- 
tributed adhesive stresses, and gives formulas for these 
The results are rigorously limited to linear ad- 
hesive stress-strain relations, but are such that they some- 


stresses. 


times may be applicable in analyzing scarf-joint tests to 
destruction, even when appreciable inelastic deformation 
occurs. Previously published test data are found to have 
one of the failure-load variations with scarf angle to be 
The analysis therefore should 
prove useful in design work within the elastic limit, and in 


considered in this paper. 


some cases beyond it. 


INTRODUCTION 


] to the 
1, 2, 3, 4, 9, 


most of these have 


studies sefu 


LTHOUGH 


designer have been 


adhesive-joint 


published in the 


past 


A 


others listed in and many others), 


not considered the problem of the adhesive’s nonlinear behavior, 
with the possible exception of a brief discussion in reference (4 
The adhesive st 


therefore reasonably accurate 


ess distributions determined in such studies are 


within the other limitations of the 


theories) until appreciable inelastic deformation of the adhesive 


and can provide quantitative guidance in the elastic 


Beyond thi 


occurs, 


range s such theories afford only qualitative 


design 
heoent to 


ige 


guidance. The foregoing considerations are of course suf- 


j isuUly Mar additional ‘‘elastic-adhesive” studies of 


technically important joints. Rigorously speaking, the present 


paper falls into the “+r category and, to be conservative, should 


only be so employs Proceeding heuristically, however, in the 
to squeeze additional information from 
ull-deformation theory 


This 


present paper we 
in a certain 


the 


what is basicall) 
of great pr 
following: 


range importance is detailed in 


In many cases may expect that theoretical joint strengths 


will be far removed from test results, if the predictions are based 


upon linear adhesive elasticity at the initial elastic modulus, and 


upon adhesive strengths found in torsional shear or tensile tests 
4 glance at the typical adhesive stress-strain data of reference 

10) will indicate the basis for this statement, and direct compu- 
tation will verify it, using, e.g., the theory of reference (1) in con 
junction with the one of the large-overlap joints tested in reference 

11). 
ever, 


In respect to stress analysis in the inelastic range, how- 
the tension-loaded scarf joint between adherends having 
The bulk of author was at 
Midwest Research Institute, and was supported by the Naval Ord- 
nance Laboratory (White Oak), to which the author is indebted for per- 
mission to publish this paper 
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this work was performed while the 
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identica! elastic properties appears to be a fortunate configura- 
tion. First of all, we find that the elastic stress distribution is uni- 
form along the joint. {in addition, in the range of relative ad- 
hesive-adherend stiffness corresponding to metal-to-metal joints 
these stresses do not depend strongly on the adhesive elastic con- 
stants, the major part of the stress pattern being determined | 

considerations of equilibrium alone n this special case it is 
therefore not unreasonable to try to apply the stress distributions 
computed for the elastic range to the region beyond the propor 
st re- 


tional limit of the adhesive. Analyzing scarf-joint feilure te 


test 


sults in this way, we find good agreement between theory and 


6), which may offer the designer a rationale for systematicall 


treating such joints. In any event, our results should prov 


limit of the adhesive 


ful for design within the elastic 


The present analysis assumes a scarf joint having an adhes 
layer which is negligibly thin ared to the adhe 


Fig 
that 


Further, 


omy 
herefore rea 


l It is tl 


the ad 


flecting normal practice 
the 


across its thickness 7 


make assumption hesive strains ar 


we assume that the adhesive 
develops normal stresses ¢, perpendicular to the plane of 
bond 


' ’ : 
along the bond 


shearing stresses rT due to relative adherend displacem 


and longitudinal normal stresses ¢,.‘ These 


the only stresses which are considered in the plane-stress case, ir 


terms of which the present analysis is derived. The results are 


discussed subsequently which 


in terms of plane strain 


nearly represents the practical situatior 


Our study of the identical-adherend case finds the uniformity o 


the adhesive stress distribution to be 


independent of the scarf 
d adherend thick- 
The 


into the ex- 


angle and of the actual values of the adhesive an 
nesses, provided the former is much smaller than the latter 


ter 
} 


and 


adhesive and adherend elastic constants er only 


pression {« 


I w the longitudinal stress ¢,; o, rt depend only on 


load and scarf angie The longit idinal stress o, can become quite 


large for an 


The analy 


elastic range in all components of the joint 


adhesive of stiffness comparable to the adherend 


if 


sis is valid for this case also 
As a by-product of the present study, we show how to calculate 
the single scarf angle (if one exists) which gives a uniform dis- 


MmMilar 
im) 


tribution of adhesive stress, in the case of a joint with diss 
adherends 
Whi the 


of interest to note that the present approach appears applicable 


i we must omit detall r the sake oO! Drevit it is 


to the analysis of searf-joint failure tests in compression, as we 


as the tension tests treated in the last section of this paper 
ANALYsIs OF ApHEsIVE Stress Distrisution® 


Fig. 1(a) is a schematic diagram of a scarf joint with adherends 
having unequal Young’s moduli £, and EZ; and unequal Poisson’s 
ratios », and »,“—but with the same thickness¢. The scarf angle 


* The free-edge stress disturbances and boundary curvature effects 
discussed in reference (4) and further studied by Mylonas (5) are 
necessarily neglected in the present type of analysis. 

* The “‘semi-inverse"’ procedure used in this section was suggested 
by Prof. Eric Reissner, and is much simpler than the author's original 
derivation. The author also wishes to acknowledge valuable com- 
ment from reviewers. 

* This choice of the elastic constants implies a plane-stress analysis 
although, with the wider adherend sheets often found in practice, a 
plane-strain analysis is required. The usual transformation formulas 
E— E/(1 — »*) and » — »/(1 — ») will be used to convert our basic 
plane-stress results to plane strain 
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is 9, the thickness of the elastic adhesive is 7 (shown exaggerated 
for clarity), and the adhesive shear and Young’s moduli are G, 
and E, = 2(1 + v,)G,, respectively. Here we imply that the 
adhesive is isotropic, with Poisson’s ratio v,. We next take the z- 
axis parallel to the plane of the adherend sheets and the y-axis 
normal to this plane. The tensile force per unit width of joint F 
is directed parallel to z and acts at the middle surface of the ad- 
herends. In addition, n and s-directions are chosen, along and 
normal to the adhesive film, as shown in Fig. 1(a). 

We proceed by simply assuming that both adherends are every- 
where in a state of uniform tension ¢, parallel to the z-direction, 
and that this situation prevails right up to the adhesive layer. 
We then examine the various consequences of our assumption, 
and the conditions under which it becomes possible. First of all, 
considerations of equilibrium—see the interface tractions of Fig. 


1(b)—require the adhesive stresses ¢, and r to be 
c, = 0, 8in’?0, +r = ¢, sin 8 cos @.. ...[1] 


o, = F/t.... ce 





' 
| 





—E dy Ea, 


Scuematic Diacram or Scarr Joint Wirn ADHESIVE 
Tuicxness SHown ExaGGERATED 


Fic. l(a) 





oe 


“x 


"n 


Derait or SHapep ELEMENT 1n (a), FoR CALCULATING 
THe ADHESIVE TRACTIONS ¢, AND + 


Fre. 1(b) 


that is, 7, and 7 are uniform along the length of the joint.‘ We 
next study the deformation of the adherends to find further im- 
plications of our basic assumption concerning the adherend stress 
distribution. In the usual notation (7) the strains in the two 
adherends are 


€ = ou, dx = C, E,, €é = dv, /dy = —v,o,/E; 
Y evi > du, /dy + dv, /dx = 0:1 = 12 on en [3] 


where u,; and »; are the displacements in the z and y-directions, 
measured from the unloaded state. We integrate Equations [3] 
to the form 


u; = o,2/E; + doi + day 
Mes —v,0,y/E; + dy; — dy,z } 


:4=1,2...... [4] 


where the d’s are constants. 
If U, and V, are displacements in the s and n-directions, re- 
spectively, we have the well-known transformation formulas 
U; = u,cos 0 + 0; 8in 0, V; = v, cos 6 — u, sin 8 . . [5] 


Substituting Equations [5] in Equations [4], together with the 
co-ordinate transformation 


zr=scos?—nsin@, y =ssin#? + ncos6......[6] 
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we obtain the following formulas for the s and n-displacements 
along the adhesive line n = 0, respectively, U,; and V,, 


U,; = o,8(cos? 6 — v, sin? 0)/E, + 
eee si ai 
Vea = —s[dy + o,(1 + y;,) ain 6 cos 6/E,] :t=12 , 


— de sin 8 + dy; cos @ | 


Because it is bonded to the adherends in the unloaded state, 
it is clear from the first of Equations [7] that, under load, the ad- 
hesive interfaces are strained in the s-direction by an amount 


€,.¢ = 0U,,/d8 = o,(cos* @ — », sin? 0)/E; i = 1,2 ..[8) 


which is independent of the distance along the joint. Now under 
the present assumptions, the strains in the adhesive are uniform 
across its thickness. This requires that €,,; = €,.2. or 


(cos? @ — », sin* @)/E, = (cos* 6 — », sin* @)/E, (9) 


Equation [9] is clearly satisfied for all values of @ when the ad- 
herends have identical elastic properties. On the other hand, if the 
adherends are dissimilar, Equation [9] determines for us the single 
scarf angle @ at which the adhesive strain ¢, can be uniform across 
the joint 
: - E,/E, = 1 
tan? 9 ce 
We thus have a linearly elastic, isotropic adhesive, loaded by 
the s-wise uniform tractions of Equation [1]; compatibly strained 
in the s-direction by the equal strains of Equation [8]; and with 
all components of strain by hypothesis uniform across the thick- 
ness of the layer. It is evident that the adhesive must be in a 
homogeneous state of strain and stress,‘ and in terms of its trans- 
verse normal strain ¢, and shearing strain +, the stress-strain rela- 
tions are 


: plane stress, narrow joint . .[10 


E,¢, = 0,— 7, ) 
E.€, = 0, — ¥.0, ? 
Gey “¢ 


From the homogeneity of the adhesive strains throughout the 
joint, we can obtain additional information. For small deforma- 
tions 

{= (Vai — Vaz)/n, 7= (Ua — Ua)/n te [12] 
Equations [7]-[9] show that 


Uae — Uar = 8( 61:9 — €2.1) + (der — der) cos 8 
+ (diz —_ di) sin 6 . 


= (dee — de) sin 6— (dis — dy) cos 8 


+s { (des — des) + o,[(1 + »2)/E, 
— (1 + »)/E,] sin 8 cos 0}... .. . [14] 


Va ‘am Vaz 


But the adhesive strains must be independent of s, which means 
that the coefficient of s in Equations [13] and [14] must vanish 
The first of these conditions is equivalent to Equation [9], and 
the second is 


(dz — dx) + o,[(1 + »)/E, — (1 + »,)/B,] 

sin 6 cos 9 = 0 .. [15] 
The square bracket vanishes when the adherends are elastically 
identical. Equation [15] then states that the homogeneous state 
of adhesive stress can take place without relative rotation (de — 
dx) of the adherends. On the other hand, if the adherends are 
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elastically dissimilar, the adhesive stresses are uniform through- 
out the joint only for the value of @ given by Equation [10], and 
the amount of relative rotation computable from Equation [15] is 
then required to maintain parallel under load the initially parallel 
interfaces. 

We complete our plane-stress analysis by computing ¢,, using 
Equations [1], [8], [9], and the first of [11] 


= V6.7 + E.¢, ‘ 


a, \E./E, 


T/?, = mn 0 cos 6 

4 real value of the scarf angle 6, as given by Equation [10] for 
dissimilar adherends, generally exists but not always. Suppose 
that we take Z,/E, > 1 in every case, if necessary by renumbering 
the adherends. While the expression in the numerator of Equa- 
tion [10] is now always positive, conceivably the denominator can 
be negative, especially when E;/Z, does not greatly exceed unity. 

When the joint is wide compared to ¢ and plane strain governs 
most of the system, Equations [1] still hold for the stresses 7, and 
r. In accordance with footnote,* however, Equations [10] and 
[17], [18] must be re 


vised to 


— Vs) 


ul 
v;) 


My; i— - l 


- vw, Es 


- : plane strain, wide joint* 
».2 
v*)E 


x we, oo 
a, = Meg T Veoe, : 


wide joint® 


Be; @ ESL — v2)/EG1 
: wide joint*.. . [22] 


Ya = ¥, l a 


In the plane-strain case, we have a third component of norma! 
stress g,, in the direction orthogonal to the n and s-axes. This 


component is given by) 
~,) : plane strain, wide joint . [23] 


{ssuming identically elastic adherends, some general conclu- 
sions about the relative magnitudes of these stresses can be derived 
from Equations [17]-[19] for narrow joints, and [21]-[23] for 
y case, 7’ and 2, are derived from equilib- 
rium alone, and do not depend (directly) on the elastic proper- 
ties of the system. Now in modern metal (and possibly, plastic) 
bonding practice, E,/E,; or u,, may range from less than 0.01 to 


wide joints. In ever) 


I J s [16}-[18] must be used in conjunction 
th Equations [9] and [10]. That is, if the adherends are elastically 
ntieal, the formulas hold for any scarf angle. Otherwise, the 
ulas hold only for @ as determined from Equation [10], in which 

f either adherend will give the same ad- 


’ Remember that Equation 


ase the elastic constants o 
ive stresses 
* Our remarks or 
c also Here 
with Equation [2 us explained ir 


e existence of real values of tan @ apply in this 
I itions [21}~[23] must be used in conjunctior 
footnote’ for the plane-stress 


case. 


perhaps 0.10, and we can expect to find v, less than 0.5. Further- 
more, difficulty of manufacture generally prevents the use of 
scarf angles much below 10-15 deg. At worst, then, in this sti‘f- 
adherend range the adhesive longitudinal stress =, is of the same 
order as the transverse normal stress >,, and generally it will be 
appreciably smaller than 2,. Both normal stresses will be smaller 
than 7’ in the range of scarf angles, say from 10 to 40 deg, which 
might be of practical interest in transmitting large loads. On the 
other hand, as we approach the butt-joint configuration (@ —+ 90 
deg), 2, tends to become a fixed fraction v, or y,/(1 — v,) of Z,, 
which becomes the dominant adhesive stress as 7’ vanishes 
In the plane-strain case, , follows the trend of 2, but is some- 
what smaller in magnitude. 

The situation changes considerably as the adhesive becomes 
comparatively more rigid; e.g., as in bonding wood. While T and 
>, remain as before and are functions of scarf angle only, 2, can 
be comparatively quite large, depending upon system elasti 
moduli. For wide joints, 2, will then follow the trend of =,. 

It should be observed that all of these formulas hold when c, 
is negative (compression-loaded scarf joint). It is also interesting 
to observe that the stresses do not depend upon the adhesive- 
layer thickness, as long as the latter is “thin” compared to the 
adherends.* Our postulate of a uniform tension ¢,, parallel to z 
and operating right up to the two interfaces, be¢omes impossible 
if this thickness relation does not hold, and stress concentrations 
must arise to preserve equilibrium in the z-direction. 


Apuesive Comsinepv Srresses, Wire Application To DesiGn 


We found in the preceding section that the adhesive film is in a 
homogeneous state of combined stresses. For design purposes in 
the elastic range, it is appropriate to study various combined 
stresses which may be significant as “‘yield”’ criteria. For narrow 
joints (plane stress), we use the usual formulas for calculating 
the adhesive principal stresses ¢, and o;, the principal shear Tmax 
and the narrow-joint octahedral shear stress” 7,,. To render 
these dimensionless, let 


z; = 0; Ta, 23 = 63/0, 
Tmax = Taax/O,, Ty, = Tya/Fs 


We thus obtain 


Tux = V/([(=, — =,)* 


i+ 7? 


la = 2. + Z,)/2 + Tmax 


where we associate the plus sign with 2,; here and later. Also 


3T,. = V([AZ! + Z,2— Zz, + 37*)] : narrow joint. . (26) 

Equations [25] likewise hold for the plane-strain case; how- 
ever, we must then consider a third principal stress Z, and two 
more principal shears (2, — 2,)/2 and (=,— =Z,)/2. In the wide- 
joint case the octahedral shear stress 7',, can be written 


ST. = V(2: — 2s)" + (Zs — B,)* + (2, — 2)": 
for 


wide joint, plane strain. 27 


Careful examination shows that 2, is > 2, and hence is the 


dominant tensile stress in tensile loading of both wide and narrow 
joints. In all cases examined, and probably in all practical cases 
T max is the dominant shear stress for tensile or compressive load- 
ing of wide and narrow joints. There is, of course, only one octa- 
hedral shear stress. 
To arrive at design formulas within the proportional! limit, con- 
* And in practice, as long as the joint is not “‘starved" for adhesive 


® Reference (7). pp. 17 and 219 





258 


sider several possible laws of yielding. For example, suppose that 
the tension-loaded joint yields when the maximum tensile stress 
attains the value 09; or that the tension or compression-loaded 
joint yields when the principal shear reaches the value 7) (Tresca’s 
yield condition); or finally, that the tension or compression- 
loaded joint yields when the octahedral shear stress reaches the 
value Tyo (von Mises yield condition). Under these hypotheses, 
we can compute the joint load capacity at the proportional limit to 
be the following 


o, = 0/2; : tensile yield, tensile load... [28] 


2 . 
= £o0/2) : shear yield in ee . ,. 
+ T wax i {compression 


Ly/200/3) 
3 Ty ‘a or p) 


(29) 


_- (30] 


: octahedral yield in IR : t 

compression 
where we always associate the plus sign with tensile loading and 
the minus sign with compressive loading. We have used the rela- 
tions T,) = 00/2 and Ty = +/2 00/3, derivable from the general 
equations corresponding to Equations [25]~[27], to express the 
yield indexes 7» and 7, in terms of the yield stress in uniaxial ten- 
SiON Gp. 

Curves of ¢,/a9 show a large range because of the great load 
capacity of scarf joints at small angles 8. A convenient dimen- 
sionless quantity to deal with is o, sin @/ao, and in Figs. 2-5 we 
show curves of this quantity under various conditions. 

In Fig. 2 we plot as solid lines the function ¢, sin 0/a> = sin 6/ 
>,, a dimensionless index of the load capacity of the joint, the 
use of which implies a law of “yield” in principal tensile stress. 


7, sin YO, 
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Dimension_ess Loap Capacity (¢: stn 6/o9) Versus SCARF 
ANGLE (6) For YreLD 1n Principat Tensi_e Stress 


The conditions correspond to those in a series of narrow joints, 
with fixed adhesive material and adherends of varying stiffness. 
Holding Poisson’s ratios v and vy, at 0.3 and 0.4, respectively, we 
let E,/E = 0, 0.01, 0.10, 1.0, and 2.0. We conclude from the 
curves of Fig. 2 that the highest load capacity is obtained when the 
adhesive is comparatively the most flexible. We may regard 
the range E,/E < 0.10, @ > 10 deg as encompassing most of the 
“practical” range for the bonding of metals and plastics. We may 
further conclude from Fig. 2 that the theoretical load capacity is 
rather insensitive to the actual values of adhesive stiffness in this 
range. 

The dashed curve shown in Fig. 2 is the corresponding wide- 
joint result for failure by a principal tensile-stress law when 
E,/E = 0.10. This shows that the load capacity of the wide joint 
is slightly smaller, per unit width, than that of the narrow joint, 
but the over-all behavior is substantially the same. This is also 
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true of the other stiffness ratios treated in Fig. 2, but we omit 
the corresponding curves to avoid confusion. 

In Fig. 3 we plot a, sin 8/a_ = 0.5 sin 0/7 max, the load-capacity 
function for a law of yield in shear, using the same vy and vy, as 
Fig. 2. The solid lines are the narrow-joint values for E,/E = 
0, 0.10, and 1.0. Dashed curves give the corresponding wide-joint 
load capacities. In this diagram, the E,/E = 0.01 curves are 
omitted because they are quite close to the E,/E = 0 values 
We conclude again that the joint with the most flexible adhesive 
has the greatest load capacity, and that in the metal and plastic 
bonding range defined previously, there is comparatively little 
effect of adhesive stiffness on joint load capacity. Although the 
corresponding curves for given values of E/E are fairly close or 
even coincide for searf angles less than 60 deg, above this value the 
wide joint is appreciably stronger than the narrow one, especially 
for the more flexible adhesives. 

Finally, in Fig. 4 we perform the same comparison, under the 
same conditions, for yield in octahedral shear. Again the E,/E 
= 0 and 0.01 curves are virtually coincident over most of the range 
of 8, and in general the conclusions are the same as for Fig. 3 


7,sin@/ GQ, 
30 T 





25 sisnenaal — & 4 + 
| |W203,Uq20.4 


| Narrow Joint —| 
Wide Joint--—- 


oe a ie 


1O-—+—_+—4 
O 
os 


20 


0.5 





102Eg/E 
L 





oO i 
0 20 40 60 


6 (deg) 


Fic.4 Diwensrontess Loap Capacity (¢, stn @/o0) Versus Scarr 
ANGLE (@) ror YIELD 1n OcTAHEDRAL SHEAR 





JUNE, 1957 


O;, sin O/ Op 
18 


- 


(6 TF 762004 
| Up *02,04 
A= Tensile Law 
_| 8=Oct Shear 
C=Mox. Sheor 


14+ ; 
12- 
10+ 


08 - 





@ (deg) 


Fic. 5 Errect or » Loap Capacity (¢z § 

Fig. 5 shows the effect of changing the composite parameter v» 
when £,/E = 0.04 in a narrow joint. This diagram also offers an 
opportunity to compare the load capacities predicted by the three 
laws of failure we have studied, at a stiffness ratio corresponding 
to the bonding of aluminum with a stiff, high-strength adhesive 
(E, =4 X 10 psi). It is clear that the adhesive Poisson’s ratio 
vy, which dominates » when E,/E is small, appreciably affects 
only the law of failure in maximum shear, and that law only for 
searf angles > 60 deg 
wide-joint, plane-strain case; 

Two additional comments are pertinent: 
suitable families of curves are readily computed; the computa- 
tions are straightforward. Furthermore, while we have con- 
sidered only three possible modes of adhesive yielding, the de- 
signer can readily generalize these results to any specified yield 


We anticipate similar behavior in the 
however, this has not been studied 
for design work, 


condition. 


Anatysis or NLL Test Data 


In this section we analyze certain previously published scarf- 


joint strength tests, using the results of the previous section. 
As noted in the Introduction, this is not a rigorous procedure, in 
view of the large inelastic deformations which we find in the stress- 
10) and Norris, James and Drow (12), for 
4 study of their data indicates that we can 


strain data of Kuenzi 
& variety of adhesives 
roughly ) characterize the behavior of many adhesives as linear 
strain-hardening materials with low modulus of strain hardening 
Analyzing tests to destruction by means of our elastic theory is 
thus essentially equivalent to working with a broken-linear total 
stress-strain law. In the present case there seems to be some 


rst, the adhesive stresses are the same 


justification for this. | 
throughout the joint,‘ and can thus be expected to remain uni- 
form beyond the proportional limits, in the absence of plastic in- 


VALUES OF DIRECT STRESS IN 


Parentheses show num 


Redux 
7640 + 1300(5 
8320 + 1400103 

5 + 5303 

2 1480(2) 

+ 1460(3) 


Also, in large part the adhesive stresses are govern 
The shear stress 7 
depend only on the scarf angle, whether th: 


stabilities. 
by considerations of equilibrium alone and 
a 


the normal stress 
adhesive deforms elastically or not (as long as the adhesive layer 
is sufficiently thin 
load versus scarf angle 


As a result, most of the theoretical curves of 


are quite insensitive to the adhesiv: 
elastic moduli in the range of stiffnesses found in the bonding 
metals Finally, if the modulus of strain h urdening remains 
reasonably constant, we have proportional loading as the load is 
monotonically increased beyond that corresponding to the pro- 
portional limit. In any event, quite independent of the validity 
of these arguments, the correlation between analysis and test 
found in the following text is sufficiently good to warrant the in- 
busion of this section. 

12 


and (12 deduce that the “‘ef- 


adhesive 


From references (10 we may 


fective” modulus of the at failure is smal 
enough for us to use Z,/E = 0 in our study 
values up to about 0.1 will hardly affect our results 


O5 


(tangent 
however, the use ol 
For plastic 


Even in the 


deformation, it seems appropriate to use v, 
elastic range, the reported values of Poisson’s ratio (10) appear to 
be quite high: 0.36 to 0.42 for stiff adhesives, 0.50 for flexible 
ones. Finally, we must replace the proportional-limit tensile 
stress (¢») by o,, the tensile-failure stress, in all joint-load-ca- 
pacity functions 

Hartman (6) has reported extensive test data on the strength of 
various types of adhesive joint. The tests, conducted at 
Netherlands Nationaal Luchtvaartlaboratorium (NLL), contain 
the results of tension and compression tests on scarf joints with 
identical adherends. The metal used was dural plate, 20 mm 
thick, and joint widths ranged from 19 to 25 mm. On this basis 
we use plane stress, or narrow-joint theory, rather than plane- 
strain theory, although the case is really an intermediate one 
Three commercially available adhesives were tested: Redux 
Araldite, and Pliobond. The reader is referred to reference (6) for 
additional details on the bonding technique and conditions of 


th 


ne 


cure 

In analyzing the raw data we have rejected certain tests in 
which there was evidence of adhesive failure rather than cohesive 
failure, and where subsequent inspection revealed that the entire 
scarf surface was not covered with adhesive. Our basis for this 
rejection is that the failure of the three adhesives tested was (ap- 
Thus adhesive failures 
The re- 


jected data correspond to footnotes 7, 8, and 9 in reference (6 


parently) primarily cohesive in nature. 
are presumably a sign of defective bonding technique. 
and usually show low strengths. None of our conclusions is sub- 
stantially changed, however, 
those few test runs which we have rejected, nor is it necessary 


by including in the calculations 
in 
this phenomenological analysis) to differentiate between adhesive 
and cohesive failure 

Table 1 summarizes the tension-test data in question which 
exhibit the considerable scatter usually found in strength tests of 
adhesive joints. The probable errors given in this table are based 
on small-sample theory, that is, the sums of the squares of the 
deviations from the mean are divided by N 1, where N is the 
total number of specimens tested 

The treatment of the tabulated data is as follows: o, 
plied by sin 6, for comparison with the load-capacity functions 
[28]}—[30]. These results are then curve-fitted to 


is muilti- 
of Equations 
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Fic. 6 Comparison oF THeory anp Test; DIMENSIONLESS 
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the theoretical failure laws, using Z,/E = 0 and v, = 0.5 as the 
effective moduli. We thus arrive at “experimental” values for the 
failure stress o;. We have performed the curve fits by one of 
the simplest procedures, the “method of averages’ (8). 

From Fig. 6 we see that the Redux, Araldite, and Pliobond 
tension-test results fit quite well a law of failure in principal ten- 
sile stress. The other two laws of failure, which we have plotted 
on the same scale, do not fit the test results nearly as well as the 
tensile law, by any manner of adjustment. Furthermore, the use 
of values of £,/E up to 0.1, and values of v, smaller than 0.5, will 
searcely change the picture. The adhesive tensile strengths 
derived in this manner are apparently in reasonable agreement 
with experience. For Redux, Araldite, and Pliobond we obtain 
o, = 7660, 7740, and 1126 psi, respectively. Thus, referring to 
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Table 1, if we had obtained tensile-test data on a 90-deg scarf 
joint (butt joint) employing Redux or Araldite, and used this to 
predict the capacity of joints having other scarf angles, the result 
would have been quite good. This procedure, however, would 
give overconservative design with the Pliobond data, which 
demonstrates the necessity for very careful determination of the 
basic tensile data. In effect, the 10-specimen sample of Pliobond 
joints, from which we have deduced that ¢, = 1126 psi, gives re- 
sults differing by some 27 per cent from the 3-specimen sample 
(90-deg case data alone). 
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Rigorous and approximate (variational) solutions are he problems of id J; require 
given for the semi-infinite elastic strip, traction-free along tie i functions obey 
the long edges, when the short edge is subjected (a) toa wIK a 
quadratic shear displacement, zero norma! stress, (4) to a ; 
cubic normal displacement, zero shear stress. The ap- 
proximate method of self-equilibrating functions is ex- 


tended. ( 


homogeneous stress 
{ nhomogene: 
onditions [2 [3h] More gener 
mination of stress functions A,(z 
satisfy the homogeneous Conditions 


nhomogeneous conditions (1 ; 


i 


“ 


mi along the 
Problem of J 


SymbDois 
acements 
Che degree sigi 
dicates bour r v } for y ‘ lig trict f mut ad irom th Legendr set 
irselves to even and 1 prob - al this i re- nee ul pl the trivial 
striction, since a 
stituents) the dat 


\dary conditior 
rise to singularities a 
ippilicat 
vhere the u 
tion 

The prot 
J } 


. / I if ° ire been resolve 
’ Resserch Associate. Metallurey and Ceras ee a(Z, )) 


xdd proble m 


ent. General | ‘ Dal Leneamal a - . \f. letermine: integral representations 
ASME. 
* Laboratory Assi 
artment, General i : y abors y 
* Evidently, Ki and J: a probler ~~ %, 
* The following symbolism is adop f l The stress fun ’ hau 
tions of the mixed end problems b lynomials [5a] and 
[5b] are denoted by A, and J, (the latter son es also by I, 


the corresponding shear and normal boundary tractions are denoted 


and then converted their expressions into 


anions 


} 


by ra° and o¢,°, r ctively. The stress functions of the pure end Discuss f 
problems, representi orthonormalised r,° and a, listributions ASME, 29 West 
are denoted by H, and G.. respectively ir 

’ Numbers in parent! | 
paper. 

Contributed by e Applied Mechanics vi 
at the Annual Meeting, New York, N. Y., Nov 


Tue American Socrery or MEcHANTCAI 


e accepted 
iti Discuss 
need in papers are 
of their authors and not 
Manuscript received by ASME Applied Mecha 
1956 Pape r No. 56 A-54 





Y COL Zy SID Zl 
(k = 2, 4, 6, 
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are the Fadle-Papkovich solutions (3), (4) of Equation [4], and 
>, denote the first quadrant roots (R(z,) > 0, 9(z,) > 0) of 


sin 2z, + 2z, k = 2,4, 
110a, b 


22, 
respectively. (Notation: & 
of.| Detailed expressions of the stress and deformation states 
associated with the leading even function Ko, J; were given still 
earlier, in (6) and (7), the physical significance of the distributions 
K>, J: also was discussed exhaustively. [In (6) we wrote 2@ and 
in (7) we wrote 23C, where we now write Ky; J; was denoted by 66, 
in (7).] The purpose of the present paper is to give a similar but 
less elaborate treatment for the leading odd functions K, and J; by 
plotting their associated stress distributions, and pointing out some 
significant details [such as, definition of the singular functions 
$,(z) Equations [11], behavior of K, at z = —~, the singularit) 
of Ki,2, at (z, y) = (0, +1), determining the displacement expres- 
sions of K,, Js, conversion of the Fourier integral expression of K, 
into biharmonic eigenfunction expansion by means of the residus 
theorem] that could not be compressed into (1), yet are basic for 
the understanding of the general method.* In the second half of 
the paper (Section 5) we resume the topic of self-equilibrating 
polynomials, first introduced in 1953 as an approximate (varia 
tional) method of solution of the end problem (8) 
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Introducing furthermore the abbreviations 
A, sh2\ + 2) A, = 
= shA + AchA A.B, 
AcAs = chA + AshA A.B 
A.C, = —chA AD, = 
Q= Av, + Cy Bo = By + De 


sh2A 
Ash A 
AchA 


A.A, 
shA 


* This ‘‘clearing the ground”’ for (1), the writing of the original ver- 
sion of the present paper, preceded that of (1) by about a year, and 
was done without knowledge of Smith’s important paper (2) which 
provides an alternate approach 
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write the stress functions K JK, Js J; in the form 
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+1 stress values are nonhomogeneous for 


sin? z, 

: bh K 
cos* 2, 
sin’? z, 


b, J; 


>. eoa* > - 
2, COS* z, 


(however the y = 
xz <0); the biharmonic eigenfunction expansions are defined on] 
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We obtain the streas function A, as follows: Ws 
traction distribution 
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o,(z, +1) = +2, r(z, +1) = 0 [16 


applied to the z < 0 portion of an infinite strip, as illustrated ix 
Fig. 1(a). The traction may be derived from the stress functior 
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und moment Note that the residue at zero cancels out the yz*/2 expression i 
Formula [28a]. Evaluation of the residue of the bracket at the 
other poles then leads to the result stated in Equation [15b]. Th: 
expansion of J,(z, y) is derived similarly 
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scribed boundary value of dv° /dy is singular at this point (it does 
not vanish), a corresponding singularity must be expected for 7,°. 
Indeed, one finds, on substituting y = 1 under the integral sign 
of the zy derivative of Formula [146], that 


7,°(1) = (0) 


On the other hand, upon } roducing 
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On comparing the power-series expansions of the numerators 
and denominators we note that both C and D are finite at X = 0 
Integrand C furthermore vanishes as 1/A? at X = =. So the C 
integral converges for all ¢, and we may invert the order of the 
limiting process and the integration. There results 
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1 Srress AND DisPLACEMENT VALUES Fics. 2(a, | STRESSES IN THE Semi-Inrinite Srrir Tear Rest 
From THe Enp Conpitions ¢,° = 0, dv®/dy y [Propiem of 
The z = 0 values of the stresses and displacements were calcu- Stress Funcrion Kil, y 

lated using the Fourier integral Expressions [14], [29], [30] [c.f 
(1); the displacements were calculated for vy = 0.3]; they are 10°K,(z, y) ~ 69.570f:h 20.765f A 
abulated in Ts ‘Nos 2 and -) illustrate the _ 
tabulated in Table 1. Figs. 2(a, b, c) and 3(a, b, c) illustrate the 9.0756f:h 1 6469F) 
XK, and J; stress distributions. The z = 0 values plotted are the 
precise boundary values of Table 1. For z > 0 the figures are !0°/:(z, y) ~ —74.283 fg t. W699 


“ 


based on the “self-equilibrating function’’ expansions 0.63806f-¢ 0.48670f 


TABLE 1 K: AND J; DERIVATIVES AT 
0 _ 0.2 0.4 0.¢ 0.8 ¢ 0.95 
0.18917 0.17263 0.11981 0.91867 0.16549 3: 0.43786 
0 0.2 0.4 0.6 0.8 9 0.95 
0 —0.02067 —0.03445 —0.03127 0.0117¢ 3 0.12671 


0 0.4754 0.8166 0.8357 0.1329 563 —1.7833 
0 0.5511 0.9998 1.2219 1.0311 57: 0.3913 
-0.0334 0.0080 0.1258 0.3012 0.5012 5 0.6438 
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Function K;(z, y)}. 


These expansions were obtained by fitting, by least squares, 
t,'(y) and fi"(y) polynomials to the tabulated 7,°, o,° values, 
respectively, utilizing the D,,, D,, formulas of Table 2. Former 
experience (5, 6, 7, 8, 10) indicates that the error committed in 
the use of the Approximations [39a, }| is likely to be too small to 
be discernible from an exact solution on the scale of the Figs. 2 
and 3 
5 Se.r-Equitisratine Funcrion EXpansions 

The “pure’’ edge problem of the semi-infinite strip, that of 
finding biharmonic functions H(z, y), G{z, y) which lead to 
stress-free edges y = +1, while representing prescribed self- 
equilibrating shear and normal tractions, respectively, on edge 
z = 0, was resolved some years ago (8) in an approximate man- 
ner by writing the stress function in the form 


e= Liahdvnlz) 9 = 2s deflvdolz)....140) 
k & 
choosing the f,{y) functions as orthogonal polynomials which 
satisfy the conditions of self-equilibration 
f,(+1) = f,"(+1) = 0 


and determining the jy, g functions, subject 
conditions 





by use of the variational principle.’ 

The surprising reliability and simplicity of the method dem- 
onstrated in earlier papers (5) to (11) must be ascribed largely to 
the fact that the functions f,{y) are chosen orthogonal. This is 
the vital feature of the approach, which provides an uncoupling 
of the various k modes f,;, (and f,4,) and permits summation of 
the terms of Formulas [40] after the variational principle was 
applied to the individual terms, instead of summing first and 
then applying the variational method to the entire expression. 

While the polynomials /,{(y) are orthogonal, the polynomials 
Sa'(y), Se"(y) are not. It is a convenience to orthonormalize also 
the latter polynomials, for this facilitates the expansion of given 
edge tractions r°, ¢,°. In Table 3 we extend Table 3 of (8) to Fies. 3(a, b, ¢,) STRESSES IN THE Semt- INFINITE Srrip Tua? Re- 
: we . , suL?T From THe Enp Conpitions r* = 0,u" = (—3y + Sy')/2 
include the scalar products <f,'f;' > , <f,"f," > up to i,j = 9,9. (Propiem or Stress Fuxcrion Ji(z, y))}. 

(Note the definition <f,/;> = Sa tdy fi <y)dy.) The orthonor- 
= 7 malization of f,’ is then readily carried out; one is led to the 


“mixed” and the “‘pure”’ 


7 (1) gives rigorous solutions of both the 
end problems normalized (<7,*> = 1) shear polynomials 





64515 
.94917 


27114 
5. 178716 


6562 
. 4233 


758435 
. 522592 


. 12563 

- 953934 

. 398804 
5. 1048950 

. 16520 
5.579554 


63024 
179663 


TABLE 3 SCALAR PRODUCTS OF Af’, fi" 
(An extension of Table 3, reference 8) 


TABLE 2 


— 542 


281 
—34 


—§ 


— 1928 
1407 


330 


10. 


39 
134 


—19 
—1 
65 
612 


— 88 
| 


MATRIXES 
94915 
51831 


714310 
9971860 


4232 
9067 


66689 
173666 


953934 
31338 


598884 
8174642 


579554 
15920 


335918 


— 16. 307496 
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—163 
—34 


5.758420 
66688 


39443 
497223 
7.398804 
598884 
6.335877 
6704778 
63024 
335918 


51260 
481951 
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178715 
9971857 


548008 


931139 
179663 
307496 


481951 
02573 


<fi'f;'> 
~ SANA: - 
— (2-29)y (1/5- 
tiosay (1s 75- 13) 
—4y (19/13) 
— (1/2)y (19/13) 
— (3/2)y (5- 23/13) 
— (2- 3*)y (23/5- 13) 
3/2)v (19- 23/5) 


<fi'"sfi"> 
(2- 3)v (13/11) 
(3- 23- 139/2)y (1/5 
(3*- 43)y 13- 17/5) 
(3-5/2)y (13-19) 
(2? 3*- 5)y (13- 19) 
(2-3- 5)y (5- 23/13) 
(3-232/2)y (5- 23/ A 
3- 647)y (19- 23/ 


11) 


(1/8 


In this fashion, we obtain the orthonormal boundary 


normal stress distributions 


shear 


and 


(1/4)(3-5-7)'/"%y — y® 


= (3/16\5-7)'/%1 —- 6y? + 5y* 


(1/8 3-5-7-11)'/%y 4y? + 3y5 


—(1/16)(7-13/3)'/%2 — 45y? + 120y4 


—(3/32\5-7/2)'/"15y — 125y* + 253y5 


143y’ 


(1/256) 11 -17/2-3)'/(41 — 1260y? + 6510y* 


n 
T.{y) i >> But, 
k=2 


in terms of which the given self 


may be expanded by conventior 
The coefficients B,,, A,, are 


The coefficients are zero for n + k 


appropriate to the distributior 
form 
n 
; > B 


2 


fh 


tabulated in Table 4 up to n 


n 
> A A [45a | 
k=2 
-equilibrating boundary tractions 


1al Fourier techniques. 


Yu 


The stress functions 
y) then the 


odd 


is T'.(y), S,{ 


assume 


n 


>A 


2 


f 


nk! We 


[455 ] 


10,556y° + 5265,* 
we write out in detail the variational stress function 


As example, 
= Ty). This is [N; = (3/16\5-7)'", N, = 


belonging to r° 
(3/32)(7-13)'/%] 


- 98y? + 364 
- 494,7 + 221y° 


(3/64)(5-11-19/2)'/"7y 


~* sin 8.2/8; 


“sin 8.2/8, 


7-11-13/2-5)'/%11 — 630y? y2)% 


15120y* + 17595y* 


Hiz,y)~- -(1/3-11)' ‘NI 
~ 2(5/3-11-13)'4N 1 — y*)% 


—(1/256 (3 - 


+ 5250y* 7106y” ' 
a 7 1 + lly*ye i6a} 


[The traction 7,(y) is plotted in Fig. 1 of (1 Note in particular 


that the eigenfunction is not monochromati two 


Similarly, the orthonormalization of f,” leads to the normalized there are 
(<S,2> = 1) Legendre polynomials eigenvalues 


ORTHONORMALIZED SHEAR AND 


” 
> Ansfe” IN TERMS OF THE 


TABLE 4 EXPANSION COEFFICIENTS, Brus, Ans OF 


n 
NORMAL TRACTION POLYNOMIALS T, = > Buft', Sn= 
9 


POLYNOMIALS fk’, fe” 


Ank 
(1/3)y (2/7) 


(1/5)v (11/2-7-13-17 
— (1/5 -11)W (2/7) 


(1/2- 3. HM 19/2 
v¥(1/11) 
(2/3)¥ (11/3-5-13) 
(7/3)v (1/3-5-11-13) 
(1/2)y (3 -5-13/2-7-17-19) 
(1/3) (1/2 -3-5-7-17) 
(1/2-3)v (17/2-3-5-7) 
¥ (2/3 -5-23) 
ae! 


(1/8w (2/5 11) 

(1/13)W (2/5 -7) 

— (2/3 -13)y (2/5-7) 

(1/3 -17)v (11 -13/2 
5/3 -13-17)y (2- pis a 
(1/8-13)¥(1/2-3-7-11) 
(1/3)W (13/2 -7-11-19-23 

— (1/3-17)¥(2-13/5-7-11) 

salads aia 11-19) 


7-19 


5)v (1/2 -3-19) 
1/5)v (1/2 -3-13) 
(1/2-5)y (3/2-13) 
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TABLE 5 EXPANSIONS OF 


re*(y), 


en*(y) INTO SELF-EQUILIBRATING 


POLYNOMIALS 


(4-term approximation) 


10% re 
10? rn° 
10* ry ~244.44/," 
10° ry ~50. 804/;" 
10% rs 56 505 fo" 


~269 
~69 


13f,’ 
570/;’ 


77h” 
283 fr" 


Pos 7290/2 


i or 
10% es 


rABLE ¢ BOUNDARY TRACTIONS ra 
0.4 
0.2456 
0.0042 0 
0.2793 —O 
0.0551 -0 
0 3878 ~0 4854 -—0 
0.5445 
0.4465 
0 4768 0 


0.8744 
3509 


1/67/78 


similarly, n emmgenvalues 


the H, expression, and 


are involved in the variational approximations to H;,., Ho«+, In 


involved in 


contrast, ngorous elgeniunt tions, such as K, and H, (c.f. the 


present Equation [15], and Equation [23] of reference 1) involve 


all eigenvalues The slow progress in the past development of 


the theory of the biharmonic-eigenv alue problem must be ascribed 


in a large measure to failure to realize that the eigenfunctions of 


the iterated Laplace equation are no ionger monochromatic but 
involve all eigenvalues 


a 


When it comes to the expansion, in terms of f,’, f,", of boundary 


tractions T°, ¢, i numerically at various y (the values 
in Table 1 for instan 

To handk 
the formulas of the Appe 
4-term 


the 7,°(y 7. °(y 


n 


the additional difficulty of incomplete 
these cases in an approximate manner 
They provided the 
Table 5, of 


data arises 
11x were dev eloped 
selfi-equilibrating representations, listed in 
the boundary values corre- 


lstributions 


sponding to these 4-term representations are listed in Table 6; 
the latter may be compared with the exact values as given in 
Table 3 of (1). The approximations to the discontinuous func- 
tions T,°, 7,° exhibit, naturally, Gibbs phenomena [these seem 
very mild, indeed, when one compares them with the more serious 
Gibbsitis (6 the Gibbs’ phenomenon counterpart for nonortho- 
which arise when series like Ko, K,, Equations 
4 of (6 


two singular cases, representations of 7r,°, ¢,° 


gonal functions 
[15], are chopped off, see Figs. 3, if we disregard these 
in terms of four 
satisfactor 


self-equilibrating functions may termed as very 


forn < 4 
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A ppendix 


SeL_r-EQUILIBRATING-FUNCTION REPRESEN? 


TIONS OF BounpaRY TRACTIONS 


LEAST-SQUARE, 


be known aty,.i = 1,2 


Let Fly 


tion by a function set Y , ¥Ay 


Then the approxima 
not necessari 
orthogonal) to F 

\ 


~ >. al 


s best in the le ast-square sense i! the 


that the error 


D> 


be a minimum. This condition leads to the equation system 


N) [48] 
where 


a 


val fs Y. A 
=1 


‘ 


W.. 


The solution of Equations ye written in the form 


| Qo, ,ay} = ly + sy Wy (50 

When y is specified at the abscissas y; = 0, 0.2, 0.4, 0.6, 0.8, 0.9, 

0.95, 1.0 (this choice has been found desirable in problems of the 
present type) D acquires, for the function sets 

Y, = 


Sa”, f0°, Se" Se” [5la 


f,”, i’, fr", tr”. . 


2 





fr’, i’; te’, i,’ 


f,’, fs’, fr’, fr’. .* 


the expressions listed in Table 2, respectively 


[51¢} 
[51d] 


They were ob- 
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tained by first calculating the self-equilibrating polynomials 
J.", J, to 11 digits, then calculating Expressions [49a] to 11 
digits, inverting the matrix of the System [48] on the UNIVAC, 
using an 11-digit, fixed-decimal scheme, and, finally, trimming 
some superfluous digits. 





General Instability of a Ring-Stiffened, 
Circular Cylindrical Shell Under 
Hydrostatic Pressure 


By S. R. BODNER,* PROVIDENCE, R. I. 


The general instability load of a ring-stiffened, circular 
cylindrical shel] under hydrostatic pressure is determined 
by analyzing an equivalent orthotropic shell. A set of 
differential equations for the stability of an orthotropic 
shell is derived and solved for the case of a shell with simple 
end supports. The solution is presented in terms of 
parameters of the ring-stiffened, isotropic shell, and a 
relatively simple expression for the general instability load 
is obtained. Some numerical examples and graphs of re- 
sults are presented. In addition, an energy-method solu- 
tion to the problem is outlined, and the energy and dis- 
placement functions that could be used in carrying out a 
Rayleigh-Ritz approximation are indicated. 


NOMENCLATURE 


The following nomenclature is used in the er: 
& pap 


length of shell in contact with ring stiffener 

distance between centroid of ring stiffener cross 
section and middle surface of shell 

axial, circumferential, and shearing strains 

thickness of shell 

effective thickness of reinforced shell 

hydrostatic pressure 

general instability pressure 

Af p*)/} 

h?/12R? 

I LjAR* 

circumferential, and radia] co-ordinates 

axial, circumferential, and radial displacements 

| middle surface 

listance between centroid of combined section 
of ring stiffener and effective length of sheet 
and middle surface of shell 


, ol 
ol sh 


ross-sectional area of ring stiffener 


middle surface of shell 


v*)pe RL! /x*Eh® 


area of 
Cc, = 121 
D,, De, Dy bending rigidities of orthotropic shell 


1 The results presented in this paper are based upon the thesis sub- 
mitted by the author to the Polytechnic Institute of Brooklyn in par- 
tial fulfillment of the requirements for the degree of Doctor of 
Philosophy. Most of this work was supported by the Office of Naval 
Research through Contract N6 onr-26303, with the Polytechnic In- 
stitute of Brooklyr 

* Assistant Professor of Engineering, Brown University. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 25-30, 1956, of 
Tae American Sociery or MecuantcaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1957, for publication at a later date. Discussion re- 
ceived after the closing date wil] be returned. 

Nore: Statenients and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 6, 1956. Paper No. 56—A-30. 


Young’s modulus for isotropic shell 

moduli of elasticity for orthotropic shell 

function of geometric properties of shell and 
ring stiffener 

shear modulus 

moment of inertia of ring-stiffener cross section 
about its centroidal axis 

effective moment of inertia of ring stiffener and 
shell combination in one bay of the shell 

unsupported length of shell 

length of shell between bulkheads 

effective length of sheet in bending in one bay 
of shell (includes length 6) 

distance center to center of adjacent ring stif- 
feners 

axial, circumferential, and shear-stress result- 
ants per unit length 

radius to middle surface of circular cylindrical 
shell 

strain energy 

(L,!/RA\1 — v*)”* 

extensional and shearing rigidities of ortho- 
tropic shell 

nL,/aR 

marR/L, 

Poisson's ratio 

Poisson’s ratios for orthotropic shell 

axial, circumferential, and shearing stresses 

change of total energy of shell due to buckling 

PorRt( 1 — v*)/Eh 


INTRODUCTION 


The load at which a ring-stiffened, circular cylindrical shell. 
Figs. 1 and 2, would fail by general instability (buckling of both 
shell and rings) can be determined by an analysis of an equivalent 
orthotropic shell, by an energy analysis, or by the solution of the 
differential equations of the composite structure The energy 
method involves the determination of the total energy of the sys- 
tem and the satisfaction of the buckling criterion by a Rayleigh- 
Ritz approximation. This method has been used in (1)* and (2). 
A method of solution by differential equations is outlined in (3) 
and (4). The present paper is concerned primarily with the 
orthotropic shell approach. 

The ring stiffeners of a reinforced isotropic shell have the gen- 
eral effect of increasing the bending and extensional rigidity of the 
shell in the circumferential direction. They have relatively little 
effect on the over-all rigidity of the structure in the axial direction 
or on the shearing rigiditv. The behavior of a ring-stiffened shell 
can be approximated by that of an equivalent orthotropic shell if 
the ring stiffeners are equally spaced and if the wave length of the 
deformed shell includes a number of stiffeners. The orthotropic- 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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shell analysis is therefore capable of affording a good approxima- 
tion to the general instability characteristics of a stiffened shell 
but would be invalid in an interbay-buckling investigation. This 
method of determining the general instability load of a shell was 
first proposed by W. Fliigge (5). In his paper he derived a set of 
differential equations for an orthotropic shell and showed how its 
solution could be used for some special cases of stiffening.‘ 


xy 








Co-Orpinate System AND DispLacemeNntTs or CIRCULAR 
CYLINDRICAL SHELL 


Fig. 1 


GENERAL INSTABILITY MODE ~~ 


— de 





Cross Section or Reinrorcep SHett Unper ExTexnar 
Hyprostatic PRESSURE 


Fie. 2 


In the present paper a set of equilibrium equations for an ortho- 
tropic shell is derived, which are considerably simpler than those 
of Fligge. The equations are obtained by variational methods 
from the strain energy of the shell. These equations are com- 
parable in accuracy to those derived by Donnell (7) for isotropic 
shells. A similar, but slightly less general, set of equations was 
derived by Hayashi (8). 

The orthotropic-shell equations are solved for the case of a 
simply supported shell under hydrostatic pressure. The resulting 
formula for the buckling load is transformed to give the general 
instability load of a stiffened isotropic shell by relating the prop- 
erties of an orthotropic shell to those of a ring-stiffened shell. 
The correlation of properties is straightforward except for the de- 
termination of the length of shell plating that acts with the ring 
stiffeners in resisting bending. An effective length of sheet for- 
mula to be used in a general instability investigation is proposed 
which is a modification of the results of Biezeno and Koch (9). 
Some numerical examples are presented to compare various effec- 
tive-length formulas. 

The final formula for the general instability load is capable of 
appreciable simplification, and it can be represented in the same 
parameters (plus an additional one) which were used by Batdorf 
(10). The solution of the Donnell equations for a simply sup- 
purted shell under hydrostatic pressure appears as Fig. 5 in 
reference (10). Fig. 5 of this paper, which gives general insta- 
bility loads of ring stiffened shells, is a generalization of Batdorf’s 
solution by the introduction of a ring frame parameter F. 

The determination of the general instability load by the energy 
method is also outlined in this paper as an Appendix. Expressions 
are given for the strain energy of the shell and ring stiffeners and 
the potential energy of the external load system. The representa- 
tion of the state of stress in the shell prior to buckling is discussed. 


4 A summary of the results appears in reference (6), p. 480. 
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Srrain Enercy or Ortuorropic SHELL 


A criterion of buckling for an elastic system is that the varia- 
tion of the change in the energy of the system due to buckling. 
with respect to the allowable displacements, must be zero. Ex- 
pressed mathematically, the criterion is 


él = 0 l 
where T=-=U+V 2 


U is the change in the strain energy of the shell and V is the change 
in the potential energy of the external-force system during the 
buckling process. If initial bending stresses are neglected 


~aige if [Srstes + Tbs. Tr 28,.¢,,)dV 


+ (1 2) f [Ox s€2s T 9,0, T 20,2,)4V 


In this expression ,,, etc., are the membrane stresses existing in 
the shell in the compressed! but unbuckled state and V, is the 
volume of the shell wall. 

The expressions for the buckling strains at any point in the 
shell wall in terms of the shell middle-surface displacements are 


= u,. + (1/2)w,,? 
z / / = 


v,, — (w/R) + (1/2 
Qean 


= (1/2\u, eo + Wy ,W., — 2ew., 


where subscripts following a comma indicate differentiation 
These strain-displacement relations are identical to those used in 
the derivation of the Donnell equations for isotropic circular 
cylindrical shells. It is noted that the buckling load obtained from 
the Donnell equations for very long shells under hydrostati 
pressure is 33 per cent greater than that obtained from the more 
accurate equations (e.g., Fliigge’s Very long shells when 
buckled have an elliptic cross section which corresponds to two 
circumferential waves (n = 2). Equations [4] are simplified 
upon the assumption of a 
large number of circumferential waves. The buckling pressures 
obtained by the use of Equations [4] could be used for the case 
n = 2if they are multiplied by the factor 0.75. The results of the 
Donnell equations are generally less than 10 per cent in error for 
shells that buckle with three circumferential waves, so that Equa- 
The accuracy of 


strain-displacement relations based 


tions [4] can be considered valid for this case. 
these equations increases as the number of waves increases; i.e., 
for shorter and thinner shells 

The stress-strain relations for a homogeneous orthotropic ma- 
terial in generalized plane stress can be written as 


‘nr sf 7 - } 
- E,/(1 VV ii€ Vex€ as) 


} 
~ Pelz) 


(E,/0 ze} [@s5 
= Ge., j 


In these equations E, and E, are the average values over the 
thickness of the moduli of elasticity in the axial and circumferential 
directions, respectively, G is the average shear modulus, and v,, 
and y,, are Poisson’s ratios. It follows from the reciprocal 
theorem that the following relation must hold between the elastic 
constants 


(v,,/E,) = (¥,,/E,) ail [6] 


ze 
The four independent elastic constants for an orthotropic ma- 


terial in plane stress are, in the present notation 


1 — 9,3.) 


om" ze 


V.%s.); G 
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If the shell is nonhomogeneous in the radial direction, which is 


the case for the present application, the same stress-strain equa- 
and extensional rigidities 
this will intro- 


but the 


tions are applicable, but the bending 


must be determined independently. In general 


duce two additional elasti nstants into the analysis 


The strain energy / orthotropic shell can be computed 
5] into Equation [3] and in- 


The streases ,,. etc 


by substituting Equ ons (4) and 
, in Equa- 


kKness 


tegrating over the shel! th . 
tion [3] are assumed to be constant over the shell thickness. The 


strain energy of an ortho shell then becomes, retaining terms 


ip to second order 


2Gw,,,° {aA 


| 


ace area ol the shell Wall inti- 


The q “ 


ress resultants obtained by integrating 


where A, is the middle suri 
ties N,., N,,., N,, are the st 
the initial membrane stresses over the shell thickness. 

The terms in the expression for the change in the potential 
energy due to buckling do not affect the stability-differential 
equation obtained by formally minimizing the energy I] if the de- 
gree of approximatior main- 
tained. The linear terms in 
cancel similar terms in the strain energy or else result in boundary 


used in obtaining Equation [7] is 
the potential-energy expression either 
conditions. The nonlinear terms are invariably of the same order 
of magnitude as terms omitted from the strain-displacement re- 
basis of an order-of-magnitude argument [see 


lations [4] on the 


e.g., (2)). As an examplk the case of hydrostatic loading 


1.44 


where \ ,, is a cor 


DirrERENTIAL Equations oF OrtTHOoTROPIC SHELI 


The application of variational methods to the stability cri- 
terion, Equation [1], leads to the equations of equilibrium and 
the associated boundary conditions that determine the instability 
load of an orthotropic shell. The resulting equations for the 
neutral equilibrium state 


D Ws T 2D ye, 2. 


where 
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It is noted that Equations [9], [10], and [11] are slightly more 
Hayashi (8 


lculations it is desirable to express 


general but otherwise agree with those used by 
For convenience in further ca 
9 10), and [11] in a 
eighth- 
fourth-order equations relating u and 


iequations form similar to the Donnell 


one rae; 


that is, in equation in w and two 


To do this et 


equations 


witt 


linear differential operator Q be defined | 


rs) 
>r* 
* 
ds* 


DY SUCCESSIV lillerentiation and cor 


and jill 


brought into the 


Equations iv 


Dinatior n be 


RQ , = 


Upon operating on Equation [9] with Q and utilizing Equations 
[14 terms can be eliminated from that 


equation to give the following eighth-order 


and [15], all the u and 


equation mM w alone 


4 D Ww eeex 7 2D yu one 
QIN .W 2: 


This equation reduces to the miliar eighth-order Donne 
equations, references (7) and (10 
It is noted that, in specializing Equation [16 


isotropic shell, the shear modulus G, as defined here 


, for the case of an isotropic shell 
to the case of ar 


becomes 
G=£E l+yprP 


SoL_vuTion oF DirrERENTIAL EQUATIONS 


The stability Equations [14 15}, and [16] are used to de- 
termine the buckling load of a simply supported orthotropic shel 
of length L, subjected to an external hydrostatic pressure p. The 
ring-stiffened shell, to which the orthotropic shell is an approxima- 
tion, is considered to have simple supports at the extreme ends in 
order to be conservative as well as to simplify calculations. The 
nature of the end restraints has, little effect on the 
The end supports can be considered 


however, 
critical load of long shells.‘ 
in this analysis to be positioned after the shel] has compressed uni- 
formly under the external pressure so that the stress resultants i 
the prebuckling state are 

pR, [17] 


N.. = —pR/2, N,, = 


The radial buckling displacement w is assumed to be in the 


form 


w = C cos (ns/R) sin (mrz/l, : [18 
This expression satisfies the boundary conditions on the w-dis- 
placement for a simply supported shell. Upon substitution of this 
expression into Equation [16] it is found to be a solution of the 
stability equation provided a certain relation is satisfied. This 
condition is the eigenvalue equation of the differential equation 


[16] and determines the value of the critical load per; namely 


D,(mrR/L,)‘ + Dnt + 2DmmarR/L,)* 
+- [ae(1 — v,.v,, (m@R/L,)*/a,,,R*) 
R*{(1/2\mrR/L,)* + n*) 


~ 


especially Fig. 5; also reference (6), pp. 448, 449 


— 19 


* Reference (10 
453, 455 
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where 


Gn, = (1/R)* {(m@R/L,)* 
+ (0:/c3)[1 — vp ig -— 2v,,(&s/a,)] (maR/L,)*n* 
+ (c/a \n'*} 


The buckled mode is governed by the values of m and n. Since 
it is desired to find the lowest critical load, the values of m and n 
appearing in Equation [19] are chosen so as to minimize pe. Ina 
linear eigenvalue problem this is equivalent to minimizing the 
energy II. As in the case of an isotropic shell, per will be a minimum 
form = 1. The value of n for which per will be a minimum can be 
obtained either by formally minimizing per with respect to n (upon 
assuming that n varies continuously), by trial and error, or by 
graphical] methods. 


Ortuorroric SHett to Rtixe-Srirrenep 
SHELL 


Equation [19] gives the buckling load of a simply supported 
orthotropic shell under hydrostatic pressure. It is desired to re- 
late the elastic properties of the orthotropic shell to equivalent 
properties of a ring-stiffened, isotropic shell in order to calculate 
the general instability load of such a shell. 

Since ring stiffeners have relatively little effect on the axial ex- 
tensional and bending rigidities and on the shear rigidity of an 
isotropic shell, these properties for the equivalent orthotropic 
shell can be set equal to those of the isotropic shell. We can set 


CORRELATION OF 


D, = D, = Eh*/12(1 — v*) } 
a, = Eh/(1 — v*) ) 
a, = Eh/A1 + v) 


- - [20] 


where £ is the Young’s modulus, h the thickness, and y the Pois- 
son’s ratio of the isotropic shell. 

Equations [20] are self-consistent and are equivalent to the 
assignment of the following values to three of the four elastic 
constants of the orthotropic shell 

\ 


E,/(1 — ¥sP es) = E/(1 — v*) | 
Ey,/(1 — ¥4%2) = vE/(1 — v*) > 
G = EK(1 + pv) 


There remains, therefore, only the elastic constant £,/(1—v,,¥,,) 
which must be correlated to properties of the ring-stiffened iso- 
tropic shell. It would be sufficient to determine D, and ay in 
terms of this one constant if the equivalent orthotropic shell were 
homogeneous in the radial direction. Since this is not the case 
here, these rigidities are independent of each other and would have 
to be represented by two constants. The values of D, and a; are 
therefore determined so as to best represent the characteristics of 
a ring-stiffened shell. 

The cross-sectional area of the ring stiffeners contributes 
directly to the extensional rigidity a. Each ring stiffener area 
A, can be considered to be uniformly distributed over the length 
of a bay L, and, since the ring depth is small compared to the shell 
radius, the area can be assumed to be concentrated at the shell 
middle surface. The effective thickness of the shell in the circum- 
ferential direction to be used in computing a, therefore becomes 


h, = h+(A,/L,) 
Hence a, can be written as 
a = Eh,/(1 — v*) 


The bending rigidity D, of the equivalent orthotropic shell can 
be expressed as 
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SF Seen (24) 


where J, ig the effective moment of inertia of the mng-stiffener- 
and-shell combination in the circumferential direction. In com- 
puting /, for a particular example, the question arises as to what is 
the length of sheet to be considered effective in acting with the 
stiffener in resisting bending. A complete solution of this problem 
is not yet available and it is necessary to resort to some approxi- 
mations. A method for obtaining an approximate value of the 
effective length of sheet is discussed in the following section. 

Equations [20], [23], and [24], which define the rigidities of the 
equivalent orthotropic shell in terms of the properties of the ring- 
reinforced shell, when substituted into Equation [19] for the 
buckling load of an orthotropic shell, give 


PerR(1 — v*)/Eh = {(h?/12R?)\* 
+ [1,1 — v*)/LAR*)n* + (h?/6R*)n*d? 
+ (h,/h)\(1 — v*)(A*/a,,,2*)| /{(1/2)A* + ni} 


A = mrR/L, = xR/L, 


since Per is a minimum for m = 1; and, from Equations [19a], 


[20], and [23] 
a,,,kt* = A* + 2(h,/h)A%n*® + (h,/h)n* 255] 


In order to compare Equation [25] with the corresponding 
equations of Fligge (5), the following new parameters are intro- 
duced 


® = p..R(i — v*)/Eh 
t = h?/12R* 
th = 11 — v*)/L,AR* 
r = hl — y*)/h 
Equation [25] can then be rewritten in the form 
@ = (C, + Ct + Ch)/(C, + (1/2)G,).... 
where 
C, = rd 
Cz = AX{A* + 2n*)+ (h,/h)AX2A* + 5A%n* + 2n*) 
Cy = n*[A* + 2h,/h)A%n*? + (h,/h)n*] 
C, = n{\4 + 2(h,/h)A2n® + (h,/h)n*] 
Cy = ANAS + AA,/h)Am? + (h,/h)n‘] 


Equations [27] and [27a] can be compared term by term with 


those of Fligge (5). A comparison of the two expressions shows 
that Fligge’s result reduces to Equation [27] if r is set equal to 
(h,/h) and unity is neglected in comparison to n*. This last 
condition is not objectionable except for very long shells whose 
buckled cross-sectional shape is elliptic (n = 2). 

An important advantage of Equation [25] over the correspond- 
ing equation of Fligge is the appreciable reduction in the number 
of parameters that is possible with the former equation. A con- 
venient set of nondimensional parameters for this purpose is that 
used by Batdorf (10), for solutions of the Donnell equations. Bat- 
dorf’s parameters are 


Cy = PeRL,*12(1 — v*)/Eh*x*... 
Z = L,%1 — v*)'/*/Rh.............. 


8 = nL,/xR = n/Xr 
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Batdorf shows (10) that the solution of the Donnell equations 
for the buckling load of a simply supported isotropic shell under 
hydrostatic pressure can be expressed in terms of the two parame- 
ters C, and Z. The § term does not appear in the final represen- 
tation of C, since C, is minimized with respect to 8 to obtain the 
buckling load of the shell. 

It is not possible, however, to express Equation [25] completely 
in terms of C,, Z, and 8. This is due to the appearance in that 
equation of the effective moment of inertia /,, which is a function 
of the ring-stiffener geometry as well as that of the shell. An ad- 
ditional parameter F’, a function of the ring and shell geometries, 
must therefore appear in the representation of Equation [25] in a 
form similar to that of Batdort’s for isotropic shells. 

Prior to carrying out the change in parameters, the following 
approximation is made in Equation [25] 


th,/h)/a,.R* = 1/{[A*/(h/h,)] + 24%? + n*} 


es 1/(A? + n*)*...... [31] 


This is a valid approximation since (h/h,) seldom differs greatly 

from unity and \* is usually much less than n*. The error in- 

curred by the use of this approximation has been calculated in a 
number of examples to be less than 1 per cent. 

Upon using the previous approximation, Equation [25] can be 

rewritten in the following form 
1 + 8)? + FB + [12Z*/x{1 + B*)*] 
7. ee es 


v*)}} —1 . [33] 


i 


[32] 


where F 121 
The first term in the expression for F is the ratio of the moment of 
inertia of the ring stiffener and effective length of sheet in a bay 
to that of the shel! alone in the absence of any ring stiffeners. For 
the case of an unreinforced shell, this ratio is unity, and Equation 
[33] becomes F = 0. Setting F = 0 in Equation [32] reduces it to 
Equation [B.14] of (8) for the buckling load of an isotropic shell. 

In terms of the geometrical parameters of the ring stiffener and 
shell, F is given by 
pa 1 

L jh’ 


[34] 


where A, and /, are the area of the ring frame and its moment of 
inertia about its centroidal axis, respectively. The quantity e¢ is 
the distance from the shell middle surface to the centroid of the 
ring cross section (positive when measured in the positive z2-direc- 
tion) and Z is the distance from the shell middle surface to the 
centroid of the combined section of ring frame and effective length 
of sheet. This combined section is shown shaded in Fig.3. The 


° 


Fic. 3 Dera or Rine-Stirrener Cross Section 
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present theory does not distinguish between internal and ex- 
ternal stiffness since the ring depth is assumed to be small com- 
pared to the shell radius. 

In order to find the minimum value of C,, the parameter £ is 
allowed to vary continuously. This assumption corresponds to 
allowing to take on nonintegral values and leads only to small 
conservative errors. The pressure parameter C, can then be 
minimized with respect to 8 (or §*) to give the buckling pressure 
of the shell. 

The result of setting 


dC,/d(6*) = 0 
is 
(Cy)asia = 2(1 + Ba*) + 2PBa* — [24Z*/x{1 + Bu*)*]. . (35) 
where §..* is the solution of 


Bee%{1 + Bu*)* a 


2 + 3B a* 
These equations differ from the corresponding ones for isotropi: 
shells only by the appearance of the F-parameter. 
The variation of (C,)mis with Z for different values of F is show 
in Fig. 5. The curves in Fig. 5 are based upon Equations [35] and 
[36] and were computed for the following values of F 


12Z' 
r{l+F) 


F = 0, 1, 5, 10, 20, 30, 40, 50, 60 


This range includes most stiffened shells that are likely to fail | 
general instability. The curve for F = 0 in Fig. 5 is identical to 
the curve in Fig. 5 of (10) for the buckling load of a simply sup- 
ported isotropic shell under hydrostatic pressure. 

Although it is convenient to use all the curves in Fig. 5 to ob- 
tain general instability loads, it is of interest to nvte that these 
loads could be calculated readily using only the curve for F = 0 
Equation [35], setting F = 0, is 
2)3) [37 


wisi 


(C,)min| poo = 2 + 2Ber* — [24Z*/x{1 + 


where §..* is the solution of Equation [3¢] for F = 0. [If the 


parameter 
ZexZ/Viir+F 


is used instead of Z in Equation [37], the resulting value for 
C,)min, say C,’, can be made to agree readily with the value of 
the buckling-load parameter given by Equation [35]. The rela- 
tionship is simply 

(C,)mia = (1 + FIC,’ — 2F. . [38] 
The proper value of 8..* is implicitly used in this computation 
since §..? depends only upon Z/+/(1 + F). 

Hence a method for obtaining (C,)mi» for stiffened shell having 
any value of F is to first obtain the value of (C,,)»i» from the curve 
F = 0 of Fig. 5 using the value of Z/+/(1 + F) for the abscissa. 
The value of (C,) mis thus obtained is the quantity C,’ in Equation 
[38]. The value of (C,)mis for the F of the stiffened sheil and, 
therefore, the buckling load of the shell could be obtained from 


that equation 
DETERMINATION OF Errective Lenors or SHEetr 


No rigorous analysis for the determination of the effective 
length in bending of shell plating about an elastic ring stiffener 
appears to be available. The effective length of sheet required 
here is that length which can be considered to act with the ring 
stiffener in order that the same rigidity would be obtained using 
simple ring theory. This effective length is the quantity L, which 


* See discussion, reference (10), pp. 4 and 5. 
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should be used in the computation of F, Equation [34]. It is as- 
sumed here that L, is the same for all bays of the shell. 

The effective length of sheet determined in (9) is that length 
which enables the maximum circumferential stress in the shell to 
be computed on the basis of simple ring theory. An infinitely 
long shell reinforced by equally spaced ring stiffeners which are 
rigid in their plane is considered. The effective length values ob- 
tained in (9) are therefore independent of the properties of the 
ring stiffener and are a function of the shell geometry, stiffener 
spacing, and circumferential waves n. These values are ap- 
plicable to the present problem for the case of relatively heavy 
ring stiffeners, but could not be used directly for the cases of light 
stiffening that are likely to exist in shells that would fail by general 
instability. For very light stiffening the full length of shell in a 
bay L, is almost completely effective in resisting bending. Indeed, 
any effective-length formula should reduce to the full length L, 
for the case of no stiffening. 

An effective length formula that satisfies the limiting conditions 
is 

rfl (Lar L, } [39] 

NI ,/(1/12)L,h3 

1 + [NI,/(1/12)L ,h*} 


where . [40] 


and Lgx is the length determined in (9). The quantity N is an 
arbitrary constant. It is readily seen that as 


NI ,/(A/12)L yh? > ©, K— 1 and L,— Lex 


and as NI ,/(1/12)L jh? + 0, K—-Oand L,— L, 
Equation [39], with N appropriately chosen, is believed to be a 
good approximation for the effective length of sheet to be used in 
a general instability calculation by the orthotropic-shell method. 
It can be used both with the equations of the present paper, in 
particular in Equation [34], and with those of Fligge 

The problem of determining the effective length of sheet has its 
counterpart in the energy-method approach. In that method the 
deflection functions employed in carrying out the Rayleigh-Ritz 
procedure should account for the effects of the rings on the shell 
deformation. For example, the use of the simple deflection func- 
tions 


w = A cos (ns/R) sin (mrz/L,) 


in (11) and in Kendrick’s first report (1), is equivalent to as- 
suming that the complete length of shell is effective in resisting 
bending and that the axis of bending is the shell middle surface. 
More realistic deflection functions that account for the interaction 
of shell and ring, such as those employed in (2) (discussed in the 
Appendix) and in Kendrick’s third report (1), tend to eliminate 
these artificiel requirements on the shell. In principle, the 
rigorous solution of the interaction problem, if obtainable, could 
be used in the energy method to give an accurate solution to the 
problem. The energy method is discussed in the Appendix. 


TABLE 1 VALUES OF GEOMETRICAL 


Parameter A 
3 


0.01205 


0.3350 
4.5384 
0.2948 
6.330 
0.6415 
2.817 
Laex/Ls 0.4773 
Le/Ls (Ea. [39] uning N = 3 0. 5034 
E = 30 X 10¢ psi 
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NUMERICAL EXAMPLES 


The theoretical solution obtained in this paper was used to cal- 
culate general instability loads for a number of stiffened shells. 
The values of the reievant geometrical parameters for these shells 
are listed in Table 1. These parameters are based upon shells to 
be tested in an experimental program at the David Taylor Model 
Basin. The elastic constants used in the computation were 


E = 30 X 10° psi 
vy = 0.30 


Three different effective lengths of sheet were considered for 
each shell. General instability loads were calculated based upon 
the following effective sheet lengths: 

1 The full length L,. 

2 The effective length of Biezeno and Koch Lgx, which was 
obtained from the graphs in (9 

3 The modified Biezeno-Koch length L,, obtained from | 
tion [39] in which N was set equal to 3 

The values of Lg,/L, and L,/L, fo 
indicated in Table 1. 

Since Lg, is a function of L,/R, h/R, and n, an estimate of the 


each of the shells are also 


number of circumferential buckling waves must be made before 
these lengths can be calculated. The value of n for an unstiffened 
shell, obtainable from Fig. 251 of (6) or from Fig. 4 of this paper 
by setting F = 
Heavy stiffening tends to lower the value of n. 


0, would be a reasonable first approximatior 


The parameters listed in Table | are sufficient to calculate F 
With this in- 


formation the corresponding values of C, for each shell could be 


from Equation [34] and Z from Equation [29]. 


obtained from Fig. 5 or could be computed directly from Equa- 
tions [35] or [32]. The related 6..’s were obtained from Equation 
[36], Fig. 4, and checked the values of n used im the calcula- 
tions. 
obtained from Fig. 4 did not agree with that initially assumed 


The computation would have to be reperformed if the n 


The results for the general instability pressure per are listed in 
Table 2 as follows: 


Method of Calculation of P. 


I Theory of this paper 
Lys 


II Theory of this paper; Equations [34] and [35]; 


now 


Equations [34] and [35]; taking lL, 


taking L, = 
Lex 

Theory of this paper; Equations [34] and [35]; L, obtained 
from Equations [39] and [40] using N = 3 

Theory of this paper; Equations [34] and [35]; taking lL, = 
Lz and setting z = 0 in Equation [34] (bending axis is then 
shell middle surface) 

Flagge’s orthotropic-shell equations (5) and (6), taking L, = 
Lz (Note: Flogge’s parameter & is directly related to F 
through the parameters used here, and his r can be ex- 
pressed as a function of A,/L,h) 

Flagge’s equations; taking L, = Lax 

Flogge’s equations; taking L, as obtained from Equations 
[39] and [40] using N = 3 

Energy method, Kendrick’s Part I (1) 
functions) 

Energy method, Kendrick’s Part III (1) (deflection functions 
that partially account for shell-and-ring interaction 


II! 


IV 


simple deflection 


PARAMETERS FOR STIFFENED SHELLS 


- Ring-Stiffened Shell 
B Cc } 
3 4 
01224 0.01217 0 
3350 0.3360 0 
5380 4.5391 4 
2183 0.1471 0 
514 0.7819 0 
3938 0.2119 0 
198 1.653 
4773 0.4759 0 i; 0 
5385 0.6326 
0.30 


01217 
3118 
}.4733 
2439 
286 
3982 
031 
5195 
0.5807 
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E 2 VALUES OF GENERAL INSTABILITY PRESSURE OF STIFFENED SHELLS 


Ring-Stiffened Shel 
xd of Calculation of per B D 
Equations of this paper: Le = L 1234 674 
Equations of this paper: Le = Lax 5 586 
Equations of this paper: L. obtained fror 
tion [39] using N = 3 
Equations of this paper: Le = Ly; § = 0 
ing about shell middle surface 
Fligge'’s equations: Il. = Ls 
Fligge'’s equations: Le = Lax 
Flagge's equations: Le obtained from Equation 
{39 ] 
Energy method, Kendrick's Part I 
Energy method, Kendrick's Part III 
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of 


2.2 
z= /RXI—w ) 


Fie. 5 Generar Instapitity Pressure or Simpty Suprortep Rine-Stirrenep Circucar Cy tinprical SHELLS 


The results of these calculations indicate that the general in- 
stability pressures obtained from the theory and recommendations 
of this paper (row IIT) are in good agreement with the results of 
the more complicated energy method (row IX). The results 
listed in rows I, IT, and IIT also agree well with the corresponding 
values in rows V, VI, and VII which were obtained from Fligge’s 
orthotropic-shell equatione. 

It is noted that the constant N in Equations [39] and [40] for 
the modified effective length can influence the buckling pressure 
only within the range indicated by rows I and II. The buckling 
pressures of row III, which are based upon the modified effective 
length formula using N = 3, are always greater than the corre- 
sponding values in row II and less than those in row I. They are 
closer to those of row II for heavy rings and to those of row I for 
light rings. 

The experimental result reported in (12) is for a model similar in 
all respects to shell E. The observed buckling pressure was 675 
psi. The results of the theory and recommendations of this paper 
(row III) indicate a per of 732 psi. The computed value is 8 per 
cent greater than the experimental. 
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Appendix 


EnerGy-Meruop SoL_vution 
The change in the total energy of the system during buckling 
IT) is that of the strain energy of the shell and ring stiffeners and 
The shell strain 
to the case 


of the potential energy of the external forces. 
energy can be obtained by specializing Equation [7] 
of an isotropic shell. The potential-energy expression is given by 
The strain energy of the ring stiffeners can be 


Equation [8]. 
f the shell middle-surface displacements [from 


written in terms 


+ e(w,,,,/R 
where the summation is over all the stiffeners between the end 
bulkheads. 
bending (both in 
strained warping 


Eq ration [41 ] includes the energies due to stretching, 
and out of the ring plane), twis 
In that equation F,, is the circumferential 


buckling, A, is the cross-section area, J, and 


ig, and re- 


ring force prior to 
J, are moments of inertia about z and z-axes through the ring 
centroid, C is the torsional rigidity, and [ is the warping con- 
stant of the ring-stiffener cross section 

The use of relatively complicated expressions in order to repre- 
sent accurately the stress state prior to buckling does not affect 
the general procedure in the application of the energy method. 
At most, it may necessitate some laborious calculations. Exact 
solutions for the stresses in a ring-stiffened shell before buckling 
are given in (13) and (14 teference (14) considers the destabiliz- 
ing effect of the axial load which leads to stress equations that are 


nonlinear in the pressure. Such equations are not well suited for 
the stability analysis considered here. The ring-stiffener force 
P,, can be obtained from Equation [88] of (13) as a linear func- 
tion of p. The equation for N,, in (13) is relatively complicated. 
Numerical evaluation of the equation for a number of cases indi- 
cates that N,, varies approximately in the form 


N,, = —pR{ {1 + ¢)/2] — [(1 — ¢)/2] cos (2erzr’/L,)} .. [42 


where z’ is the distance from the stiffener location and gq is a con- 
stant determined from equilibrium considerations. Midway be- 
tween frames (z’ = L,/2), the foregoing formula gives V,, = 


—pR. The equilibrium condition 


= pRL 


— K cos 
where 
F, pRL 45) 


The axial-stress resultant is the same as for an unstiffened shell; 
namely 


—pR /2 46) 


The deflection functions for an unstiffened shell with simple 
nd supports are 
R) cos (marz/L,) | 
’ 
= B sin (ns/R) sin (mrz/L, 
= C cos (ns/R) sin (mrz/L, 
account, f he -racti »fiec f 
not account [or the interaction efiects o! the 
The use of Equation [47] in a Ravleigh- 


These functions do 
shell and ring stiffeners. 
{itz approximation would therefore lead to high values for the 
buckling pressure. Such values were obtained in Kendrick’s first 
report (1 

The ring-stiffener effect is, for the most part, a restraint on the 
vr and w shell displacements that varies approximately sinusoidally 
The u shell displacement is not ap- 


A set of displacement 


between adjacent stiffeners. 
the stiffeners 


functions that takes the stiffener effects into account is 


preciably influenced by 


cos (marz/L, 


Sin (marr 


sn 


Nez 
+ H cos 2rz L,;) — I] 
netions similar to the foregoing were used in (2) and in Ken- 


drick’s third report ] 





On Radial Deflections of a Cylinder 
Subjected to Equal and Opposite 
Concentrated Radial Loads 


Infinitely Long Cylinder and Finite-Length Cylinder 
With Simply Supported Ends 


By S. W. YUAN! anpv L. TING,*? BROOKLYN, N. Y 


The radial deformations of a thin-walled circular 
cylindrical shell subjected to a pair of equal and opposite 
concentrated radial loads were obtained in (1)* for the 
cases of infinitely long cylinders and cylinders of finite 
length simply supported at the ends. Based on the 
mathematical method given in (1) this problem is re- 
examined in the present paper by using Fliigge’s equations 
(2,3). It is found that the results obtained in (1) are quite 
satisfactory for short-length cylinders (L/a < 10) with 
simply supported ends but not satisfactory for infinitely 
long cylinders. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = radius of cylinder 
= wall thickness 
integer 
radially distributed load 
circumferential co-ordinate 
axial co-ordinate 
radial displacement 
= real part of complex roots of characteristic 
equation 
imaginary part of complex roots of character- 
istic equation 


amplitudes defined under Equation [8} 


Eh? /(12(1 v*)| = bending rigidity of wall of 
shell per unit length 
Young's modulus of elasticity 


a 2 
= 12(1 *)/( ) 
h 


L length of shell 
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the paper. 
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concentrated radial load 
j 
w j P 
j - 
h/ Bh? 
axial co-ordinate for finite-length cylinder 
variable used in the Fourier integra! 
Poisson’s ratio 
circumferential! co-ordinate 


= nondimensional radial deflectior 


measured in radians 


INTRODUCTION 


The three differential equations for the displacements u, », at 
w which define the deformation of a thin circular cylindrical shel! 
subjected to arbitrary loads can be found in the works of Love 
(4, 5), Fliigge (2, 3), Timoshenko (6), Biezeno and Gramme! (7 
and Wang (8), who followed Reissner’s method of derivation (9 
The discrepancy in terms in the equations given by the different 
authors is due to the difference in the relationship between strain 
and stress resultants or stress couples. The difference in the 
equations mentioned is in those terms which are smal] as com- 


pared to principal terms. The latter are the same in all the works 
cited (10). The significance of the higher-order terms in the rela- 
tionship between strain and stress resultants or stress couples 


was discussed in (10, 11) and the references therein. For the 
problem considered in this paper, it is reasonable to assume that 
those higher-order terms are insignificant for cylindrical shells 
with a/h sufficiently large (say a/h > 100 Therefore the set 
of equations from any one of the works (3, 4, 6, 7) will yield ap- 
proximately the same results. 

The normal procedure (3, 7) in solving the problem of the non- 
symmetrical deformation of cylindrical shells is to resolve the 
displacement into two parts 


plz, ¢) = pi(z, ©) + pn(z, ¢)...-. : 1 


where p stands for u, v, or w, and pi, pu represent the particular 
integral and the solution of the homogeneous equation, respec- 
tively. With the loads approximated by a double Fourier series 
in z and ¢g, the corresponding particular integral p: is obtained 
explicitly (7, 12) in a double Fourier series. The boundary con- 
ditions are fulfilled by a suitable solution of the homogeneous 
equation, pr: which is expressed by a single Fourier series in ¢ 


piu(z, ¢) = B,,(x) cos m(e + a,,) 


m=Q0,1 


where f,,(z) is the solution of an eighth-order linear homogeneous 
ordinary differential equation with constant coefficients. 

This computation would be very tedious by ordinary means be- 
cause: 
load by means of 


(a) The approximation of an arbitrary 
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double Fourier series requires a large number of terms [of the order 
of hundreds (13 

(b) The explicit relationship between the load and the particular 
integral is very complicated 

Bijlaard (13, 14) proceeded with the aid of IBM calculators to 
obtain some valuable numerical results for the problems in which 
the boundary conditions are fulfilled by the particular integral 
Without IBM calculators 
louble Fourier series, and, of course, it is desirable to simplify the 


it is necessary to avoid the method of 


itions further and w in (3, 4, 6, 7). 


the stability of thin shells, Donnell (15 


three differential « for u, v, 
In the investigation o 
in 1933 reduced the 


. ’ 
ierential equator 


thre. iff 


-rential equations into a single dif- 

the eighth order in the radial displacement wu 
O*u 

vc 

Sx* 

flexural rigidity of the cylinder 


w here 


D = Eh*/i21 , the 


und g represents a « radial load. This was based on the 
knowledge that t! I : ly buckles with a large number ol 
ircumferential w the general problem of nonsym- 
metrical deformation thin shells, Equation [3] is not adequate. 
In the investigatior sl shell-type struc tures, Finster- 
valder (16) in 1933 
‘ircumferential stress couple M,. It was achieved by assuming 
OM... /dz) are 


ss compared to the rest of the terms in the equation of equi- 


single differential ¢« quation for the 


that the terms (0M, and small and negligible 


ibrium. Finsterwalder’s equation was further simplified by 

Schorer (17) in 1935, to the following equation 
YM, 12/1 —p*)a* OM, 

= 4 = 0 

x A? or* 

Based simple solutions were obtained by 

Odgqvist (18) by 


upon this equation, 


using a single Fourier series in the z-direction, 


Sp.(¢) cos (nxz/L + a, 


Both Finsterwak 
the fourth order with respect to z; therefore half of the solution in 


This 


ler’s equation and Schorer’s equation are of 


the general eighth-order equation has been «!:minated 
point will be discussed in a subsequent paper 

In 1946, the problem f a cylindrica! shell subjex ted to a con- 
centrated load was treated by Yuan (1) based upon Equation [3 
The method of Fourier integral was introduced to obtain the solu- 
tion for an infinitely long cylinder, Fig. 1. For cylinders of 
finite length with simply supported ends, the 
tained by the method of images. Hoff (19) in 1954 reinvesti- 
gated the problem 18) by Odqvist’s method (18), but 
Equation [3] was used in this investigation instead of Equation 


The inaccuracy of Equation 


solution is ob- 
given in 
[4] as originally used by Odqvist. 
[3] when used for the solution of long cylinders has been pointed 


out in (13), (19 and (20 


this solution for short-length cylinders was not established. 


; however, the range of accuracy of 


Loaps anp Components or DisPLACEMENTS OF AN IN- 


FINITELY Lone CYLINDER 


In the present paper the radial deflections of a thin-walled 
circular cylindrical shell subjected to a pair of equal and opposite 
concentrated radial loads have been re-examined. The solution of 
Fliigge’s equations was made by following the method given in 

1), and it was used as a standard of comparison with the corre- 
sponding solution given in (1 1) is 
much simpler to use than the one from Fliigge’s equations, it is 


Since the solution given in | 


important to establish a range of length-radius ratios within 
which the solution given in (1) would be sufficiently accurate for 
practical applications. In a subsequent paper, solutions by a 
different method for cylinders of finite length with built-in, 
simply supported, or free ends will be presented. 

For thin-walled shells, i.e 


tial equations (3) for u, », and 


Solutions of Fliigge’s Equations 
h/av< l, Fla rge’s three differer 


w can be reduced to a single eighth-order differential equation ir 


O*u 


Vw + 


] 


V7 =0 
ds*Oz* | p** 


assumption regarding the relative order 


without introducing any 


nagnitude of the differentiation with respect to z or s. 


r 
I 
given in (1 
a distributed load g expressed as a function of the longitudinal 


the method and procedure 


il the solution ot Equation ) 
are followed. The concentrated force P is replaced Dd) 
and circumferential co-ordinates, and applied to a small area 
which subsequently is reduced to an infinitesimal. The load q 
and the displacement w are both represented in the longitudinal 
direction by a Fourier integral, and in the circumferential direction 
by a Fourier series. Equation [6] then yields the following solu- 
tion 


2Pa* > 


D5 


where 


Cauchy’s theorem of residue ised in the evaluation of the 


foregoing integrals and leflection was obtained as 


fo 


llows 
wEh 
P 


V(F)G)r_: 
& J—y 
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Ki py a RK; 

A,B,(A? + BY)R A,B,(A?? + B,)R 
ae ee Pe 

C,G,(C? + GR C,G(C;? + GDR 
R = (m* + m?m* + 3°) 
K, = ®(n2 — 4A,°B,*) + 44.9A,B, 
®, = Ai(m? — mm) — Bim(n: + mr) 
K; .(n2 — 4A,°B,*) — 49,9,A\B, 
®, = Bim* — nem) + Arm(m + 1) 
Ky = ©? — 4C,°G,*) + 46516, 








where M, = 


M, 


®, = Cilmi? + ms) + Gim(m — m) 

Ky D.(s* — 4C,°G,*) — 49.C,G, 
Gi(m* + 2) — Com(m: — 12) 
A,? — Bt — C;* + Gt 
2(A,B, + CG,) 
2(A,B, — CG,) 
A,;? — B,* + n?* 
C,* — G,? + n* 

and + (A, + iB,), * (A; — iB,), = (Ci + iG,), + (C; — iG,) 


are the eight roots of the eighth-degree characteristic equation 
in \ obtained by equating to zero the denominator of the second 
term in Equation [7]. 

The expression for the radial deflection in a thin cylindrical 
shell of finite length 2L, with both ends simply supported, can 
be obtained from the solution for infinite cylinders by using the 
method of images (1) 


w(z, s)/h _ Walz, 8)/h 


P/Eh®  ~—~P/Eh* 


Ek = 
+> D> (1 wo(2nk + 2, 8) + we (2nL — z, 2)} 
n=1,2 


61—»r)/a\?* + s 
OS i) eG) 


{a0 cos A; (£) + M; sin A; £] — . 
| a a 


¢ watl.* 
+ | M; cos C; + M, sin C; — le 
a a 


sinh B, £ (cosh B, f = GD A; £) 
a a a 


f 


t 





+};1— 
sinh? B, £ + sin? A; f 
a a 


| at sin A; £ sinh B, £ — M, cos A, £ cosh B, £] 
a a a a 


TABLE 1 
n 2 
fc. Equation [8] 5.214 X 10* 


from (1) 
Per cent difference in W 


0.9906 X 10% 0.438 x 10* 
3.476 X 10* 0.9124 X 10% 0.4258 K 10% 6.2381 X 10% 0.1437 x 10% 
33.3 7.9 2.8 0.725 36 
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2 — cos A; r) 
a 


sin A; f (cosh B, 
a a 





sinh? B, + sin* A; f 
a a 


[ a cos A; £ cosh B, f + M, sin A, c sinh B, |} vas 
a a a { 


a 


The radial deflection of finite-length cylinders under the : 
plied load is 


w/h 6&1 — v*) fa 
P/E «= (: } 2 


2,4 


—— cos A; — I 
a a f 

a M, sinh B, - — M; sin A 
L : L a 
~ + sin? A; — 
a a 


cosh B, 





a 


ins 


L L 
cosh G, — — cos C; — 
a 


L L 
2 L [a sinh G, — M, sin C, | ' 
sinh? G, — + sin* C, — ° P 
a a 





= 


[10] 


tion [8]. The solution given in Equation [9] fulfills the boundary 
conditions of simply supported ends; i.e., the radial deflection 
and the bending moment vanish at the two ends. 


NvuMERICAL ResvuLts 


In order to calculate the radial deflection w from Equation {8}, 
the characteristic equation of Fligge was solved from each given 
value of n (n =2, 4, 6, ete.) by using Graeffe’s root-sqaring method. 
For the purpose of comparison, a cylindrical shell with (a/h) = 
100 was chosen and the Poisson ratio is assumed to be 0.3. All 
other parameters were contained in the nondimensional radial 
deflection expression, W = [(w/h)/(P/Eh*)), which is the essen- 
tial quantity for comparison between the results obtained from 
Fligge’s equation and the results given in (1). The numerical 
comparison of the two results considered here in the maximum 
nondimensional radial deflection W (at z = 0, s = 0) for an in- 
finitely long cylinder for n = 2, 4, 6, etc., is given in Table 1. 

It is seen from Table 1 that the difference in the maximum radial 
deflection between Equation [8] and Equation [17] in (1) is 
negligible when n > 10; hence the results in (1) can be used for the 
computation of maximum radial deflection forn 2 10. For any 
practical purpose it would be sufficiently accurate for the radial 
deflection of an infinitely long cylinder obtained from (1) except 
for the first term (n = 2) which should be computed from Equa- 
tion [8]. This would give about 1.0 per cent difference in radial 
deflection from the results computed from Equation [8] for all 
values of n. The difference in maximum deflection calculated be- 
tween Equation [8] and (1) for ail n is 25 per cent. The radial de- 
flection for an infinitely long cylinder along the generatrix through 
a point of loading calculated from Equation [8] and (1) are shown 
in Fig. 2. The variation of radial deflections along the generatrix 
through a point of loading for cylinders of finite length is shown in 
Fig. 3. 


COMPARISON OF RESULTS 


6 8 10 
0.2398 XK 10% 0.144 X 10° 


0.36 
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radia! deflections for cylinders of various length 


The maximum 
over radius ratio (L/a) were calculated from both Equation [10], 
derived from Fliigge’s equilibrium equations, and the result given 
in (1). 
cylinders with various (/a) ratios calculated from Equation [10] 
and Equation [21] in (1) are shown in Fig. 4. 
note that the difference in deflections from these two equa- 
tions is not significant for (L/a) < 10, and the differences 
in deflections remain almost constant when (L/a) > 25. The 


A comparison of the maximum radial deflections for 


It is interesting to 


percentage difference in maximum deflections for (L/a) < 10 ob- 
tained from Equation [10] and (1) is about 6 per cent or under. 


Discussion 


Fligge’s equations of equilibrium of an element of a cylindrical 
shell were used to obtain the radial deflection of a thin-walled 
cylindrical shell under concentrated, equal, and opposite radial 
loads. The radial deflections computed from Fligge’s equations 
were used to compare with the corresponding results obtained in 
(1) which were derived from Equation [3]. Computed results 
indicate that the difference in maximum deflection for an in- 
finitely long cylinder between the foregoing two equations is 
about 25 per cent. For a cylinder of finite length, (L/a) < 10, the 
difference is about 6 per cent or less. 

In (21) the maximum measured deflection w of a thin steel 
cylinder (a/h = 89.15 and L/a = 10.4) under two equal and op- 


yy Curves or Crtuwpers Wits Dirresent (L /a) Ratio 
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posite loads of 120 lb each was given to be w = 0.0130 in. It is 
interesting to note that by interpolation of results obtained in this 
paper Fligge’s equation gives w = 0.01348 and reference (1) w = 
0.0126. Itis seen that the former result in maximum deflection for 
this particular cylinder is 3.7 per cent larger than the measured re- 
sult while the latter is 3.0 per cent smaller than the measured 
one. Although the foregoing good agreement between calculated 
and measured values cannot serve as a definite proof of the ac- 
curacy of the theories used, yet it does indicate that the dis- 
crepancy between Fligge’s equations and (1) is small for a cylin- 
der with (L/a) © 10. 

As mentioned in the previous section the solution of the charac- 


teristic equation of Fligge involves a very tedious numerical 


ALONG THE GENERATRIX 


solution of a fourth-degree algebraic equation with complex 
roots. These complex roots must be obtained for each required 
number of n = 2, 4, 6, etc., in order to calculate deflection w 
On the other hand, the characteristic equation of Equation [3] 
has been solved in closed form and the complex roots are ex- 
The deflection 


w in this case can be calculated in a much simpler manner; the re- 


pressed in terms of n, (a/h), and Poisson’s ratio. 


quired real and imaginary parts of the complex roots in the char- 


acteristic equation are calculated by simply substituting the 
parameters (a/h), », and n. The merit of Equation [3] is self- 
evident even though it is off by 25 per cent from Fligge’s equa- 


For a 


radial deflection for an infinitely long cylinder 
radial deflection may be calculated 


L/a) > 10, the 
from the expression (Equations [8] and [9 


tion in 
cylinder with 
derived from F1 igge 8 
equations only for the term n = 2, and the remaining terms for n 
= 2, 4, 6, etc., can 


be calculated from the corresponding equa- 
tions given in (1). The radial deflection calculated in this way 
gives about 1.0 per cent difference from the result computed from 
Equations [8] and [9) for all values of n; however, the time re- 
quired for the computation of the deflection from (1) is considera- 
bly less than that for Equation [8]. 

It should be mentioned that Equation [3 
reduced from Fliigge’s Equation [6] by neglecting the third and 
fourth terms. This simplification is based on the assumption that 


used in (1) can be 


the deflection term (w/a*) can be neglected in comparison with the 
curvature term (0*w/dz*). It can be seen that when the deflection 
wave length in the generatrix direction decreases, i.e., the length 
of the cylinder decreases, the deflection w decreases and the 
curvature (0*%w/dz*) increases. This explains why the calculated 
deflection w from Equation [3] shows appreciable error (25 per 
cent) for an infinitely long cylinder but the error becomes smaller 
as the length of the cylinder decreases. It also can be shown that 
the ratio of (w/a*) to (0*w/dz*) is proportional to the ratio (L/a)* 
This agrees with the foregoing interpretation 

In the case of cylinders which differ in radius-to-thickness ra- 
tio, it is found that they do not contribute significantly to the 
discrepancy between the solution of Fligge’s equations and (1) as 
here considered. This result will be discussed further in a sub- 
sequent paper 
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Collapse Strength of Redundant Beams 
After Lateral Buckling 


By FE. F. MASUR® anpv K. P 


According to classical linear theory, slender beams 
buckle laterally under vertical loads which remain con- 
stant as the buckling amplitude increases. Unless prior 
yielding takes place, the loads corresponding to neutral 
equilibrium represent therefore the collapse strength of 
the beam. However, the inclusion of nonlinear terms in 
the strain-displacement relations modifies the predicted 
postbuckling behavior of redundant beams. If continued 
elasticity is postulated, increasing amplitudes are asso- 
ciated with increasing load magnitudes, which generally 
approach limiting values. These “ultimate loads” may be 
estimated by means of two principles establishing lower 
and upper bounds. Tests performed on a single-span 
beam of varying degrees of end restraint show good agree- 
ment with the proposed theory. 


N OMENCLATURBE 


The following nomenclature is used in the paper. 


a 


fron w center to point of application of 


distance 
load 

support slit Less 

fiber strair 


sl 


a 


moments Of inérua about Z, y-axes 
att 
constant defined by Equation 


about £-axis 


torsion const 
CT O088-SCC LIOGL AL [7] 
bending mom« 
axial force 

load (distrit 


ts in the &, n, 2-directions 


, 
1 emer £ 
displ cern c 
erg 


potential er , 
shear center 


co-ordinate of 
rotation of section 

degree of end fixity defined by Equation [35] 
warping constant 
multipliers 
polar radius of gyration about shear center 
warping function associated with torsion 


INTRODUCTION 
most cases of current design practice a beam is considered 
to have reached a condition of failure when the largest stress in 
1 The work contained . r was sponsored by the Office of 
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the beam equals the yield stress. Actually it is well known that 
collapse does not occur immediately. This is especially true in 
the case of statical indeterminacy, in which the full carrying ca- 
pacity is exhausted only after the development of a sufficient 
number of “yield hinges’’ which convert the structure into a col- 
lapse mechanism. The analysis of this limiting condition has 
been the object of many recent studies (1)* and will not be pur- 
sued further in this paper. It will be shown, however, that there 
exist some interesting analogic 


8 


s between plastic-limit analysis 
and the results of the current investigation 

If the stiffness of the beam perpendicular to the plane of bend- 
ing is sufficiently small, failure may occur through lateral buck- 
ling. According to the customary linearized theory, the amplitude 
of the buckling deformation is indeterminate and hence buckling 
is assumed to proceed without change in the load magnitude 
Furthermore, in the presence of small initial lateral eccentricities, 
and again on the basis of the linear theory, the magnitude of the 
external joad is found to approach asymptotically the value 
which, according to the idealized theory, is associated with neu- 
If continued elastic behavior is postulated, as 
‘herefore as- 


tral equilibrium. 
will be throughout the present paper, this load } 
sumed to represent the collapse strength of the sta acture. 

The object of the current study is te show that the linear 
theory may underestimate the actua! collapse load. The type of 
structure under investigation is a beam whose width is very much 
smaller than its depth; therefore, its lateral] postbuckling deforma- 
tion may be considered comparable to its width, though not to it 
length. The resulting large deflection theory 
analogous to the von Karman theory of plates in that it continues 


moderately is 
to approximate curvatures by linear expressions, but introduces 
second-order terms in the strains and hence im the conditions of 
compatible deformations. Obviously, this leaves the predicted 
strength of statically determinate beams unaffected since the 
bending moments in such br ams are not dependent on considera- 
tions of compatibility. Con :rsely, in the case of redundancy, 
the bending moments in the postbuckling domain will be shown 
to deviate from those predicted by the linear theory. This re- 
distribution of bending moments is accompanied by an increase 
in the external load magnitude, which generally approaches a 
limiting value as the lateral deformations increase indefinitely 
and in the absence of yielding. This may be likened somewhat to 
a pin-connected redundant truss, whose full carrying capacity is 
not reached «until a sufficient number of members have buckled. 


DEVELOPMENT OF Basic EQuATIONS 


In what follows, consider a beam whose cross section is arbi- 
trary except for the requirement that its shear center lie on the 
vertical principal axis through the centroid C, and let the beam 
buckle laterally as shown in Fig.1. If the components of the dis- 
placement vector of a generic point P in the (fixed) £-, 9-, z~<direc- 
tions are denoted by u,, #,, #,, with the z-axis defined as the cen- 
troidal axis of the unbuckled beam, and if u, 6, ® represent the 
corresponding components of the displacement vector of the 
shear center S, then it follows as a consequence of the elementary 


« Numbers in parentheses refer to the Bibliography at the end of the 
paper 
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Fic. 1 Typrcat Cross Section 


beam theory that 
u, = u + 2(cos 8 — 1) — (y — yo) sin 8 
ip = 5 + 2zsin B + (y — yo)(cos 8 — 1) 


tp =  — [z cos 8 — (y — w) sin Bu’ 
— [z sin B + (y— yo) cos Bla’ + 96’ | 


In Equations [1], all displacements of S as well as the rotation 8 
are functions of z, with primes designating differentiation with 
respect to z. Also, ¢(z, y) represents the warping function asso- 
ciated with torsion. 

The fiber strain é at P is given by 


B= Dp’ + */up® + Op?) 


which can be expressed in terms of the displacements of S 
through substitution of Equations [1]. It is now assumed that 
the displacements # and # and the strain 2 are decomposed into 
prebuckling contributions (associated with u = 8 = 0) ve, we, and 
é, and the increments », w, e occurring during buckling; that is 


b=»+?# 
w=wetw>.. .. [3] 
E=ate | 


In view of these relations, and after deletion of all terms of order 
higher than second in u, v, w, 8, the fiber strain associated with 
the buckling deformation now takes the form 


e=w’ + '/.[u’? + 2up'v’ + vo’? + 228’? + (y — ye)?8"*! 
+ $B" — x(u" + Bm’ + Br") 
— (y— wv” — Bu” — */Bm")...... .[4] 


For the purpose of the present discussion, it will be assumed 
that the beam rests on a sufficient number of rollers to prevent the 
introduction of additional axial forces «iter buckling takes place. 
Since the additional fiber stress is obtained by multiplying e by 
the modulus of elasticity Z, the integral of Equation [4] over the 
cross-sectional area A vanishes. This leads to 


w’ = —1/(u’? + 2n'v’ + v2 + p28’) 


— yelv’ — Bu” — '/28%r»")..... . [5] 


in which p represents the polar radius of gyration of the cross sec- 
tion about the shear center. 

A similar line of reasoning leads to an equation governing the 
additional deflection v. In fact, the internal bending moment 
about the (inclined) z-axis is obtained by multiplying the fiber 
stresses by y and integrating over the cross-sectional area. When 
this is equated to the externa] bending moment about the same 
axis and when the relationship between the prebuckling deflection 
v and the bending moment is considered, the following relation- 
ship is found to hold 
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v” = u"B — kp” (6] 


In the development of Equation [6] it is assumed that the 
axial compressive force P is very much smaller than the Euler 
force associated with buckiing about the z-axis. This is reasona- 
bie in view of the preceding discussion; otherwise, the effect of P 
can readily be included by adding Pv/EI, to the left side of the 
equation. The constant k depends on the cross section only and 


is defined by 


| 
k = y— (i) f yz? + ydA.. 
s A 


It vanishes for sections symmetrical with respect to the z-axis 

Two more equations are now obtained by considering the 
equilibrium of a beam element relative to forces in the z-direction 
and to moments about the z-axis. These are the classical lateral 
buckling equations and can be found, with slight modifications,* 
for example, in reference (2), p. 158. When J, is again consid- 
ered to be much larger than J, as well as* the torsional stiffness 
K, they read 


(EI,u’)’ + Pu? + ((M + Pyip)’ = 0 
(GKB’)’ — (Pp*8’)’ — (ETB")’ 


—(M + Pye)u” — 2kMB’)’ + paS = 0 9) 


In these equations, M represents the bending moment about the 
-axis, I’ is the warping constant referred to the shear center, and 
p(z) is the distributed vertical load applied at a distance a above 
the shear center. 

The potential energy V is finally defined as the increase in the 
strain energy during the buckling process minus the work done by 
all the external forces. Let the former be based on the fiber 
strains e and ¢é in the usual fashion, and let the latter include the 
work done by the vertical loads as well as by the forces and 
moments applied at the ends of the beam. If then Equations [5] 
and [6] are substituted in the resulting expression and if a number 
of integrations by parts are carried out, and if furthermore, only 
terms up to the second order in u and § are included, V assumes 
the following form’ 


V ='/, J [El ju"? + ETB" + GKB’* — P(u’® + p38" 
+ 2M + Py)Bu’ — 2kMB" — paB*)dz.. 110 


Obviously, Equations [8] and [9] represent the variational 
Equations of [10] relative to u and §, respectively. They are 
linear homogeneous in the dependent variables and, subject to 
homogeneous boundary conditions, admit a nontrivial solution 
when the equilibrium of the beam ceases to be stable. This solu- 
tion gives the shape but not the amplitude of the buckling mode 

In what follows let p(z) and P define, respectively, the vertical 
load and axial force at the instant of incipient instability in the 
absence of prestressing moments, while the associated bending 
moment will be designated by mo(z), which satisfies the equation 

5 Aside from a minor change in notation, the fifth term in Equation 
[9] differs from the corresponding term in (2); the two are in agree- 
ment when M is a constant and the beam is prismatic. 

* This additional requirement seems to have been pointed out for 
the first time in (3). 

’ Again, Equation [10] agrees essentially with the corresponding 
expression given in (2). It may be of some interest to note, how- 
ever, that the present derivation postulates no specific distribution of 
the end stresses other than that their work relative to the warping 
function.¢ is assumed to vanish. Subject to this restriction, only the 
stress resultants appear in the development of Equation [10]. This is 
to be expected since, warping excluded, the elementary beam theory is 
based on the concept of rigid motion of cross sections. It does, how- 
ever, clear up the question which was raised in (4) and which deals 
with an apparent dependence of the form of V on the actual distribu- 
tion of the end stresses. 
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of equilibrium 

p(z). _ {i 1] 
In the staticaliy determinate case, Equation [11], and the asso- 
ciated boundary conditions, determine the moment uniquely for 
given external loads; hence the buckling amplitudes increase 
while the loads as well as the mode shape remain constant. Con- 
versely, if the structure is statically indeterminate, the bending 
moments are dependent on considerations of geometric con- 
sistency. It will now be the object of the following section to 
study the bending moments as well as the loads in the postbuck- 
ling domain. 


me’ "(z) = 


A Postsuckiine Tueory ror Repunpant Beams 


Let a redundant—say, continuous—buckled beam be subjected 
to distributed loads and axial forces of magnitude Ap(z) and AP, 
respectively, in which \ represents a common multiplier. If the 
degree of redundancy is n, any bending moment satisfying the 
equations of equilibrium may be expressed in the form 


M(z) = Ame(z) + Agm,{2) 
The mutually independent moments m, (r = 1, 2 
equilibrated; that is, they satisfy 


12... 


between supports. They are continuous at interior supports and 
satisfy homogeneous end conditions where applicable. They 
may, for the sake of simplicity, orthonormalized in the sense 
that 


Let now an actual bending momen 1 the postbuckling 
state be associated \ yrebuckling ’ deflection m/z) by means 


of 


El v9" 

in which the prestressing m 
[16] 
is introduced for the sake of generality, and let the total post- 
buckling deflection (2) be expressed by the first of Equations [3), 
with the additional de! 
view of the geometric boundary and transition conditions apply- 


lection »(z) governed by Equation [6]. In 


ing to 6 and its first derivative, the relationship 


JS mi"dz = 0 (r= 1,2,..n 17 


is readily established by means of two integrations by parts and 


by considering Equation | 1: Conversely, the n Equations [17 


3 
constitute the necessary and sufficient condition that the vertical 


deflection #(z) be geometrically consistent after lateral buckling 
occurs. 

In view of Equations [3 
[12], [15], amd [16], as well as the orthonormalizing conditions 
[14], Equations [17 
tionships 


and [6], and by considering Equations 


are converted into the following set of rela- 


mem, dz 
EI, 
— Sf m{u’B 


Since, furthermore, me was previously assumed to be the moment 
associated with the classical linear analysis, it follows that all the 


+(4,—2,° 


’ 


kB")\dz=0 (rf = 1,2,..n (18 


* Repeated Greek subscripts denote summation from 1 to n. 


‘redundant” parameters A, vanish when there is no prestreasin 
° 


and when u = 8 = 0. Hence 


mem,dz 
—— = 0 
El, 
which is an expression of the classical principle of virtual work 
Equations [18] therefore reduce to the set of “compatibility rela- 
tions” 
. 


= J m{u’B — k8")dz 


These equations demonstrate how, in the postbuckling range, 


A A,* 


\y Ay 


iP a2 se. & 20) 


the bending moments deviate from those predicted by the linear 
theory. In turn, this affects the equations of equilibrium [8] 
and [9] in the sense of increasing the magnitude of the loads, or 
equivalently, of the load parameter A. Nor is the amplitude of 
deformation any longer indeterminate. In fact, 
of A and A,*, Equations [8] and [9] provide one relationship be- 


for given values 


tween the redundant parameters and establish the shape (but not 
amplitude) of the buckling mode in terms of these parameters 
Equations [20] then furnish the remaining (n — 1) relations for 
the values of , as well as one relation for the buckling amplitude 

The system is thereby seen to be one of formidable mathe- 


matical complexity. Some clarification, if not simplification, may 
be effected through an energy principle, which will be established 
To this end, let A, A and (% 8 desigr ate, re- 


in what follows 4 
spectively, an actual bending-moment 


distribution and buckling 
mode in the postbuckling domain. When Equations [8] and [9 
are substituted in the Expression [10] for the potential energy, it 


is readily shown that 
V(A, r,; u, fp) =0 


A “statically admissible” bending moment, associated with a 
statically admissible load parameter \’, will now be defined as 
one which equilibrates the external loads and corresponds to sta- 


ble or neutral equilibrium. Hence it can be expressed in the fé 


M(z) = X’ 
und satisfies the Rayleigh inequali 
V(A', AL"; uy B, 


f 


for any geometr’-. ily consistent set of displacement u,{(z) and 


’ 
8({z). In part ...ar, the inequality [23] holds for the actual 
buckling mode ‘x, ; If, therefore, the relations [21] and [23] 


Lie 


are compared assuming the same external load parameter and 
both, there 


actual buckling mode for results the following 


ineqt ty 


The integral expressions may be rep! means of Equations 


after some rearrangement of ter this leads to 


he’ 


in which the equality sign identity between the 
actual and the assumed moments 

In view of the orthonormalization [14], the expressions on 
either side of expression [25] are seen to represent the fictitious 
strain energy® in bending about the major axis, subject to an ad- 
ditive constant not depending on the redundant parameters. The 
following principle is therefore established: 

For given load parameter A and prestressing moment M*(z), 
the actual bending moment M(z) corresponds to a smaller value 
* Without prestressing, this becomes the conventional strain 
energy. 
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of the fictitious bending-strain energy than any other statically 
admissible bending moment. 

This principle covers both the prebuckling and postbuckling 
regions since, for the former, the right side of the inequality [25] 
vanishes. In fact, the familiar theorem of Castigliano is seen to 
be a special case covering the prebuckling domain in the absence 
of initia] stresses. Attention also is directed toward the analogy 
between the principle developed in the foregoing and a theorem 
which is due to Haar and von Karman (5) and which deals with 
the state of stress in an elastic-plastic structure. 


Limit ANALYsIS 


As the amplitude of the buckling mode increases, the loading 
parameter does not usually” increase indefinitely. Instead, it 
generally approaches a limiting value \“, which will be referred to 
as “ultimate load.’”’” Within the scope of the present theory, this 
value represents the maximum carrying capacity of the structure 

Associated with A* is a limiting moment distribution identified 
by the parameters \,“, and a buckling mode u,(z) and 8,(z2), 
which may be thought of as being normalized in some suitable 
fashion. Since the left side of Equation [20] remains finite as the 
amplitude approaches infinity, it follows that the ultimate state is 
governed by the set of relations 


Es m,(u,"B, — kB,'*)dz = 0 (r os i man n) 


It may be worth noting that this state is independent of the initial 
stresses; i.e., of settlements of supports or thermal conditions. 
It can further be proved that it is also unaffected by initial 
curvatures or other imperfections. 

The numerical calculation of A* presents an exceedingly cum- 
bersome task. However, it will be shown in this section that its 
value may be estimated by means of two principles establishing 
lower and upper bounds to the ultimate load. To this end, let the 
prestressing parameters \,* each be equal to A,"; then the beam 
buckles when A = A*, its buckling mode being identified by u, 
and @,. Hence, similarly to Equation [21] 


VOA*, Ay"; uy By) = 0... 


[26] 


[27] 
Also, by the inequality [23] 


V(A’, A,’; uy, B,) 2 0... . [28] 
in which (X’, A,’) designates any statically admissible set of param- 
eters as before. If now this inequality is compared with Equa- 
tion [27], and if further the set of relations [26] is taken into 
account, it follows that 


(A\’ — d*) SS [—Plu,’? + p*B,) + 2(me + Pye) Bu,” 
2kmf,,’? paB,?idz = 0 item 


By comparing this with Equation [10] defining the potential 
energy, and by considering Equations [26] and [27], it is seen 
that the integral in the inequality [29] is negative if \* is chosen 
to be positive." Thus 


A’ = Ae... [30] 
which expresses the following principle: 

The ultimate load parameter is the largest of all statically ad- 
missible load parameters. 

In other words, if a set of moments (and reactions) can be found 
which equilibrates a given system of loads, and if the equilibrium 
so defined is stable, then the structure is known to be safe'* under 


” Some sufficiency conditions are discussed later on in this section. 

1! No generality is lost by this choice. 

12 This term is, of course, used in the sense of the present paper; ex- 
cessive stresses or deflections are not deemed to constitute a lack of 
safety. 
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this system of loads. Therefore a lower bound to the ultimate 
load has been established. 

In order to derive an upper-bound formulation, it is convenient 
to define as ‘‘collapse mode” any set of functions uz) and 8(z) 
which satisfies the system of equations 


S m{u,B,— kB,)dz = 0 (7 = 1,2,..n) 

Also, let a positive parameter \” exist which corresponds to 

VA"; Ue Be 

Equivalently, this means that the mechanism defined by Equa- 

tions [31] and [32] collapses in such a way that the work done by 

the loads is equal to the internal work; the parameter A’ will 

therefore be referred to as being “kinematically admissible.” 

Since further, again by Rayleigh’s principle and by Equations 
{31} 


(31) 


= 0 [32] 


V(A*; u,, 8) 2 0 [33] 


the same line of reasoning as the one employed for the develop- 
ment of the inequality [30] leads to 

hv > (34) 

This inequality furnishes an upper bound to the ultimate-load 


In fact, the latter is the smallest of all kinematically 
if a collapse mode can be found 


parameter 
admissible load parameters; 
which, for a given system of loads, corresponds to a decrease in 
the potential energy, then the structure is known to be unsafe 
And since the actual ultimate load is included in the 
statically as well as kinematically admissible parameters as de- 


class of 


fined previously, the gap between the upper and lower bounds may 
be narrowed down arbitrarily 


The existence of an ultimate loa ] 


i cannot be postulated in all 
under special conditions, the magnitude of the load 


as buckling progresses 


Cases ; 
parameter may increase indefinitely 
However, for a broad class of redundant beams, an upper bound 
to the ultimate load, and hence its existence, can 
This includes the case in which 


be demon- 
strated. at least one span is 
subjected to a compressive force 
fies Equations [31] trivially and represents therefore a collapse 
mode, Equation [32] may be satisfied by letting the axial force 
and collapse mode for the compressed span equal the fixed-end 
Euler load and associated buckling mode while letting u, vanish 
identically for all other spans. 

Less trivial existence proofs can be established for other load- 
ing conditions. For example, if no compressive force is present in 
any span, but if at least one span of a symmetrical beam (k = 0 
is under vertical downward loads applied at or above the centroid 
without being also subjected to a tensile force, then the existence 
of an ultimate load can be demonstrated under fixed end condi- 
tions; the structure as a whole must therefore exhibit an ultimate 
load which is at most as large. Conversely, if all spans are in 
tension, or if all vertical loads are applied below the shear center, 
it may not be possible to satisfy Equation [32] in such a way as to 
arrive at a positive value of \’. 


Since any twistless mode satis- 


EXPERIMENTAL WoRK 


In order to provide an experimental check for the theory de- 
veloped in the previous two sections, a doubly redundant beam 


was used as shown schematically in Fig. 2. This beam consisted 
of a strap of high-strength steel, such as is used for prestressing 
concrete, and was loaded by a concentrated force F at the cen- 
troid midway between the supports. Its measured thickness was 
0.0329 in., its depth 0.996 in., and its span 20 in.; this combina- 
tion of great slenderness and high yield stress assured the possi- 


bility of large lateral deflections in the elastic domain. 





Fic. 2 Scuematic Daawine 


The blocks shown at the ends represent a special arrangement 
which, by means of suitable hinges, corresponds to simple sup- 


port in the lateral direction (u = u” = 8 = 0). In the vertical 
plane, the supporting rods constitute elastic restraints, whose 
The rollers 


under the rods insured free movement in the direction of the axis 


stiffness was varied by moving the points of support 
of the beam. Rotations and moments were measured in the usual 
fashion by means of mirrors and strain gages 

the buckling 


According to the conventional linear theory 


strength of the beam is highly responsive to changes in the degree 


of end fixity 7, which may be defined by 


a 


+ 2B1,/L 


(35 


in which ¢ tiffness of the support and is measured 


represents tne s 
in in-lb/radian. For example, for the statically determinate case 
For ¥ 
hes the maximum of 16.70 |b for 
of y = 1.32 


y = 0), the buckling (i-e., 
8.48 lb and rea 


coll apse load equals 4.65 Ib 
= ().77, it rises to 
inrealistic These values were 


the (physically cast 


familiar energy method and are in 


result 


experimentally by 


computed by means of the 


agreement, for y = 0, with the reference (6 


The latter 
Southwell method 


given in 


was also verified employing the 


Owing to the symmetry of the problem, only one essential re- 


dundant remains, namely, the amount m by which the actual 
negative support moments exceed the value FL7/8, which is 
based on the linear theory. For given y and F s 16.70, m can be 
computed on the basis of the energy method mentioned pre viously, 
and Sz this is equivalent to 
The amplitude can then be de- 


comp atibility condition of the type of Equation 


as can be the buckling mode u(z 
solving Equations [8] and [9 
termined by a 
20), which for this case, and in view of Equation [8], reduces to 

mL/¥) (J 36 
These steps were carried out and the results were compared 
with the experimental data sup- 
port stiffness of C = 26,500 in-lb/radian corresponds to an end 
fixity y = 0.77 and, as mentioned previously, a buckling load of 
8.48 lb; in this case of incipient buckling, the numerical ratio of 
the end moments to the center moment is y/(2 7) = 0.63 
For a load of 11.81 lb, which represents an increase of about 40 


For example, the (measured 


per cent over the buckling load, this ratio reaches a computed 
value of 0.99, while the maximum twisting angle at the center of 
the span equals 0.041 radian corresponding to a lateral bending 
stress of 6770 psi and a lateral deflection of 0.246 in 

For a load of 15.60 lb the end moments are calculated to be 
1.70 times the value of the center moment; this is accompanied 
by a maximum twist of 0.101 radian and a bending stress of 16,400 
psi, while the maximum lateral deflection is computed to be 0.334 
in. The theoretical ultimate load is 16.70 lb, since it represents 
the largest of all statically admissible loads; associated with it is a 


« « 


Fic. 3 Loap anp Benpinc Moments Versus ANGLE or Twis 


ratio of nearly two to one between the support and cents 
moments. It is of some interest to note that this ultimate cor 
dition, in contrast to the incipient buckling condition, is inde- 
pendent of the (nonvanishing) degree of end fixity. 

Fig. 3 shows the relationship, computed en the basis of the 
present theory, between the maximum twisting angle 6 as al 
scissa and the load F as ordinate; also plotted is the ratio V,/M, 
between the end moment and the center moment as a function « 
8. It is seen that the measured values of this ratio approximat 
very closely the corresponding theoretical curve throughout the 
In the limit, 
is approached ; in other words, at collapse the bending-moment 


postbuckling domain. a ratio of almost two to one 


end fixity 
Similar results were obtained for different values of the 


distribution in the beam is associated with a (fictitious 
of 1.32. 
spring large 
twisting angles were required to bring the nonlinear factors int 


constant C, although for reduced values of C, 
play 

As for the load-twist relationship, the agreement between th 
theory and the experimental results is less close, although qualita 
tively satisfactory. In the prebuckling as well as most of th: 
postbuckling region, the measured rotations are seen to be some 
what in excess of the theoretical values; furthermore, the pre- 
dicted sharp break between the two regions failed to materialize 
This phenomenon is readily explicable in terms of initial eccer 
tricities, curvatures, and other inevitable deviations from th« 
idealized theory. In fact, the general character of the experi 
mentally obtained relationship is similar to that expected of 
it is the ultimate load 
rather than the buckling load, which is approached asymptoti 


statically determinate beam. However 
cally; the latter has therefore become physically insignificant, at 
concerned. 

For very large twists (8 = 0.30) the beam supported a load of 
almost 18 lb, which is in excess of the predicted ultimate value 


least in so far as the present theory is 


moder- 
Actually, it is well known that for very large 
twisting angles the torsional stiffness of a beam increases. This 
type of analysis involves terms containing 8*, which were ignored 


This discrepancy is due to the limitations of the present 


ately large” theory. 


here. If the actual torsion constant K is replaced by an imaginary 
one based on the measured angles of twist, then a fairly rough 
estimate does, in fact, lead to a load increment similar to the one 
observed in the tests 

In another series of tests, the same beam was subjected to two 
axial compressive forces applied at the ends with varying degrees 
of eccentricity. According to the linear theory, the magnitude of 
the buckling force decreases with increasing eccentricity; this 
was verified when the end restraints were removed; that is, when 
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the structure became statically determinate. In the redundant 
case, however, the beam approached collapse, substantially in- 
dependently of the degree of end restraint or eccentricity, when 
the axial forces approached the Euler value. At the same time, 
the buckling mode, for large amplitudes, became increasingly free 
from twist, even when the eccentricity of the applied forces was 
large. 

This can be explained readily in terms of the present theory. 
In fact, it is obvious that an identically vanishing bending 
moment is statically admissible in the sense defined in the fore- 
going; hence any axial force not exceeding the Euler force is 
statically admissible also. Conversely, any mode without twist 
represents a collapse mode. Associated with it is a kinematically 
admissible axial force which equals or exceeds the Euler force. 
The latter therefore represents the ultimate load, while the bend- 
ing moments associated with the eccentricity of the forces are 
“absorbed” more and more nearly by the end restraints as buck- 
ling progresses. 

CONCLUSION 


The theory presented herein traces the effect of nonlinear terms 
in the strain-displacement relations on the predicted post- 
buckling behavior of redundant beams. It may be of interest to 
note that, in spite of very dissimilar assumptions, the results 
exhibit close formal analogies with apparently unrelated plastic 
theories. In addition to the Haar-von Karman theorem men- 


tioned previously, special attention is directed toward the iden- 
tity between the upper and lower bound principles developed in 


JOURNAL OF APPLIED MECHANICS 


this paper and the corresponding theorem governing the collapse 
of “rigid-plastic” structures (1). 

Of course, the present theory is valid only so long as no prior 
yielding takes place; this is matched, in plastic-collapse theory, 
by the requirement of no prior buckling. In most practical cases 
the latter condition is much more likely to be met than the for- 
mer; the present theory is therefore of limited range of applica- 
bility. However, if lateral buckling rather than yielding is the 
governing design criterion, and if the restrictions on the defor- 
mations are not too severe, it does not appear unreasonable to 
base the design of a redundant beam on its ultimate rather than 
on its initial buckling load. 
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A Numerical Procedure for Calculating the 
Large Deflections of Straight 
and Curved Beams 


By A. E. SEAMES' anv H. D. CONWAY,* ITHACA, N. Y. 


Paper presents a numerical method for calculating the 
large deflections of beams, assuming that the elastic axis 
can be approximated to by a number of circular arcs tan- 
gent to one another at their points of intersection. The 
calculations are made in tabular form, and are illustrated 
by particular examples of straight and curved cantilever 
beams and of rings subjected to concentrated or distrib- 
uted loads. In those cases where an exact solution is 
possible, excellent agreement with the present method 
was obtained. 


NOMENCLATURE 
» following nomenclature is used in the paper 
dimensionless quantity, function of EJ, L, load 
vertical deflection of beam 
flexural rigidity 
horizontal deflection of beam 
moment of inertia 
total length of beam 
bending moment 
average bending moment 
horizontal projection of arc 
vertical projection of arc 
radius of curvature 
element of length of arc 
force 
load intensity 
horizontal distance from free end to clamped end 
vertical distance from free end to clamped end 
included angle for element of arc 
@ = slope at free end of beam 


Subscripts 
§ = index for elements of arc 
0 = initial conditions before load is applied. 


INTRODUCTION 


In the theory for the bending of uniform bars, the Bernoulli- 


Euler equation 
1 
R 
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relates the curvature of the elastic axis of the beam to the bending 
moment. Expressed in rectangular co-ordinates the preceding 
equation takes the form 


[2] 


[1 + ( 


where y is the vertical deflection and y’ equal to (dy/dz) is the 
slope. In the elementary theory for the deflection of beams 
the slope y’ is considered small and its square is neglected. 
Equation [2] becomes 

M 

El 
an ordinary linear equation which is easily solved. 

If the flexural rigidity of the beam is small, it is possible for the 
elastic axis to form a curve with large slopes, and for the bending 
moment to depend upon the deflection of the beam. The non- 
linear Equation [2] must then be solved. When only concen- 
trated loads and moments are applied to the beam, it is possible to 
obtain a solution in the form of elliptic integrals (1, 2, 3).* For 
other types of loading the deflection Equation [2] is not readily 
solved. The subject of this work is to develop a numerical pro- 
cedure applicable to such cases assuming that the elastic axis can 
be approximated by a number of circular arcs tangent to one 
another at the points of intersection 

For initially curved beams the Bernoulli-Euler equation is 
modified to include the initial curvature 


M l 
—_ << <« 
El 


Et 
R 


As is the case with initially straight beams with large deflections, 
the deflection equation is not readily solved, except when the 
load is in the form of concentrated loads and couples and the 
beam initially in the form of a circular arc (5). The approxima- 
tion method will be extended to initially curved cantilever beams 
and to special cases or circular rings 


Der.ecrions or CANTILEVER Beams 


The elastic axis of the beam with uniform cross section shown in 
Fig. 1 will be replaced by a set of circular arcs tangent to one 
another at the points of intersection. The usual assumptions for 
the derivation of the Bernoulli-Euler equation are made, includ- 
ing the assumption that the length of the beam is not affected by 
the loading but remains constant. The Bernoulli-Euler equa- 
tion can then be used to determine the radius of each circular 
arc, assuming the moment for each is constant and equal to the 
average bending moment. 

From the geometry of the general element of arc, shown in 
Fig. 2, the following equations can be written for the ith arc 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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» 1 Cantitever Beam APPROXIMATED BY CIRCULAR ARCS 
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Fic. 2 Tue itm ELement or Arc 
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p, = R, | sin (+ —-> ) — sin (+ ste 


vam (e-E4)-=(e-E4)] 


If the elastic axis is approximated to by k-arcs, the subscript 
# takes on all values from 1 to k, starting with 1 at the free end. 
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The expression for the average moment M,’ will depend on the 
type of loading, as will be seen later. 

If the load and flexural rigidity are known and values for p and 
@ are selected, then Equations [5-8] can be solved for R,, 4, ;, 
and gq; starting at the freeend. If the value of the average mo- 
ment also depends upon s or q, then values for these are approxi- 
mated to and an iteration is used to determine them accurately 

To find the total deflection, length, and horizontal distance 
from free end to clamped end, we sum the values for each are 


k 
i” Me 

k 
6-0, 

n=! 


Curves of Y/L, X/L can be plotted against a function of the 
length and flexural rigidity 
less constant B, which is a function of the load, flexural rigidity, 
and length. 

The accuracy of the calculations depends on the number of 
circular ares taken, larger numbers giving greater accuracy but 
However, the 


In general, this will be a dimension- 


requiring more time to perform the calculations 
latter are very simple to perform. 

Ezample 1. Consider the case of an initially straight canti- 
lever beam with a concentrated load W on the free end and a 
flexural rigidity EJ. Suppose (W/EI) is equal to 0.05 in.~—*. 
Select p,; = 1 in. and @ = 0.8 and solve Equations [5] through 
[12] to find (X/L), (Y/L), and B = (WL*/EI). 

The average bending moment for a general arc is 


+ pia + e ) 
. s—i 2 


Starting at the free end, Table 1 is constructed. Using the aver- 
age moment above in Equation [5], columns 2, 3, 4, 5, and 6 are 
constructed in that order. Columns 7, 8, and 9 are computed 
next with aid of Equation [7)}. 

When the value for p/R is greater than the corresponding 
value for 


M,' = W (>, + Ps + 


= 1 
(se) 
n=l 
the last are has been reached, indicating that too large a value of 


pwaschosen. For the last arc sin (+ — > .) is equal to zero 


n=l 


t—1 
and p/R = sin (+ — 3 e). Multiplying Equation [5! by 
n=1 


P 


M’ 
Taek hag 
and replacing p/R by its known value 
i-1 
M’ 
; al “a ¥ 
“(-E4)- a 


This equation is then solved for p,. 
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Column 
No 


Are No. 


) SSITE 
) 58106 
). 42714 
0.42858 
oO 04461 
) O4817 


R) 


0.02500 
0.07500 
0.12500 
0.17500 
0.22500 


01515 
01498 
13539 
13408 
30899 
36743 


0 01825 
0.01804 
0. 15482 
0 15338 
0.38197 
0 38041 


TABLE 1 


40 0000 
13. 3333 
8.000 
5.7143 
4.4444 
3.914 


§3537 


90856 


EXAMPLE 


0.09249 


Zz ) q/R 


0.02485 


0.01662 


EXAMP 


ig 


a= 


). 56464 
0.56464 
0. 54966 
0. 54966 
0.41558 
0.41558 
0.04815 


‘ 

z 6a ) 
n=l 
0 83537 


0 01003 0 66956 


0. 90956 0.07419 ). 55332 


0.99884 0 08928 ). 24298 


0 04817 GORS4 


1.00000 0 OO1lf 0 


0215 


and 14 we find Y/L = 0.499, 
These are in excellent agreement 


After summing columns I, 13, 
X/L = 0.835, and B = 2.063 
with a corresponding point on the curves given by the exact solu- 
tion (1). 

Ezample 2. A cantilever beam with a load of intensity w, 
iniformly distributed with length, will be used to illustrate a 

Suppose (w/E/J) = 0.1 in.~* 
id find (Y/L),(X/L)and B = 


case when iteration is necessary 
and @ = 0.6. Select p, = lin. a 
(wL*/EI) 


The average bending m nt for a general arc is 


M, 


Se 


n=l 


Since M’ is a function of both p and s, the value of is approxi- 
mated to by 


in the first step of the iteration 


. f; approt 


v= 


Table 2 is constructed starting with arc la. Columns 2, 3, and 
4 are computed using the approximate value for the average bend- 
The other columns are then com- 
[7], and [8]. 


‘ 


ing moment in Equation [5) 

puted with the aid of Equations [6], Using the 

value of s, for are la in the exact expression for the average bend- 

ing moment, columns 2, 3, and 4 are computed for are 1b. The 

value of s, for are 1) is then used to recompute columns 2, 3, and 

4. This process is repeated several times until s remains con- 

stant. The remainder of Table 2 is filled out in a similar manner. 
t—l 

When the value of (p/R) is greater than sin | @ — 6. }, 
a=! 

the last arc has been reached and too large a value was chosen 
for p. Term p, is then determined as before in example 1. 

After summing columns 1, 13, and 14, we find (X/L) = 0.890, 
(Y/L) = 0.423, and B = 4.19. These are in excellent agree- 
ment with a corresponding point on the curves found by F. V 
Rohde (4) using a different approximation method. 





Der.ections or THin Curvep CANTILEVER BEAMs 


Ifa thin cantilever beam has the shape ofa circular are of radius 
Ry before the load is applied, the Bernoulli-Euler equation has 
the form shown in Equation [4]. The deflection curve will again 
be approximated by a number of circular ares tangent to one 
another at the points of intersection. A general element of arc 
is again shown by Fig. 2. We see that Equations [6], [7], and 
[8] are still applicable but Equation [5] must be modified to 

APY. aS 
R&R Akh 

To find the total horizontal and vertical deflections, Equations 

[9] through [12] are used together with 


h= X,—X... 
d= Y—YV,. 
L 
Ro 

X_ = Rosin de... 
Y, = Ry (1 — cos ge) 


As in the preceding section, if the load and flexural rigidity are 
known and values for ¢ and p, are selected, then Equations [13], 
{6}, [7], and [8] can be solved for R,, 0;, s;, and q;. Also, if the 
value of the average bending moment depends on g or s as well as 
p, then an iteration will be necessary. 

Ezample 3. Consider the case of an initially curved cantilever 
beam with a concentrated load W on the free end. Suppose 
R, = 10 in. and (W/EI) = 0.05 in.-*. Select p, = 1 in. and 
@ = 0.8, and solve for (d/L), (h/L), 6 — do, and B = (WL‘/EI). 

The average bending moment for a general arc is 


13] 


Qo = 


. [17] 


5 


+ Bawa + ys, 


M,' = W (n + P+... 


Using the average bending moment for a general arc in Equation 
{13], columns 2, 3, 4, and 5 of Table 3 are constructed. The re- 
maining columns are computed in order with the aid of Equations 
[6], [7], and [8}. 

For finding the horizontal projection of the last arc, the pro- 
cedure used in example 1 will be necessary. 

After summing columns 1, 11, and 15, we find (d/L) = 0.224, 
(h/L) = 0.129, 6 — @ = 0.373, and B = 0.912. 

Example 4. The case of a curved cantilever beam, in the shape 
of a circular arc, concave downward, with a load of intensity w 
distributed uniformly with arc length, will be considered. Select 


TABLE 3 


Column 
No. 2 4 


Are No. M'/EI R 


0.02500 8.0000 
0.07500 5.7142 
0.12500 s 4.4444 

—_ 3.7601 
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Ry = 10 in., (w/EI) = 0.05 in.-*, p, = 1 in., and @ = 1.2 and 
solve for (d/L), (h/L), @ — do, and B = (wL*/E/). 

The average bending moment for a general arc is the same as in 
example 2. Again M‘ is a function of both p and s and the same 
approximation for s will be made. Therefore, the approximate 
average bending moment of example 2 will be used in the first 
step of the iteration, and this example is solved in the same way 
as example 2 except that Equation [5] is replaced by Equation 
{13]. The results are shown in Table 4 

Summing columns 1, 11, and 14 and using Equations [14 
through [18], we obtain (d/L) = 0.424, (h/L) = 0.291, 6 — ¢& = 
0.690, and B = 6.63. 


Der.ections or Tun Cracutar Rines 


If a circular ring is identically loaded in each quadrant as 
shown in Fig. 3, the ring can be represented by four identical 
cantilever beams. The equations for a curved cantilever beam 


can then be applied. 


’ 


w w 


Fic. 3 Circutar Ringe Unper Generatizev LoapiIne 

The internal moment M, on the end of the cantilever is un- 
known and will be found by trial-and-error method. Since @ 
and ¢ equal 7/2 and R, is given, the length of the beam is a 
known quantity. Values of M, will be selected and the equations 
for a curved cantilever beam solved as in examples 3 and 4, letting 
@ = x/2 and R, equal the initial radius of the ring. For each 
value of M, a different length and a different initial slope will be 
found. When the length equals #R,/2 and the initial siope 
equals 4/2, the correct value for M, has been chosen. 

Example §. A circular ring with two equa! and diametrically 
opposed forces acting on it will be worked to illustrate a case 
when trial and error are necessary. Find the change in diameter 
of the ring shown, if Ry = 10 in. and (W/EI) = 0.01 in.-*, Fig. 4. 

The average bending moment on a general arc is 


EXAMPLE 3 


5 6 
i-l 
Zz % 

n=l 

0 80000 
0.63399 
0.43054 
0.19357 


p/R $= 


12 


t-1 
Cos (+ > r) 


n=l 
87140 


0.69671 
58902 


1.80566 
uv. 90874 
0.98133 
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TABLE 4 EXAMPLE 
4 


M‘/ BI R (p/ _ 5 ( 2 Sir (+ — 2 «) 
n=l n=l 


1. 20000 2 0.81479 
1.20000 32 0 82201 
1.20000 932 0.82170 
0.96440 0.8217 0.60397 
0.96440 217 0.60734 
0.96440 217 0.60741 
0.65280 50741 0.21330 
0 65280 of 0.21506 
0 


0.21675 


017248 
010030 


oocooceco 
cooocoeoceo 


Ot me ee er 8 


TABLE 5 EXAMPI 


M’/ BI 


03500 
02500 
01500 
00500 
00500 
01500 
02500 
03500 
04500 


eocooococ 


5 
13.3 
1 
id. 
9.! 
a 
8 
4 
6 


ooco 


0 05503 


cooceco 


10.84 


Using this moment in the equations for a curved cantilever 
beam and selecting (M,/EI) = 0.04 in.-', Table 5 was con- 
structed. This gave too large a value for the length; (4/,/E/) 
was then chosen as 0.03 in.~'. Table 6 shows that (M,/E/) is 
slightly greater than 0.03 in.~'. By plotting length against 
(M,/EI) and connecting the two calculated points by a straight 
line, a third value for (M,/EI) was selected and Table 7 con- 
structed. 

? The change in diameter in the direction of the forces was found 

cw to be 2.17 in. This is in excellent agreement with the exact 


Fic. 4 Crecv.ar Rina Unper Concentratep Loaps solution by R. Sonntag (6) 
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TABLE 6 EXAMPLE 5 
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COnouek whe 
ee tt te 
eosesooo 
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(M_/EI 


TABLE 7 
Column 
No. 


1/Rk 


0.07450 
0.08450 
09450 
10450 
11450 
12450 
13450 
14450 
0.15367 


Golumn 
No. 


Aro No. 


CeONCWFrwWhwre 
coocoocecre 


Me/EI) = 0.0305 in 
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Solution of Some Problems in Bending of 
Thin Clamped Plates by Means of 
the Method of Muskhelishvili 


By L. I. DEVERALL,' DUGWAY, UTAH 


In this paper, the complex variable method of N. I. 
Muskhelishvili is applied to the problem of bending for 
smal] deflections of a thin, isotropic, homogeneous, 
clamped plate with transverse load. The functional equa- 
tion involved in Muskhelishvili’s method is solved by means 
of series expansions. The necessary conformal mapping 
functions are found from the Schwarz-Christoffel formula 
or expansion of elliptic functions. For uniformly loaded 
square and rectangular plates, the central (maximum) de- 
flection obtained by the method of Muskhelishvili is com- 
pared to the corresponding deflections obtained by other 
methods. Deflections for the square plate are given for 
three and five terms, respectively, of the series expansion of 
t! : conformal mapping function in order to estimate con- 
vergence properties of the method of solution. The solu- 
tion for a uniformly loaded clamped plate of equilateral 
triangular planform is also discussed. Central deflection 
for this case is given. 


MENCLATURE 


wing nol ture is used in the paper: 


deflection o te measured from undeflected middle 


surf mt 
we § Operator 


load per unit area (ge = constant load 
Eh? /12(1 y? 
Young s modulus 

thickness of! plate 

Poisson’: ratio 

domain bounded by plate (2-plane 


fiexural rigidity of plate 


contour of AS 


normal to J 
ty. Con pit X Var able 
iy, complex conjugate 
+ iv, complex variable (image plane) 


Discussion oF Metuop or MUSKHELISHVILI 

In recent years, much attention and effort have been concen- 
trated on a powerful complex variable method for the solution of 
two-dimensional problems of linear elasticity due to N. I. Muskhe- 
lishvili. Since introduction of the method by Muskhelishvili, 
numerous papers dealing with ramifications of the theory or ap- 


! Mathematician, Dugway Proving Grud. 

Presented at the West Coast Conference of the Applied Me- 
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ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
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the Society. 
is paper was not preprinted 


Division, May 11, 1956 r 


plications of the method have appeared. A treatment of the com- 
plex variable method may be found in the compendium mono- 
graph of Muskhelishvili (1)* or a more recent book of A. E. Green 
and W. Zerna (2). 
cellent bibliography dealing with the method. 

Since we are interested in the transverse bending to small de- 
flections of a thin, isotropic, homogeneous plate, let us review in 
detail the work dealing with this subject which has been treated 
by Muskhelishvili’s method. As is stated by Muskhelishvili (3), 
the clamped-plate problem (with suitable restrictions on the 
transverse load function) can be reduced to the first fundamental 
Some recent work on clamped plates 
4) and C. A. M. Gray 
Gray’s paper contains several interesting numerical ex- 


Muskhelishvili’s monograph contains an ex- 


problem of plane elasticity 
may be found in the papers of R. Tiffen 
(5). 
amples among which is the problem of bending of a square plate 
with a central point load. The papers of 8. G. Lekhnitzki (6) and 
I. N. Vekua (7) treat the case of a plate with free edges. Yi-Yuan 
Yu (8) studied the problem of bending of a circular plate (with 
free edges) subjected to concentrated moments and reactions 
A plate with simply supported edges was discussed in papers by 
A. I. Lourie (9) and Z. I. Halivov (10). 


tEDUCTION OF EquaTION oF BENDING 


The deflection w(z, y) of a thin, isotropic, homogeneous plate 
the partial differential equation of bending 


Atw(z, y) = g(x, y)/D dine cell 


must satisl\ 


in the region S bounded by the plate. On the contour L, for a 


clamped edge, we must have 
19) 
It will be assumed that S is a simply connected schlicht region, 
and that L is the union of rectifiable arcs with continuously turn- 
ing tangents. 
Let us suppose that we are able to find a particular solution 
w,(z, y) of Equation [1], such that 


21 


A*w,(z, y) = ¢(z, y)/D.. 3] 


The solution w,(z, y) is not necessarily unique. The solution 


w(z, y) may now be written 

u(z, y) = wz, y) + Ula y [4 
where U(x, y) is a biharmonic function. As is stated by Halivov 
(10), if g(z, y) is an analytic function, then it is always possible 
to find w,(z, y) by means of the formula 


s | 
= (1/16D f Z jdt yi bod 
& te 


gi(t + #)/2, ¢t 
For a uniform load of intensity g 
d 


2)/2i) dl [5] 


the function w,(z, y) may be 


expressed by 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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w(x, y) = golz* + y*)?/64D.............. [6] 
Equations [2] and [4] together impose the conditions 
U(z, y) = — wi(z, y) 
OU Sail: Ow:(z, y) / 
on on } 


along the contour L. Our problem is now reduced to determina- 
tion of the biharmonic function U(x, y) in S which satisfies Con- 
dition [7] along L. This is the first biharmonic boundary-value 


problem. 
It can be shown that every biharmonic function in S can be 


represented in the form 
U(z, y) = Rifé@(z) + x(z)]...........-.{8] 


where ¢(z) and x(z) are analytic functions in S. Let us formulate 
the boundary-value problem in terms of the function 


z= off)... 


which maps the region S conformally onto the unit circle 


. [9] 


. [10] 


The existence of such a mapping function is guaranteed by the 
celebrated mapping theorem of Riemann (11), but unfortunately, 
this theorem provides no insight into the structure or construction 
of the mapping function. In some cases, the structure of this 
mapping function is quite complicated. 

Let us consider the Taylor series expansions (in the {-plane) of 
the functions ¢(z) and 


(11) 


These expansions can be written 


HAT) = D> ast. 


k=1 


[12] 


lott)] = >> a,’t* 


k=1 


[13] 


We shall also need the complex Fourier expansions [on the unit 
circle ¢ = exp (i8)] of the expressions 


+o 
wo)/w'(a) = D) by exp (ik8).. (14) 


ou , .w 


i. 5 ge gy (15) 


+o 
>, As exp (ik6)... 


Boundary Conditions [7] will impose certain boundary condi- 
tions on the circumference of the unit circle [10] in the {-plane. 
Implicitly, these boundary conditions will determine the co- 
efficients a, and a,’. A discussion of details of reduction leading 
to the equations for determination of a, and a,’ as well as a dis- 
cussion of mathematical questions connected with expansions 
{12}, [13], [14], and [15] may be found in the monograph of 
Muskhelishvili (12). The final linear equations for determination 
of a, and a,’ are 

Gn + >> kdybeter = An, (m = 1,2,3,...).... [16] 
k=l 


On! + > kdydmtet = A-m (m= 0,1, 2,...)...[17] 
k=l 
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In our application of the foregoing equations, we shall truncate 
the Taylor series expansion of the mapping Function [9] at some 
appropriate finite number of terms; consequently, the system of 
Equations [16] and [17] will be truncated at some finite number of 
terms. 


ConFroRMAL Mappine 


As is evidenced by the foregoing reduction, Muskhelishvili’s 
method is strongly dependent upon the conformal mapping func- 
tion w({) of the plate region S onto the unit circle of the {-plane. 
We shall impose a minor restriction on the mapping function, 
namely 


w(0) = 0. ; [18] 


This condition is necessary for simplicity of application of 
Muskhelishvili’s method. We shall restrict our attention to polyg- 
onal domains, since these domains are of most practical interest. 
For polygonal! domains, the mapping function is given by a modi- 
fied form of the Schwarz-Christoffel formula which gives directly 
a mapping of the polygonal domain S onto the unit circle in the 
f-plane. Derivation and details of this formula may be found in 
the book of Oberhettinger and Magnus (13). 

We shall now consider some particular mappings. For a square 
with vertices (a, a), (a, —a), (—a, a), (—a, —a), we shall use an 
expression for the Taylor series expansion of the mapping function 
which is given in a paper of C. A. M. Gray (14). This form of the 
mapping function may be found from the Schwarz-Christoffel 
formula together with subsequent rigid rotation of the square and 
unit circle. Details of this reduction may be found in the paper of 
Gray 
wf) = BIS — (1/2 f*/5-1!) 

+ (13/2? {?/9-2!) —.. .] 19) 
Note that the condition of Equation [18] is satisfied. The con- 
stant B will be determined from the correspondence of points 

wl)=a 
and hence will depend upon the number of terms retained in s« 
Expansion [19]. For three terms of the series 

B, = 1.061 947 a 
and for five terms of the series 
B, = 1.070 993 22) 

We shall need the mapping function for an equilateral triangle 

onto the unit circle; the result is parallel to Equation [19}) 


w(t) = BIS — (2/3 f4/4-1!) 


where 


B, = 1.113 416 a.. [24] 
for five terms of Series [23]. The altitude of the triangle in this 
case is equal to 3a. 

For the rectangular plate, we shall derive the series expansion of 
the mapping function from series expansion of the Jacobi elliptic 
functions. Details of derivation of the mapping function for a 
rectangular plate may be found in the Appendix. Let us now turn 
our attention to the numerical analysis of several examples. 


EXAMPLES 


We shall first consider problems for which known answers are 
available for comparison. We shall use the maximum deflection 
of the plate as a basis of comparison of our results with those of 
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other investigators. Since the final Expression [8] for deflection 
w(z, y) is expressed in terms of both z and {, it is rather difficult to 
compute bending moments. For this reason, we have not com- 
puted normal bending moments at the mid-points of the polygon 
sides as is conventionally done. It is expected that agreement of 
values for bending moments would not be as good as agreement of 
values for maximum deflection. 

Let us indicate the computation procedure. It is first neceasary 
to have the Taylor series expansion (about { = 0) of the mapping 
function w(f). Once this has been found, the Quotient [14] must 
be evaluated in order to establish the coefficients b,; in our ex- 
amples, this was done on a desk calculator. The A, are now 
evaluated from a knowledge of the values of the derivatives of 
w;(z, y) on the boundary of the Unit Circle [10] (see Equations 
[7] and [9]). After A, and b, have been found, it remains to solve 
the system of linear Equations [16] and [17] for a, and a,’. In 
our examples, solution of this system of linear equations was done 
yn a Univac 120 punched-card electronic computer. 
uniformly loaded square plate of side 2a 


Let us consider first a 
For a uniform load go, the left-hand member of Equation [15] has 


a particularly simple form 
oU oU f 
= —gr%t/16D [25] 
Ox Oy 
on the contour L. The coefficients A, may be found by taking ¢ 
= exp (i) (equation of unit circle) in the mapping Expression [9] 
and then subsequently substituting in Equation [25]. This will 
involve multiplication of series to obtain the complex Fourier 
series expansion of 272 
First, we give the nonzero values of a, and ¢,’ [coefficients of 
power-series expansion of x (z)] and the maximum deflection 
w(0, 0) for three terms of the power-series expansion of the con- 


a = gB,*/16D) 


formal mapping function 


a= 0 4836a. to’ = 0.2418aB, 


a = 0.141l6a, c,’ = —0.09244aB, 


a, = —0.07319a, ce’ = 0.045038aB, 


0.0) = 0.0192q,a* D [27] 


For five terms of the series expansion of the mapping function 
(a = qB,*/16D) 
a, = 


0.4839a = 0.2406aB, 


= —).09078aB | 


0.06647 a 0.04186aB, 


Qi. = 0.04137a —0).02574aB; 


ay = —0.03092a, 0.01851 aB; 


w(0, 0) = 0.0198gat/D.. [29 


Let us compare these values of the maximum deflection to 
values obtained by other approximate methods. W. Ritz (15) in 
his pioneering work on approximate solution of boundary-value 
problems considered the problem of a uniformly loaded square 
He obtained the value 


w(0, 0) = 0.0203qat/D..... 130) 


plate. 


This value is the same as that ob- 
17) by means of a functional method 


for the maximum deflection 
tained by C. J. Thorne (16, 
Some other numerical results are those of S. Timoshenko (18), I. 
A. Wojtaszak (19), and G. Pickett (20), all of whom give the value 

w(0, 0) = 0.0202qa'/D.. 


Wojtaszak used the method of H. Hencky (21). P. Funk and FE 


907 
evi 


Berger (22) have established an inequality for the deflection 


w(0, 0) 


0.0199qa*/D < w(0, 0) < 0.02051qa't/D 


Let us now consider a uniformly loaded rectangular plate with 
vertexes (a, b), (a, —b), (—a, b),(—a, —®). For our particular 
numerical example, we shall choose b = 2a. The series expansion 
(to five terms) of the mapping function is given by Equation [46], 
and numerical reduction as indicated in the foregoing gives the 
following values for the coefficients 


(a = qe 16A*D) 
= ).4456a, ‘ = 0.2798a/X 


; = 0.466la, 2 = —0.3249a/xr 


—0.3598a, ce’ = 0.201a/r 


0.2618a, 0.1339a/X 


—0.1716a, cs’ = 0.0530la/X 


w(0, 0) = 0.0446q.0'/D. 


As comparison valves, iet us examine the results of T. H. Evans 
23), Wojtaszak (19), and Thorne (17). Evans’ results were calcu- 
lated using Timoshenko’s method (18). Both Wojtaszak and 
Evans give for the maximum deflection 


0(0, 0’ = 0.0406qa‘/D 


Thorne gets the value 
w(0, 0) = 0.0405qa'/D. 36) 


As a last example, we shall give values for the equilateral tri- 
angular plate with uniform load 


(a = @B,*/16D) 
ae 7358a, fo’ = 0.4321aB, 


= 0.1016a, = —0.02353aB, 


> = —0.03052a, = 0.02149aB, 


= 0.01090a, —0).01806aB, 


—O).002859a »’ = 0.01507aB, 


w(0, 0) = 0.0002884,5*/D 


where t is a side of the triangle. 

It appears that the method of Muskhelishvili when applied to 
the square-plate problem gives lower values for the central de- 
flections than the other methods; this situation is reversed for the 
rectangular-plate example. It is expected that agreement of 
maximum deflection values for the square plate would be better 
than those for the rectangular plate, since the degree of the poly- 
nomial approximation to the mapping function for the square 
plate is higher than for the rectangular plate, assuming the same 
number of terms of the series expansion of the mapping function in 
each case 


CoNCLUSION 


In conclusion, it is the opinion of the author that the method of 
reduction by means of power series provides the basis for a 
numerical method provided that the Taylor series expansion of 
the conformal mapping function w(f) can be found readily. In 
cases where the series expansion of the mapping function is in- 
tractable, it would be desirable to have some method of reduction 
which would not depend upon explicit use of the mapping func- 


tion. Such a method is under consideration by the author. 
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Appendix 


Mappine By Means or Exvuipric Functions 


A number of important mapping functions can be expressed in 
terms of elliptic functions; in particular, the mapping of a rectangle 
with vertices (a, b), (a, —b), (—a, 5), a b) onto the unit 
circle is given by the expression 


¢ = sn(Az)dn(Az 


cn Xz 34 
where sn(Az), dn(XAz), and cn(Az) are the familiar elliptic functions 
of Jacobi (24). The parameter A is determined from the equa- 


tions 


K/2a) = (K’'/2b) = » 


where K and K’ are complete elliptic integrals (24 

We shall need the Taylor series expansions of the Jacobi ellipt 
functions 
3!) + (1 + 


+ 135m + 135m? + m'* 


(1 + my\ué 
—(l 
1228m + 5478m? + 1228m* + m* 


l4m + m? 


(u?/2! 
— (1 + 44m + 16m?*) 
(1 + 408m + 912m? + 64m’ 


cn(um 1 —( + (1 + 4m)\(u' 


dn(uim l m(u?/2!) + m(m + 4 
—m(m*? + 44m + 16)(u*/6! 


m(m* + 408m? + 912m + 64)(u'/8! 


The parameter m may be determined by a procedure outline 
Copson (25 : 
given by Equation [40] 


the value of m depends on the ratio (K /K’) whi 
Tables for determination of m do 
provide sufficient accuracy for some applications, since the value 
change too rapidly to permit interpolation. For our 

shall take b = 2a, and we get for the values of » 


m = 0.0294 372 
1/A) = 1.263 781 


The series for the function {(z) is found from m 
series in Equation [39}; 


use of the identity 


ltiphi 


division of series is avol fed DY 


dn{izim,) = dn(zim 


m+m = i 


is done with the aid of the 


The fina 


Inversion of Series [39] inversion co- 
efficients of C. E. Van Orstrand (26 


the mapping function is given by 


expressio 


— 0.313 709f* + 0.165 715¢° 
0.0960 34207 + 0.0539 696 ¢° 


w(t) = (1/AXE 








Design Data 


and Methods 


It is important that the data contained in technical —_— be made readily available to design engineers. 


In order to satisfy these needs of industry, this section o 


the Journal includes a concise presentation of data 


and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 


Stress Distributions in Rotating 


Disks Subjected to Creep at 


Elevated Temperature 


4. M. WAHL, 


Assuming a creep rate proportional to a power function 
of the stress, curves of stress distribution as a function of 
the radius have been calculated for several cases of rotating 
disks subject to steady-state creep at elevated tempera- 
ture. The disks are assumed to have central holes and 
to be uniformly loaded at the periphery 


It is also postulated that the 


to simulate blade 


loading in turbine disks). 


maximum-shear) criterion and the associated 


The following cases are treated: (1 


Tresca 
flow rule govern. 
Disk of constant temperature and thickness with vari- 
ous ratios of outside to inside diameter and with various 
values of the exponent n in the assumed power function 
stress-creep rate relation. (2) Disk of constant tempera- 
ture the thickness at the pe- 


riphery being equal to half that at the hub, for various n- 


and variable thickness, 


values. (3) Disk with variable temperature such that the 
creep rate at the outside diameter is ten times that at 
the inside diameter for the same stress, various n-values 
being assumed. Limits of radial peripheral loading be- 
yond which the derived stress-distribution curves are not 
valid are also determined. The results indicate that a 
considerable nonuniformity in stress distribution under 
creep conditions may exist, particularly for the lower 
n-values; thus creep-rupture strengths of such disks for 
long-time loading conditions may be lower than would 
be expected if based on average stress values, particularly 
for materials having limited ductility in long-time creep- 


rupture tests. 
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INTRODUCTION 


The charts given in this paper for calculating steady-state 
stress distributions in rotating disks, having central holes and 
subjected to creep at elevated temperature, are based on formulas 
derived in a previous paper.* (By a “steady-state’’ condition is 
meant one in which the stresses do not change with time.) These 
formulas are based on the following main assumptions: (1) The 
Tresca (maximum-shear) criterion and the associated flow rule 
govern; and (2) the creep rate for constant stress may be taken 
with sufficient accuracy to be the product of a power function of 
stress times some function of time; i.e. 


é€ = Ko*f(t) 


Charts are given showing stress distribution for constant- 
thickness disks having various ratios r,/r,; of outer to inner diame- 
ter and assuming various values of the exponent n in the power- 
function stress-creep rate relation assumed. In addition, to 
throw some light on the effects of variations in thickness and in 
temperature, a disk of variable thickness and one with variable 
temperature are also analyzed using the same methods. It is 
hoped that the calculated curves may be helpful to designers in 
supplementing engineering judgment by giving an indication 
of the stress distribution and creep deformation in steam and 
gas-turbine disks subjected to long-period loading at elevated 
temperature. 

In this connection, long-time spin-test results at 1000 F on 12 
per cent chrome-steel disks appear to be in better agreement with 
calculated creep deformations based on the Tresca (maximum- 
shear) criterion rather than those based on the more complicated 
Mises (shear-energy) criterion.** Also, the creep strains calcu- 
lated on the basis of the latter criterion appear to be low; i-e., on 
the unsafe side for design. The Tresca criterion is here used be- 
cause of its simplicity pending the development of more accurate 
methods based on test results. 


Basic EquaTIons 


Referring to Fig. 1, a rotating disk of outer radius r, and inner 
radius r; is subject to a radial stress ¢,, acting at the outer edge. 
At any radius r, the radial and tangential principal stresses are 
o, and ¢,, respectively, the disk being assumed thin enough so 
that stresses in the axial direction are zero. It is assumed that 
a, >, > 0 and that a steady-state stress condition exists. On 


2 ‘Analysis of Creep in Rotating Disks Based on the Tresca Cri- 
terion and Associated Flow Rule,”’ by A. M. Wahl, Journnat or Ap- 
pLtrep Mecuanics, Trans. ASME, vol. 78, 1956, pp. 231-238. 

*“Creep Tests of Rotating Disks at Elevated Temperature and 
Comparison With Theory,”” by A. M. Wahl, G. O. Sankey, M. J. 
Manjoine, and E. Shoemaker, JounNat or ApplieED MEcHANICS, 
Trans. ASME, vol. 76, 1954, pp. 225-235. 
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this basis, and assuming the flow rule associated with the Tresca 
criterion in plasticity theory,’ the following stress-creep rate- 
time relations are obtained 


é, 

The creep rate is here taken as the product of a power function 
of stress multiplied by a function of time. Creep data indicat 
that for many materials such a function will give a reasonable 
approximation for engineering purposes assuming constant-stress 
conditions. In this connection, calculations’ indicate that the 
transition time from the initial elastic-stress distribution to the 
steady-state condition may be relatively short, particularly for 
disks subject to long-time loading under elevated-temperature 
conditions. Further discussion of Equations [1] to [3] appears 
elsewhere.? 

The known equilibrium condition to be satisfied for a variable- 
thickness disk is 
yw'rth 


d 
-(rho,) — ho, + 0 
. 


d g 


For a constant-thickness disk this equation becomes 


ywrrt 


— = () 


d 
a FO) — % 7 


ConsTANT-THIckNess Disk 


Using Equations [1], [2], and [5], the following expressions for 
tangential and radial stresses ¢, and o, were derived elsewhere* 
for the disk of constant thickness, the temperature also being 
assumed constant. The disk also is assumed subject to a radia! 
stress ¢,, at the periphery and to zero radial stress at the inside 
diameter. 

@ Orav (rT, — 7;) 
>= ——— 
(r,* a r@)r*! n 


In this a = (n — 1)/n 


The stress ¢,, at the outer periphery may be produced by blade 
loading for example. 


Our (r, — 7,)) r* — 7% yor? — v3 
Co, = ———— -—— — _- {8 
e— re 3gr : 


r rT, ‘ 


On the basis of the flow rule associated with the Tresca cri- 
terion, these equations are valid only for ¢, > ¢, > 0. To find 
out if this condition holds, we divide Equation [8] by Equation 
[6] thus obtaining the ratio ¢,/c, as a function of r. Using 
the value of gisv given by Equation [7] and taking rz = r/r,, we 
obtain 


G, 





l 
og a 


“30+ 
az* {1 —2 + ) 
¢, 
**On the Use of Singular Yield Conditions and Associated Flow 


Rules,” by William Prager, JounNnat or APPLIED MECHANICS, 
Trans. ASME, vol. 75, 1953, pp. 317-320. 
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Fic. 2 


TaNGENTIAL-Srress DisrrisvTions ror RortatTine 
or Constant Tuiceness (r,/ri = 2) 


Disk 


By differentiating this expression with respect to z, the value 
In this manner 
it may be shown that co, > ¢@, for all values of r less than r, re- 


of z at which ¢,/c, is a maximum may be found. 


gardiess of the value of ¢,, provided r,/r; = 4andn s2. In 


these cases the re ] iired condition o, > ¢,> 0 is f ilfilled except 


ee ee ee 
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right at the inner edge or at the outer if ¢,, = 0. For values 
of r,/r; > 4 there are some limitations on the value of ¢,,/c, as 
discussed in the following. 

Plots of the ratio 7,/cuy versus r/r, based on Equation [6] 
are given for ratios r,/r; = 2, 3, 4, 6, and 10 in Figs. 2-6 for values 
of n varying from 2 to 10 which includes the range of most prac- 
tical interest. For comparison purposes, the elastic tangential- 
stress distribution taking ¢,, = 0 and assuming Poisson's ratio 
equal to 0.3 is also shown by the dashed curve in each figure 

Using Equation [9] it may be shown that the charts of Figs. 
2, 3, and 4 for r,/r; = 2, 3, and 4 are valid regardless of the value 

For r,/r; = 6 (Fig. 5) the 
curves apply provided ¢,,/¢, < 3 which includes most cases of 
practical interest 10 (Fig. 6) the 
curves for n equal to 3 or more are valid if ¢,,/¢, < 3 while the 
0.35 


¢,,/¢, values are exceeded will be discussed in a forthcoming 


of the radial peripheral stress ¢,, 


In the case where r,/r; = 


curve for n = 2 applies if ¢,,/o, < Cases where these 
paper 
A study of these curves indicates that, particularly for the 
- r 
smaller n-values and for the larger r,/r;-values, a considerable 
the maximum stress 
at the inside diameter being considerably larger than the average 


nonuniformity of stress distribution exists, 
stress. Thus if creep deformations at this location are calculated 
on the basis of average stress, the resulting values may be too 
low; i.e., on the unsafe side for design. Likewise, it would seem 


that creep-rupture strengths of such disks for long periods of 


operation may be lower than indicated on the basis of the average 
stress, especially for lower n-values and particularly if the ma- 
terial has a low rupture elongation for long-time creep loading 

In Fig. 7 values of ratios K = a, 
and average tangential stresses for various n-values are plotted 
(The dashed curve 


max/Cr~ between maximum 


as functions of r,/r. indicates elastic values 


Fie. 4 Tancentiat-Srress DistarsvTions ror Rotatine Disk 
or Constant Tuicxness (r,/ri = 4) 
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Fic. 5 Taneential-Srress DistrisuTions ror Roratine Disk oF 
Constant THIcKkNess (r,/ri = 6) ! aL-Srress DistTrisutic 
Note that curves are valid for ¢ro/¢o 2 : THICKNESS (ro /ri 
forn = 3, 4, 6, and 10 are 
if 


n = 2 is valid if ero/¢ 
for g,, = 0. Thecurves forn = 3-10 are valid for ¢ 
For n = 2, limiting values of ¢,,/¢, are as follows: for 


C,,/0,)max = 3; 7,/7; = 8, (0,,/0,)max = 0.8; r,/r; 10, 
@,)max = 0.35. The ratios K may be considered as somewhat 
in the nature of stress-concentration factors under creep condi- 
tions. It may be noted that in the practical range of n = 3 to 
n = 6 the K-values tend to be considerably less than the elastic 
values; however, they are still appreciable. Note also that for 
values of n near 2 and for large r,/r; the K-values for creep condi- 
tions are not much below the elastic values. 

If the stresses a, are known at the inside or outside diameters, 
the tangential creep strains at any time ¢ can be expressed using 


t 
é,= f K of" fit) dt 10 
0 ’ 


VARIABLE-THICKNESS Disk 


Equation [1] as 


Using Equations [1], [2], and [4], it was shown? that the fol- 
£ 1 LAjy 14) j 
lowing equations for o, and o, hold for the variable-thickness 
i t r 
disk assuming that o, > o, > 0, the value of h being taken as a 
power function of the radius, i.e : 
Fie STRESS-CONCENTRATION Factors 
FoR Various n-Val 


Note that for n = 3-10, these curves apply if « 
tations On er ¢ are as giver 


l= | 2dr 


where a 
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To determine within what limits of peripheral stress ¢ 
= ; curves in Fig. 8 are valid, it is necessary to show that o, 

' - all points in the disk, since otherwise the condition ¢, > ¢, > 0 is 
tts ie not fulfilled and Equations [1] and [2] will not hold. To do this 
we proceed as follows: Dividing Equation [12] by Equation [13 
taking r,/r; = 4 and m = —0.5, and using Equations [15] and 


17| we obtain 


0.0312 / 
| 0.9688 + 2.5¢,,/¢ \ 

By differentiating Equation [19] with respect to z, the valu 
of z at which ¢,/¢, is a maximum can be found. This ma 
done for each value of a corresponding to a given value of 
Using these values of z in Equation [19], maximum values 


g,,/¢, above which the condition ¢,/¢, < 1 does not hold 


found for various n-values. Results obtained in this 


shown in Fig. 9 which gives maximum values of ¢ 
which the curves in Fig. 8 do not apply (since ¢ 


r 


that the values of (0,¢/ F,)max Increase With increase 


values of c,,/o, greater than those of Fig. 9 the analysi 


more complicated and is beyond the scope of this paper 


irom, 8 


in most cases of practical interest where n ranges 





the values of ¢,,/¢, will probably be such that Fig. 8 will app 
By comparing the curves in Fig. 8 for the variable-thickr 


sk with those of Fig 4 for the constant-thickness disk hav 
ss DisrripvuTions ror R 


KNESS (r,/r¢ = 4,™m = 


the same r,/r; values, it may be 


lues are less than those ¢ : slightly lower for the former case 
,aiue re “ n i pe er i . 


lished in a forthcoming paper, ir 

larger r,/T,-Vaiues, however 
Curves similar to those in Fi 

+} 


other values of r,/r; and m usin 


Disk Wrra Constant THICKNESS 
TEMPERATURI 


ny practical cases, for example, it 


disks, the temperature of the disk may in 
toward the outside. This means that, 
reep rate increases with increase in radius 
a of the effect of such temperature 
distribution in the disk, it will here 
rate-stress-temperat 
stant stress) may be 


follows 


In this ¥(@) is a function of the temperature 6. Since the tem 


perature is a function of the radius r, Equation (20) may b 


written as follows, @(r) being a function of r 


. = q af/s r 

Ficg.9 Maxistcn \ F gro / eo FOR VARIABLE-TaIcKNess Disk e= Kof(t)¢d 
“alues of got t be le ‘ ese for » be ; 1 ; : : 
Values of # must be less than these for Fig. 8 to be valid We will further assume a disk of constant thickness with r,/r 

= 6 and that the temperature variation in the radial directi 
Lo illustrate 1 plication of these equations to 4 particular is such that the creep rate at the outside diameter is about te 


case Of Variabie thickness, we assume r,/7; = 4andm = —0.5 times the rate at the inside for the same stress and also that the 


This gives a disk having the approximate cross-sectional profile ate varies as a power of the radius. Under these conditions ¢ 
shown in the sxetch, Fig. 8, the thickness at the outside diameter ay be taken approximately as 
being one half that at the inside diameter. Using Equation [17 
with the given values of m and r,/r;, Equation [12] becomes Ov ' 
For this case, ass iming constant thickness and ‘ 
is the formula for CG; developed elsewhere,* based on the Tresca 
criterion and assuming steady-state conditions is 


l Using Equation [18], curves of 
various values of n were obtained as show: 


irve for g,, = 0 is also shown dashed 
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Fic. 10 Tancentiat-Stress DisrrrevtTions ror Rotatine Disk 
Wits Temperature GRapdient ro/ri = 6, 6 (r) = (r/ra)** 
(Curves valid only if ere/eo-values are less than those given in Fig. 11.) 


Using the value of $(r) given by Equation [22] in this equation 
and integrating, we obtain 


(-05%) 
Crav r, " 

r \2-3/n r; r y 3/n° 
(=) Ps Te (=) 


A plot of o;:/¢t. versus r/r, for various values of n based on 
this equation and assuming r,/r; = 6 is shown in Fig. 10. Note 
that ¢tav is given by Equation [7]. For comparison, the elastic 
curve for a constant-thickness disk with no temperature gradient 
is shown by the dashed line. It may be seen that for this case, 
for n-values less than about 3.5, the peak stresses are higher 
than the elestic values for no temperature gradient and ¢,, = 0. 
These curves thus indicate considerable nonuniformity in stress 
distribution for n-values in the practical range from, say, 3 to 6. 

As in the case of the variable-thickness disk, however, it is 
necessary to show within what limits of the o,,/c,-values the re- 
quired condition o, > ¢, > 0 holds. 

For r,/r; = 6 and taking z = r/r,, Equation [24] may be 
written 


[24] 





o°, = 


KiGtav 


“Ss zm 


, 0.833 (n — 2.3) 
Ky = 7 —74an) (ae 

n [1 — (.167) (6)?-3/"] 

m:, = 2.3/n.. [26] 


Integrating Equation [5] using the o,-value given by Equation 
[25]. we obtain 
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Maxutum VALUES OF ore /o. FOR Disk Wits TEMPERATURE 
GRADIENT 
(Values of ere/ee must be leas than those for Fig. 10 to be valid.) 


Fie. 11 


1- —1 
ee 


CravKy (x ) 


(1 — m)z 


~ (x? — 0.00463 





where 
a, = yo"r,?/9 


Dividing Equation [27] by Equation [25] the following equa- 


tion results 
m-1/ 6™-! 0.00154 ¢, 
+S meee oe. meme 
m — 1 Ky Cree 


g,2 
3 Cray K, 


¢, 1 


C; 1 — m 


2+ m: 
[PR) 


- 


In this case using Equation [7], the expression for guv/¢, re- 
duces to 


Cray Cre 
—— = 0,398 + 1.2 
o, Co, 


190) 
29} 


Maximum values of ¢,,/¢, above which the condition ¢, < ¢, 
does not hold may be found by a similar procedure to that utilized 
in the previous cases by differentiating Equation [28] witb respect 
to z and using Equations [28] and [29]. The resulting values 
are plotted versus n in Fig. 11. For values of o,,/o¢, greater 
than these values, 7, > o, and hence the curves in Fig. 10 are not 
valid. On the basis of the analysis, it appears that these maxi- 
mum values of ¢,,/¢, increase rapidly with increase in n, reaching 
values around 8.5 for n = 7. However, forn = 3 the maxi- 
mum value of g,,/¢, is only about 0.5. (The analysis for 
¢,,/0,-values greater than those indicated in Fig. 11 is beyond 
the scope of the present paper.) 


CONCLUSIONS 


The analysis for the constant-tbickness, constant-temperature 
rotating disk indicates a considerable nonuniformity in stress 
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distribution under steady-state creep conditions particularly 
for the lower n-values and for the higher r,/r,-ratios. It also 
shows that the peak o;:/@w,-values increase as r,/r; increases 
and as n decreases. The results also indicate that the creep 
strains at the inside diameter are considerably higher than would 
be expected on the basis of average stress values; thus the creep- 
rupture strengths of such disks under long-continued spin test- 
ing at elevated temperature may also be lower than would be 
expected on an average stress basis. This is particularly true 
for materials having low elongation values in long-time creep- 
rupture tests. However, actual long-time spin tests on disks 
at elevated temperature would be desirable to confirm this con- 
clusion. 

The analysis given for the variable-thickness disk with r,/r; = 4 
and having a thickness at the periphery equal to one half that 
at the inside diameter indicates that the peak o;/c.v values are 
for the constant-thickness disk 
In this connection a more 


those 
and n-values. 


somewhat lower than 
having the same r,/r, 


complete analysis of the problem of the variable-thickness disk 


will be given in a forthcoming paper. 
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The analysis of the disk with r,/r;’= 6 and with a tempera- 
ture variation such that the creep rate for the same stress is ten 
times greater at the outside diameter than at the inside, indicates 
& greater nonuniformity in stress distribution than is the case for 
the constant-temperature disk. Relatively high peak values of 
@:/Ttav are reached for the lower values of n; such peak values 
become higher than those for the elastic stress distribution, 
assuming no temperature differential, for values of n less than 
about 3.5. This indicates that the creep strains at the inside di- 
ameter for such disks will be considerably larger than those cal- 
culated on an average stress basis. For disks with greater tem- 
perature differentials giving rise to greater variations in creep 
rates, even greater nonuniformity of stress distribution would be 
expected. 
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Uniformly Loaded Circular Plates 
With a Central Hole and 
Both Edges Supported 


By J. C. GEORGIAN,' ST. LOUIS, MO. 


Several catalogs giving results of circular plates with a 
central hole with various loading and edge conditions have 
been published. However, these do not cover the case 
where each edge is supported, either simply or clamped. 
The usual recommendation is to solve these cases by super- 
position from the known elementary cases. This is not 
easily done. The results of the following two cases are 
given in this paper: (a) Inner and outer edge clamped; 
(6) inner and outer edge simply supported. 


NOMENCLATURE 


The following nomenclature is used in the paper; it corresponds 
with the ASME standard: 


E = modulus of elasticity, psi 
Eh? 
Ds —— 
12(1 — wu?) 
plate thickness, in. 
radius, in. 
= outer radius of plate, in. 
inner radius of plate, in. 
= uniform load, psi 
deflection of plate, in. 
tangential bending moment, in-lb per in. 
= radial bending moment, in-lb per in. 
= tangential stress, psi 
= radial stress, psi 
Poisson’s ratio 


= plate flexural rigidity, lb-in. 


are used as subscripts for moments or stresses at the 
corresponding outer or inner boundaries. 


INTRODUCTION 


The solutions of circular plate equations are so complex that for 
engineering use tables have been prepared (1, 2, 3)? in the 
United States and Great Britain. These tables give solutions for 
the case of circular plates with a central hole with various load- 
ings, but with the significant point that these solutions leave one 
of the edges free to deflect. At first sight, this does not seem un- 
usual until one attempts a solution for the case where both 
edges are either clamped supported or simply supported. The 
reason for the foregoing solutions become evident as these are the 
simpler and easier solutions, as the boundary conditions eliminate 

! Professor, Department of Mechanical Engineering, Washington 
University. Assoc. Mem. ASME. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until one month after final publication of the paper itself in the 
JOURNAL OF APPLIED MECHANICS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, December 10, 1956. 
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some of the constants of integration. The author has o’)tained 


the solution for the following cases: 
1 Inner and outer edge clamped. 


2 Inner and outer edge simply supported. 


GENERAL 
The general solution of the uniformly loaded circular plate is 
given by the expression (4) for the deflection as 


4 ‘ 
C; + C2 log, r + Cyr? + Ca? log, r ‘ 
64D 
The bending moments are given by the equations 


Co 
-v[a — p) - 
2 


v,= - 1 + pC; 


+ ys) log, r 
+ 21 + pt 


_ 


16D 


‘413 + wp + 211 + pw) log, r 

If we follow Donath’s (5) method for rotating disks, we can 
simplify Equations [2] and [3] by using the sum and difference of 
these equations; i.e. 


_= —4D(1 + [os + C1 + log,» 


16D | 


v.-M DT =. e | 
,— M, = —2D(1 — p) -C,-- 
. - r? 16D | 


The constants C,, C2, C3, C, are determined from the boundary 
conditions for each specific case. 

The foregoing solutions of the circular plate are valid for the 
usual assumptions of h < '/; a and w < (*/:)k. As b/a— 0 the 
bending moments at r = b approach infinity, hence for practical 
purposes the following data should not be used below say b/a = 
0.1. Poisson’s ratio = 0.3 was used in all the computations for 


the curves given in the following cases. 


Case I—C.Lampep EpcGes 

Fig. 1 shows Case I with both edges clamped. The boundary 
conditions for this case are as follows: 

At 
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0.16; 
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SUPPORTE 
tions are substituted in Eq 
juation 1] to obtain four 


« as the 


we have 
he deflection 


simultaneous 
and ( inknowns. Solving 
constants 


considerabl 


aiter 
and moment lations uu 











Maximum DerLection 


i a) is that found from tl wregoing differentia 
tion. This equation is plotted in Fig. 2 
Solving Equatiens [7 | and (8) simultaneo 
and radial bending moments 


we get at tne 


The point 
I rect to a@\ al 
shows that the 

the int 


is found by differentiating V 
juation [6 id equating to zero, whicl 
cimum deflection is nearly midw 
er and out 


wa 


betweer 
Substituting these results in Equation 
we have the ¢ 


for the maximum 


deflectior 


These equations 
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Fic3 Tancentiat anp RapiaL Benpinc MoMENTS aT r = a AND 
r = b ron Case! Prats 
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where 


p 


h | 
' 
| 


Fie. 4 Unirormiy Loapep CrircoLtar Piate Wit A CENTRAL 
Hore, Epces Simpiy SupportTep 


Case I1—Siwpty Suprortep Epvces 
Fig. 4 shows Case II with both boundaries simply supported. 
The edge conditions for this case are as follows: 


1 Differentiating Equation [15], as in Case I, the maximum de- 
At 


flection is also found to be nearly midway between the inner and 
outer edges. 

Using this result in Equation [15] the maximum deflection is 
given by the expression “ 


r=b w=0 M,=0 
and at 
r=aw=0 M,=0 


“ra 


Substituting these boundary conditions in Equations [1] and [3] 
and proceeding in the same manner as for Case I, the deflection 
and moment equations are 

3 + # 

1+yp 





Ae ~ 408, £] - (ZY [x + ( 
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Equation [19] is given in graphical form as shown in Fig. 5 
The bending moments at the edge are tangential only as the 
radial moments are zero at the boundary. Equations [16] and 
[17] reduce to the follow ing: 
Atr=a 


M, 


ga? 








The dimensionless plo 
Fig. 6. 
The el handing moment ia found he ring Equatior 
he radial bending Moment 18 iounc Dy SOiving Lquation 


Fic.5 Maximem Deriection or Casz II Pirate and 


an simultaneous y. The equation becomes 


~ gk 


) | 


1 


| 
| 
.* 





Differentiating Equation [22] with respect to 
it to zero, we find that the maximum radial moment 
midway between the inner and outer edges 
' 


Substituting these results in Equation [22] we have 


mum radial moment as 


r_. 
| a cy 
L 


x 


4° - -006 


Fic. 6 Tancentiat Benpinc MOMENTS ATT = a AND rT = b FOR 
Case II Pirate 
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where r/a is the value from the foregoing differentiation. The 
curve for Equation [23] is in Fig. 7. 





CONCLUSION 
The stresses for the two foregoing cases are computed Irom the 
expressions: 
For the tangential stress 


For the radial stress 


where M, and M, are selected from the appropriate curves 
Some engineering applications of Case I may be for diaphragm 


ised for 


and high-pressure expansion members. Case II may be 
plate valves in compressors. 
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Brief Notes* 





On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/; double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The notes 
should be submitted to the Technical Editors of the 
Journal of Applied Mechanics. 


Graphical Solution of Single-Degree- 
of-Freedom Vibration Problem With 
Arbitrary Damping and 
Restoring Forces 


By W. H. PELL,’ WASHINGTON, D. C. 
HIS paper is concerned with the graphical construction in 
the phase plane of the integral curves of the differential 
equation for the motion of a mass subject to damping and restor- 
ing forces which are, respectively, arbitrary functions of velocity 
The construction is a generalization of that 
course, 


and displacement 
of Lienard.* More general graphical methods are, of 
available. Such have been given for the general second-order 


eq lation 
dz/dt 


by Meissner,? Grammel,* Braun,’ and Jacobsen.‘ Of these, 
Meissner’s is perhaps the most accurate, while that of Jacobsen 
appears to be the simplest to use. A method has been given for 


Zz) ow Fit = 0 


+ fiz 


Mathematician, Matt 
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Non-Linear Vibrations,”’ by 
New York, N. Y., 1954 

**‘Graphische Analysis vermittels des Linienbildes einer Funktion,” 
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***Ein Gegenstick zum Meissnerschen Verfahren der graphischen 
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Note: Statements and opinions advanced in papers are to be 
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cord with these conventions 


thogonal to EP 
of orthogonal lines and the fact that the slope mgp of EP is 


BRIEF NOTES sid 


by Ku.’ Despite the existence of these more powerful methods, 
the author feels that the moderate generality of Equation [1] and 
the simplicity of the associated construction are sufficient to 


t 


warrant discussion. 

Let a mass m possess one degree of freedom z(t), and let —/ 
and —(z) be, respectively, arbitrary restoring and damping 
forces acting on m. The motion of m is then governed hy the 
equation 


mé + @(z)-+ F(z) = 0 
or, with obvious relabeling of terms 


ir Qs 


+ f(z 
The associated initial conditions are 
(0) = Ze, 
From Equation [1] we obtain a first-order equation ir 


or phase plane, by setting » = z. For then 


and Equatior l 


becomes 


Integral curves of Equation 3] are constructed by ising tne 
The curve repre- 


and (2 


geometric interpretation of dv/dz as a slope 
senting the solution of Equations [1 is obtained by 
starting the construction at (2p, t 

is depicted in Fig. 1. On 
, v co-ordinate system, with 


The construction for any point (z, t 
the zv-plane we superpose (1) a g(t 
positive ¢(v) measured in the negative z-direction, and (2) an 
f(z), z co-ordinate system, positive f(z) measured in the negative 
-direction. First, the graphs of ¢(: are drawn in ac- 
The tangent to the integral curve 


through P: (z, 1 


and f(z 


f Equation [3 is the segment through P or- 


This follows from the relation between slopes 


alysis of Electromechanical Problems,” by \ 


anklin Inatitute, vol. 255, 1953, pp. 9 








ty 


Fie. 1 Frecyo Dirrecrion Construction, Equation [3) 





Fic. 2 Exampite 1: Van per Port Equation 


EXAMPLE 2. K+X-xX"+e%s 0, 


x(O)=0, x(O0)=0 
W.9 
f (x), 


The construction is evident from Fig. 1, but one must observe the 
convention that AF and FE are directed line segments with 
positive sense to the left. 

Fig. 2 shows the construction for van der Pol’s equation 


1 
f-#+ 7H#+2=0 


for which Lienard’s construction was designed. In this case 


1 
gv) = —v+ 3 v*, f(z) =2 


The limit cycle and two integral curves are shown, one spiraling 
inward, and one outward, to the limit cycle. The method also 
was applied to the system 
€+2-—27+ce7*=0 Toy 
2(0) = 0, 2(0) = 0.. 


The exact phase-plane solution of this is available, and is 
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e*—1 } <. 
= rere z= —log(ii+e 
In Fig. 3 the small circles are points computed from Equations 
[7], while the curve is obtained by the method set forth here. 
The short line segments give slopes dv/dz which bracket those of 


the integral curve. 


On the Antisymmetric Vibrations 
of a Beam Carrying a Distributed 
Added Mass' 


By GEORGE HANDELMAN? anv YIH-O TU,?* TROY, N. Y. 


ECENT investigations‘+“ have been carried out to deter- 

mine the effects on the vibration characteristics of specific 
elastic systems when rigid masses occupying a finite area are 
attached. All these examples have been confined to symmetric 
vibrations, whereas this note is concerned with a simple example 
of antisymmetric vibrations. 

Consider a simply supported, uniform beam of length 2 
(0 sz S 2L), flexural rigidity EJ, cross-section area A, and mass 
density m. The beam has rigidly attached to it, on L —a s 
z <= L +a,a symmetric rigid mass of moment of inertia 7, about 
an axis perpendicular to the plane of bending through the point 
z = L. The system is assumed to execute antisymmetric vibra- 
tions about the point z = ZL as a nodal point. 

It has been found convenient to introduce the parameter p 
defined by J, = (2/3) mpAa’; that is, if the added mass were 
rectangular, mp would be its density. In addition let c* = 
EI/mA, k = a/L, s = 2/L, and the deflection be u(z, t) = 
Ls) exp (i A* ct). The nondimensional differential equations 
and boundary conditions are 


v"(1 — k) + be’""(1 — k) — (1/3) pkiv* 

where roman numerals denote derivatives with respect to s and 
vy = XL. The question which will be studied here is the behavior 
of the eigenvalue v as a function of k for various values of the 
parameter p. 

The transcendenta] equation which results from Equations 
{1] through [4] is 

1 This work has been supported by the Air Force Office of Scientific 
Research of the Air Research and Development Command, under 
Contract No. AF 18(600)-1586. 

? Professor of Applied Mathematics, Department of Mathematics, 
Rensselaer Polytechnic Institute. Mem. ASME. 

* Research Assistant, Department of Mathematics, 
Polytechnic Institute. 

‘*‘On the Vibration of Mass-Loaded Membranes,"’ by E. T. Korn- 
hauser and D. Mintzer, Journal of the Acoustical Society of America, 
vol. 25, 1953, pp. 903-906. 

5 ‘‘Some Effects of the Distribution of Added Mass to Vibrating 
Beams,”"’ by Hirsh Cohen and George Handelman, Journal of the 
Acoustical Society of America, vol. 27, 1955, p. 177. 

* ‘Vibrations of a Rectangular Plate with Distributed Added 
Mass,”’ by Hirsh Cohen and George Handelman, Journal of the 
Franklin Institute, vol. 261, 1956, pp. 319-329. 
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November 13, 1956. 
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2 tan »(1 — k) tanh »o(1 — &) + 2k*y? — 


pk*y*(tan v(1 - tanh (1 


+ 2kyi(tan v1 —k)+ tanh wi - k}) = 


Since Equation [5] represents an awkward transcendental equa- 
tion, approximate solutions can be found from the corresponding 
minimum principle of the problem which states that the lowest 
eigenvalue is given by 

v* = min[D(e)/H(e)] 
where the admissible functions have continuous fourth deriva- 


tives, satisfy the first of boundary conditions- [2], boundary 


condition [3], and 


ei-—s 
De) = y""2 
; 


oJ f 


1 
+ | eble(t — &))* 


[4] are satisfied 


The second part of 
automatically as natural boundary conditions by the minimizing 
function. The trial function » = sin 8 s, with tan B(1 —k) = 


—kB, yields the a; 


f boundary conditions [2] and 


yproxim ute formula 


-1 
ky k 232} 
Comparison with the exact solution of Equation [5] shows that 
the worst error in v is less than 0.5 per cent. The approximate 
solutions are shown in Fig 1. 
It is seen that for certain values of p the eigenvalue v always 
lies above that for the On the other hand, there 
The 


are cases where » drops below the unloaded case initially. 
demarcation value of p, that is, the value which separates these 


unloaded case 


two cases, can be found as follows: By rewriting Equation [5] 
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an explicit formula can be found for the crossover value of p, p, 
This is the value of p for which the loaded beam, for a given value 
The 
limiting value of p, can then be studied as k approaches zero and 
Thus if p S 2, the frequency will always be 
On the other hand, if 


of k, will have the same frequency as the unloaded beam. 


is found to be 2. 
higher than that of the unloaded beam 
p > 2, the frequency (as a function of k) will initially be lower 
than the unloaded case, then will increase with k, crossing over 
the unloaded value, and finally approach infinity as k approaches 
1. 

The asymptotic behavior for very large eigenvalues can be 
obtained directly by studying the behavior of Equation [5] for 
large v. If v, denotes the nth eigenvalue, it can be shown that 


vy, ~ne/(l—k 


The results obtained for the demarcation value of p are quite 
similar to those obtained for symmetric vibrations of a beam 
where the basic parameter is the actual density ratio. These 
differ from the case of longitudinal! vibrations or membrane vibra- 
tions where the critical value is 1. The leading term in the asymp- 
totic form for large eigenvalues is the same as the symmetric 
ease. It is independent of p, indicating for very high frequencies 
there is little vibration of the mass and the frequency is that of a 


beam of length 1 — k 


Stress-Concentration Factors 
in Shafts 


By H. OKUBO! anv S. KIKUCHI,* NAGOYA, JAPAN 
f Sew is a continuation of previous studies on the stress con- 


centration resulting from a groove or a hole.? The stress- 
concentration factors for circumferential grooves in shafts sub- 
mitted to bending are obtained by the electroplating method ir 
nner as described in the previous papers.* § 

Test 15-mm diam with circumferential U 
grooves of 1.59-mm base radius. The depths of the grooves vary 
The test was made twice in the same 


the same ma 
pieces used are 
from 1.01 mm to 3.18 mm 
wav The stress-concentration factors obtained by two tests, 
were made 

ept for the case of {/D = 0.212, as shown in Fig. 1, where filled 


whic juite independently, are in close agreement ex- 


circles give the results of the first test and open circles those of the 
second test. The nominal stress for calculating the stress-con- 
centration factors is based on the gross section of shafts, namely 
32M /x«D 

In every point, the second test was made with greater care than 
the first test and the results are more reliable. 

In so far as the authors are aware, little information is available 
as to the magnitude of the stress-concentration factor for a cir- 
One notable 


by 


cumferential groove in a shaft submitted to bending 
exception is the analytical results for hyperbolic grooves given 
Neuber. For comparison, his results also are shown in Fig l, but 

! Professor of Applied Mechanics, Nagoya University. 

? Graduate Student, Nagoya University. 

“Determination of the Surface Stress by Means of Electroplat- 
ing,” by H. Okubo, Journal of Applied Physics, vol. 24, 1953, p. 1130. 

‘ “Stress-Concentration Factors in Shafts With Transverse Holes as 
Found by the Electroplating Method,” by H. Okubo and 8. Saté, 
Journat or Appuiep Mecuanics, Trans. ASME, vol. 77, 1955, p 
193. 

‘ “Stress-Concentration Factors in Shafts Containing Transverse 
Holes and Subjected to Bending,”” by H. Okubo and K. Takai, Joun- 
NAL OF APPLIED Mecuanics, Trans. ASME, vol. 78, 1956, p. 478. 
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Stress-CoNCENTRATION Factors ror SHarrs Wirs C1r- 
CUMFERENTIAL U-Grooves, SuBMITTED TO BENDING 


Fig. 1 


one must bear in mind that the experimental results herein ob- 
tained are those for parallel-sided U-grooves and not for hyper- 
bolic grooves. 


On Effect of Boundary and Loading 
Conditions in the Limit Analysis 
of Plastic Structures’ 

By E. W. ROSS, JR.,2 WATERTOWN, MASS. 


In this note the limit-analysis notions for an elastic- 
plastic body are applied to yield several general results 
about the effect on the collapse load of changes in body 
shape and loading conditions. 


INTRODUCTION 


E CONSIDER a structure composed of elastic-plastic, 
isotropic material that does not work-harden. It is 
assumed that the structure satisfies all the conditions 


1 This work was done at Watertown Arsenal Laboratories, and 
originally appeared as part of Report No. WAL 880/53. The author 
wishes to express gratitude to the Office of Ordnance Research for 
financial support, and to the Office, Chief of Ordnance, for permis- 
sion to publish this note. 

2? Mathematician, Watertown Arsenal Laboratories. 

3“Extended Limit-Design Theorems for Continuous Media,” by 
D. C. Drucker, W. Prager, and H. J. Greenberg, Quarterly of Applied 
Mathematics, vol. 9, 1952, pp. 381-389. 

Manuscript received by ASME Applied Mechanics Division, Janu- 
ary 18, 1957. 
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necessary so that a limit-analysis treatment (see Drucker, Prager, 
and Greenberg’) is possible. We first discuss two theorems about 
the effect on the collapse load when the body shape is altered, 
then present several results about the effect of changes in loading 
conditions. 


Errect or CHANGEs IN Bopy SHAre 


Let us compare the bodies shown in Fig. 1. They are alike as 
to loading, support conditions, and shape, except that B’ is larger 
than B by virtue of material that has been added outside the 
original boundary, CED. Suppose, first, that both CED and 
CE'D are arcs of stress-free boundaries. The following theorem 
was proved by Drucker, Prager, and Greenberg.* 

Theorem 1. “Increasing the size of a body by moving a stress- 
free boundary outward cannot decrease the collapse load 

Proof: A kinematically admissible velocity state of coillaps« 
for B is given by what remains of the true collapse-velocity state 
for B’ after removal of the material inside CEDE 
of this materia] cannot cause an increase in total plastic dissipa- 
tion rate, the collapse load for B cannot exceed that for B’ 

If both CED and CE’D are motion-free boundaries (all 
components vanish), the following theorem holds. 

Theorem 2. Increasing the size of a body by moving a motion- 


free boundary outward cannot increase the collapse load. 


Since removal! 


velocity 


A statically admissible stress state of collapse in B is 
for B 
Hence the collapse 


Proof. 
given by what remains of the true collapse stress state 
after removal of the material inside CEDE’ 
load for B must equal or exceed that for B’ 

It is satisfying to note the parallelism in statements and proofs 
between these two theorems. Alternative proofs of Theorem 1, 
using the stresses, and Theorem 2, using the velocities, also could 
be given. 


Errect or Surrace LoapinG Conpirions 


Let us first consider the effect of altering the contact area be- 
tween a body and a rigid, smooth prismatic indenter. On the 
boundary of contact, the conditions are V; = Vo, r_ = ra = 0 
i.e., the direction of the indenter motion is prescribed, the velocit 
component in that direction (V1) is constant, and the shear stress 
The direction of indenter motion is assumed t 
We cannot 


vanishes. 


scribed by frictionless guides as shown in Fig. 2 





pressions lor 
but 
since not ali t 
tribution 


constan 


t 


work was cut short by 


J 
4 


ASME, vol. 7 


~ 


Pp 


JUNE, 1957 


the limit-analysis theorems directly to a body loaded by an 
indenter, but must apply them to the body and guided indenter 
viewed as an assemblage 

In Fig 2, the shape and methods of support are identical for B 
and B’, and they are loaded by similarly directed smooth dies 
the die in B’ is a subset of that in B. 
Then it may be shown that the collapse load for assemblage B’ 


is not greater than for B 


the region of contact of 
The proof follows. The true velocity 
state at collapse for the assemblage B is also a kinematically 
Let V, be the 
ndenter and D the internal dissipation rate for 

Then L 
1 B’, sat 


admissible velocity 


the 


state for the assemblage B’ 
velocity of 


this velocity stat 


and L’, the loads at collapse for the 


isl 


assemblages B an 
D 
Vi 
a distribution of norma! pressure (but 
does not hold 
the load is applied over a larger 


f 
no shear), the alog of the foregoing result Con- 


sidering the example of Fig 
irea on B than B et t 


for B if the protruding arm is made sufficiently thin 
The failure of this analogy appears to be related to the difficulties, 


“4 


he collapse load can be made arbi- 


trarily smal! 


DISCUSSION 




















described by Lee,‘ that can arise when plastic-rigid problems are 


posed entirely in terms of boundary conditions on stresses 
lf, on a plane boundary of a body, we compare loading b 

distribution of normal pressure with loading on the same surface 

region by a smooth, rigid indenter directed normal to the surface 


by frictionless guides, we see that the total collapse load for the 
body in the former case is not greater than for the assemblage ir 
the latter case The proot follo ws from the observation that the 


true velocity state at collapse for the assemblage in the indenter 


case is also kinematically admissible for the normal pressure case 
and involves the same dissipation 

‘“The Theoretical Analysis of Metal-I 
Strain,” by E. H. Lee, Jor 
ASME, vol. 74, 1952, pp. 97 
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Discussion 


Rational Analysis of Heat-Exchanger 
Tube-Sheet Stresses’ 


Hvu-Nan Cu The 
ing the interest 


author should be congratulated for reviv- 


of this important topic. The writer would like to 


make the f 
Tube-T 
The 


concentration lLactor In 


pllowing comments on the last part of the section “U- 


ype Exchangers 
symbol 1/n, seems not to have the meamng Of a stress- 
, due to the 


the difference of the 


its most widely used sense; i.e 
In 


the hole from that at the center of the liga- 


the case here, 


> of the boundary 
stress at 


ment should ysidered. Actually, Gardner*® derived the ex- 


Ne | ~onsidering the 


tr 
stress 


removal of the material only, 


not the distnibution across the width of 


a ligament 
ibe sheets have closely spaced holes, the streas dis- 


wcross the ligament width cannot alwavs be assumed 


It is su be term “‘stress-concentration factor’ be 


eserved for future use the 
J. Schulz‘ had started 


of pertorated plates but 


say, when distribution 


stress 


scross the ligament width is known. K 


he flexural probiem infortunately, his 


his tragic death 


On the other hand, since in most tube sheets the plate thick- 


least of the same order of magnitude as the hole pitch, 


1635 18 a 


yhlem al 


yuld be formulated according to some thick- 


By y i-Y lar 
OURNAL or App 
68-473 

? Engineer, Foster Wheeler Corporation, New York, N. Y. 

+ **‘Heat-Exchanger Tube-Sheet Design,”’ by K. A. Gardner, Trans 
0, 1948, pp. A-377-385, Appendix 
State of Stress in Perforated Strips and Piates,”’ by K. J 

Koninklijke Nederlansche Adademie va: 


1942, and vol. 48, 1945 


Yu, published ir of the 


in the Sept mber 
Mecuanics, Trans. ASME, vol. 78, 1956, pp 


1956. i 


ssu€ 


"On the 
chulz, Proc 
15 


W etenschap- 


n, vol 


plate theory rather than the classica of Poisson-Kirchhoff 
algebraically formidable 


There are many thick-plate theories, among which E. 


The resulting formulation will then be 
teiss- 
ner’s* seems to be the simplest vet retains the most important 
feature of the transverse shear-deformation effect. As a first step 
Rei 


the resultir 


the writer tried a two-hole interferer problem using E 


ss- 


ner’s theory. Since the independent variables ir g 


wave equation il bipolar co-ordinates are not separable, the 


hy 


solv 


The numerica 
practically 
the same as the plane-stress results under all-around tension b 


Cc. B For a pl ite Reissner 


had reached the conclusion that in bending, the stress-concentra- 


ittempt was not successful. So instead, the writer ed the 


same problem according to the Kirchhoff theory 


results show that under all-around bending thev are 


Ling.* 


containing a single hole, E 


tion factor tends to that given by the plane-stress solution in the 


hmit of vanishing hole diameter while it tends to that given by the 


solution according to Kirchhoff's theory in the limit of vanishing 


plate thickness. Moreover, in the case of all-around bending 


these two limits give the stress-concentration factor, 2 


same 


There fore, if the assertion is made y 


that ig 


the plate thickness does not enter the expression for stress-con- 


under all-around bendir 


centration factor in the ligament between the two holes, ther 
ilso consistent with this last observation 

If this assumption is stretched still further so as to inclu 
then the 


put into service 


case of many holes, for example a tube sheet, know! 


How- 


pecula 


solutions in plane stress may be at once 
ever, the writer must emphasize that this is more or lessas 


tion awaiting either theoretical or experimental proof 


‘The Effect of Transverse-Shear 
Elastic Plates,”’ by Eric Reissner 
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K. A. Garpner.’? The author’s refinement of an aspect of the 
writer’s treatment of tube-sheet design*’ is a valuable contribu- 
tion to the literature on the subject. His adherence to nomencla- 
ture identical to the writer’s and his repetition of the writer’s 
original equations are particularly helpful to those attempting to 
keep abreast of developments in tube-sheet design, who are thus 
spared the necessity of tabulating symbolic equivalences and of re- 
ferring back to previous papers. The writer’s gratification at 
having his work drawn on so freely is diminished, however, by 
the author’s several uncharitable inferences from that same 
work, 

The writer’s papers purported to present tube-sheet design 
methods for two boundary conditions only—simply supported 
and irrotationally clamped; discussion of other edge conditions 
was included adequate to indicate that these two were considered 
merely limiting cases. The determination of new arbitrary con- 
stants of the identical equations for intermediate boundary con- 
ditions hardly seems to warrant the distinction between “‘ra- 
tional’’ methods for the author’s work, and “‘semi-rational’’ for the 
writer’s. 

The author’s inclusion of his footnotes 4 and 5 is difficult to 
understand. Illustrations of internal floating-head* and externally 
packed floating-head exchangers® were prepared to “‘make clear’ 
the distinction between them; it is rather obvious that no shell- 
side pressure is exerted on the floating-head cover of the latter 
type. That the writer ‘erred further in his 1952 papers in con- 
sidering the design pressure to be independent of the shell-side 
pressure also in an internal-floating-head exchanger’ is refuted by 
tube sheets of this type designed by his company before or since 
1952 for conditions of negligible tube-side pressure and apprecia- 
ble shell-side pressure. Perhaps the writer’s reference to “equiva- 
lent tube-side design pressure,” shortened to 
“equivalent design pressure,’’* escaped the author’s attention. 

The statement that Miller” and the writer “overlooked the in- 
teraction between the tube sheet and the shell’’ is not quite ac- 
curate. For the cases under investigation (simply supported and 
clamped edges) the tube-sheet design is essentially independent of 
the shell-side pressure for a fixed-tube-sheet exchanger with K = 
0. The writer (not presuming to speak for Miller) acknowledges, 
however, that he was guilty of overgeneralization in stating this 
as a general conclusion for this type of exchanger with K = 0, 
regardless of mode of edge support. The author’s results, with 
reservations as discussed later, are undoubtedly to be preferred 
from a strict stress-analysis standpoint. It should be noted, how- 
ever, that the author’s suggestion that his Equation [11] is ap- 
plicable for an externally packed floating-head exchanger is 
wrong, although it applies in the similar case of a fixed-tube-sheet 
exchanger with shell-expansion joint. The author’s constant K, 
is zero for the floating end of such an exchanger although it has a 
finite value at the stationary end. Hence Equation [11] be- 
comes considerably more complicated since tube-sheet deflections 
at both ends of the exchanger are no longer identical. 

Reference to the ASME design codes might nevertheless be 
used to justify the writer’s statement that fixed-tube-sheet ex- 
changers with K = 0 could be designed with tube sheets inde- 
pendent of shell-side pressure, since these codes ignore “‘sec- 
ondary”’ stresses in design. This would be valid from the stand- 


subsequently 


7 Chief Engineer, The Griscom-Russell Company, Massillon, Ohio. 
Mem. ASME. 

8 **Heat Exchanger Tube-Sheet Design,” by K. A. Gardner, Trans. 
ASME, vol. 70, 1948, pp. A-377—A-385. 

***Heat Exchanger Tube-Sheet Design 2—Fixed Tube Sheets,” by 
K. A. Gardner, Journnat or Apptiep Mecuanics, Trans. ASME, vol. 
74, 1952, pp. 159-166. 

”**The Design of Tube Plates in Heat Exchangers,” by K. A. G. 
Miller, Proceedings of The Institution of Mechanical Engineers, 
series B, vol. 1, 1952, pp. 215-231. 
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point of « contemporary designer, although not from that of a 
stress analyst. This is not offered in extenuation of that state- 
ment, however, since no such thought was in the writer’s mind 
when it was written. 

It seems inconsistent to the writer to consider discontinuity 
stresses due to internal pressure to the exclusion of those created 
by radia] differential thermal expansion between tube sheet, shell, 
and heaa, particularly when axial differential thermal expansion 
between shell and tubes is carried through as a ponderable factor. 
In short, if ‘“‘secondary’’ stresses are to be given any weight in 
tube-sheet design, it is not sufficient to define #, and @, as cold- 
hinged valves dependent on pressure alone. It is to be hoped that 
the author’s further work on integral tube sheets will include these 
thermal effects. 

Finally, with respect to flanged joints between heat-exchanger 
shell, tube sheet, and head, the writer feels the 
is preferable as one limiting condition to his own 
clamping), but that both have limited practical value. 
sustomary narrow ring-gasket closure for pressure vessels, when 
applied to both faces of a tube-sheet periphery, is quite incapable 
of constraining the latter, the shell, or the head to adopt a common 
The tube sheet under 


author's sol tion 
irrotational] 


The 


such circumstances 
Wesstrom and 


angle of rotation. 
tends more nearly to behave as simply supported. 
Bergh’s paper on bolted flanges" is an interesting reference in this 
connection. 

I. Marxrin.'*? The importance of the tube sheet as a fu 
mental element in the design and operation of 
many kinds and particularly its application in some modern de- 


heat exchangers of 


velopments of the pressure-vessel industry explain the great in- 
tube 


perimental testing as- 


terest with which the elastic problem of the sheet is being 
studied by many engineers. While its e 
pects are being dealt with in a paper by J. P. Duncan," the paper 
under discussion attempts to improve its mathematical treatment 
in some existing publications. It calls attention to the many 
weaknesses occurring in the latter, and in doing so, it 
represents an action in the right direction. But the author’s at- 
tempt of achieving in this way some positive results with respect 


certainly 


to a rational stress analysis is of very limited consequence for the 
following reasons: 

A successful thermoelastic stress analysis of a system, of which 
tube sheets are a part, can be achieved only as a result of two 
separate steps; the first step requires establishing a method for 


approximating the solution of the elastic problem of the tube 


sheet, more specifically to reduce the problem of the tube sheet in 
bending ‘to that of a solid plate in bending; the second step is to 
analyze the combined system in accordance with the fundamen- 
tals of the theory of plates and shells. The paper under discussion 
does not contribute anything to the first part of the combined 
problem. The author admits, furthermore, that the information 
which he has gathered from published material does not enable 
him to offer a complete and effective analysis, because, as he says, 
necessary coefficients are not availab.e yet. (See his statement 
concerning the “open question’’ near bottom of the right-hand 
column of page 470.!) Thus he confines himself to attaching some 
improving considerations to the very imperfect treatments just 
referred to, but these improvements will not prove sufficient for 
the purpose of practical application. 

In this connection and in natural reaction to the author’s state- 


11 “Effect of Internal Pressure on Stresses and Strains in Bolted- 
Flanged Connections,”” by D. B. Wesstrom and 8. E. Bergh, Trans. 
ASME, vol. 73, 1951, pp. 553-568. 

12Senior Engineer, Stress Analysis and Applied Mechanics, At- 
lantic Design Company, Newark, N. J. Mem. ASME. 

13 “*The Structural Efficiency of Tube-Plates for Heat Exchangers,” 
by J. P. Duncan, Proceedings of The Institution of Mechanical En- 
gineers, London, England, no. 39, vol. 169, 1955, pp. 789-810. 
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ment concerning the “open question,”’ the writer takes the liberty 
of calling attention to his own statement, according to which 
he, the writer, had completed already before 1952 two contribu- 
tions to the stress analysis of tube sheets, including the struc- 
tures to which they 


belong. More specifically, these two con- 


tributions, ‘Stress Analysis of a Tubular Air Heater,’’ and “Stress 
Analysis of a Pressure Vessel Tube Chamber,’’ were actually en- 
tirely ready for publication in October, 1946, and in November, 
1947, 


doubt, but they 


respective as can be proved beyond iny shadow ol a 


still unp iblished The writer intends now to 


do what he can in order to make the two papers just m ntioned 


At present, he re- 


available to designers and research engineers 


stricts himself to the remark that his own treatment of the stress 


problems just mentioned leads the reader to the very last numeri- 


for practical 
cted only b n to detailed tre:.t- 
the the 


conditions should be 


cal conseque 8 necessary applications. A success 


of this kind can 
ment of 


restricti 


special problems of group, while search for 


formulas valid under general thoroughly 
avoided because 


of difficult detai 


the general problem produces accumulation 


juest to eliminate 


ions, which may be possible 


in the analysis of individual probl ms; and (b) the search for 


general results, valid under any conditions, easily leads to useless 


superficiai conclusions. 
thor had read the 


If the aut 


cussion™ and 


writer's contribution to the dis- 


Author’s Reply’ { 


nted from making such entirely unmotivated 


the losure) to the latter, he 


would hav 


been preve 


and grossly erroneous statements as that concerning the com- 


parative “soundn f the basis’’ of the formulas given at 


the top 


of the right-hand umn of page 470.' It would be only necessary 


for him to look uppermost curve of the graph Fig. 36 on 


page SUY oi r 


further re yn, in addition to that of the author’s some- 


times incorrect chronology, implied already, refers to his footnote 


on page 170 The fact that isotropy ol the equiv alent plate is 
& property of Ul tube sheet of triangular layout only, Was 


the writer during the preliminary written 
ng presentauon of his paper % at the 1950 An- 


iring t 


‘ rardne r, Ww 


las dc oral presenta- 


iby K. A. 


‘and who at that time had raised the ques- 


Society, as we 
this can be confirme: was one of the 
reviewers o! tl! 
tion just Indicated n addition, the writer calls attention to the 
four lines fol ‘ iation [20] on p 
] 


ivoid 


391 of that paper Mb 
misunderstandings, the writer would 
he fal The 


1e following detail 
ticisms, expressed in the discussion of the 


Finally, in « 


like to call attention to t only counter- 


attack against 


Duncan paper," is directed, in the closure of that paper, against 


and 


another tube-sheet 


the writer’s interpretation or misinterpretation, its ct 


me- 
sequences of finition which belongs to 
theory of the originator of the second of the three formulas given 
at the top of page 470 of the present paper, but has nothing to do 
with the writs rs met hod | treating the tube-she« t problem. 


J.P. Doncan."* 
analyses of Gardner and Miller—the addition along the tube- 


plate boundary of an 


This paper adds but one new feature to the 


edge moment giving a condition which is 


intermediate between simple support and encastré. The mo- 
ment is calculable in terms of the stiffness constants of the tube 
plate and the members attached to it. 


'* Discussion by I. Malkin of “Bending of Honeycombs for Per- 
forated Plates,"’ by G. Horvay, JovukNaL or APPLIED MECHANICS, 
Trans. ASME, vol. 74, 1952, pp. 405-406. 

% “‘Notes on a Theoretical Basis for Design of Tube Sheets of Tri- 
angular Layout,” »y I. Malkin, Trans. ASME, vol. 74, 1952, pp. 387- 
396 

% Professor of Mechanical Engineering, University of Sheffield, 
Sheffield, England. 


DISCUSSION 


From practical observations and measurements the discusser 
is well aware of the importance of this question of the rotation 
but 
treatment of the problem, though theoretically sound, could 
reliably be applied in practical cases; certainly not where joint- 


of heat-exchanger flanges, doubts whether the author’s 


ing materials are used at a flange and probably not even where 
The 


aforesaid 


metal-to-metal mechanical joints are employed. writer 


has referred to these matters,”-* where the views 
ure enlarged. 
The statically 
the relative rigidity of the tube plate and its connected 
ponents The validity of the author’s tr 
those of Gardner and Miller rests entirely 
the methods of 


author 


indeterminate edge moment is devendent on 


com- 
eatment as well as 


on the accuracy or 


other wise of 


assessing tube-plate rigidity to 


the refers There can be no margin al factor of 


safety in this matter as with The author makes no new 


stresses 
contribution to this question which the writer reviewed. 


Since completing work described,“ some experiments have 


examine further this fundamental 
theories of 


slightly 


nn conducted to 
The 


fessor Yu 


' } 
ob- 
prot 


lem Malkin and Horvay quoted by Pro- 


rigidity for practical 


underestimate plate 


ack of slenderness of 


ratios of d/P due, in the writer's view, to ! 
The 


pitch as claimed by Malkin and Horvay can be 


the ligaments usually encountered isotropy of a triangular 


readily demon- 
strated by means of Nadai’s sq shear test. On the 


hand, the square 


iare-plate other 


pitch can be shown by bending tests to possess 


rnost-zero Poisson’s ratio effect in directions parallel to the 


sides of the square pitch with a slight average effect parallel 


to the diagonals The writer is unable to accept Miller’s for- 


mula for slender square pitched ligaments since, in this case 


side of a sq 


It can be 


nding moments transmitted parallel to a 


pitch short circuit the ligaments lying at 


iare 
right angles. 
shown by experiment that the latter may be completely removed 
with negligible effect on deflections. Miiller’s calculation of an 
width” for 


be regarded as sound. 


therefore, 
} 


iverage bgament a square pitch can, 
also discussion 
The undrilled 


continuous 


scarcely See 
Most tube plates are not continuously drilled 
areas may or may not be extensive, but because 


ligament systems are normally about '/; as rigid as the parent 
plate, even small undrilled areas can have a significant stiffening 
effect 
ciple developed in Professor Yu’s paper in calculating the effec- 
The 


There is scope here for the application of the main prin- 


tive rigidity of such tube plates. writer introduced an 


example of this kind” Appendix I 
The stiffening effect of tubes where they attach to the tube 
plate, the plastic zone created by 


swaging where employed, and 


the bending resistance of the tubes may all have a bearing on the 
effective tube-plate rigidity and, therefore, the usefulness of the 
analytical treatments presented. It seems premature to attempt 


rational stress calculation while all these factors affecting ri- 


gidity remain unresolved 
de- 


termination of local curvatures, it is correspondingly more dif- 


Because the stress analysis of tube plates rests on the 


ficult than the calculation of rigidity which is defined in terms of 
The rational Malkin 
Horvay are interesting and helpful attempts to obviate 


and 
the 
great complexity of the analysis of multiply connected regions by 
“cell.” 
there- 


slopes and deflections. methods of 


treatments which consider the simply connected basic 
These treatments assume slender ligaments and do not, 
fore, apply accurately to the majority of practical ligament 
systems. 

7 “Rational Design of Stayed Tube Plates,” by J. P 
Engineering, London, England, Oct. 12 and 26, 1956. 

% §6©“Structural Efficiency of Tube Plates for Heat Exchangers,” 
by J. P. Dunean, Proceedings of The Institution of Mechanical 
Engineers, London, England, vol. 169, 1955, pp. 789-810. 


Duncan, 
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At Manchester University optical interference between a test 
flat and lapped models of tube plates and ligament systems has 
revealed both local curvatures at individual ligaments and 
complete contour maps of deflected tube-plate surfaces. Theo; 
retical studies are proceeding in parallel with experiments. 

AuTHorR’s CLOSURE 

The author’® wishes to express his appreciation to the discussers 
for their interest in the paper. 

The paper calls attention to the interaction between the tube 
sheet and the connecting shell, and flange in the heat exchanger. 
The main theme is developed that the tube sheet should be con- 
sidered as part of an integrated structure. Although application 
of the method requires a knowledge of the deflection and liga- 
ment efficiencies, which have so far been the main concern of 
engineers working in this field, development of the method as 
presented in the paper was obviously somewhat independent of 
such a knowledge. Inversely, however, full recognition of the 
importance of the particular aspect of the tube-sheet problem 
here introduced may shed new light on other phases of the prob- 
lem, including that of the determination of the deflection, pos- 
sibly also the ligament, efficiency. This may best be illustrated 
by considering in the light of the author’s theoretical approach 
the plate tested by Duncan, whose experimental work became 
available after the author’s paper had been submitted for publica- 
tion 

The plate tested by Duncan was originally given in Fig. 37 
of his 1955 paper and also in Fig. 1b of his 1956 paper, both of 
which have been quoted in his discussion of the present paper. 
As is reproduced here in Fig. 1, it has a thickness of 1.125 in. and 
a diameter of 23.5 in. between supports, and is connected to a 
head by means of the usual bolted flange joint. The stays shown 
in the figure do not concern us here. Deflections of the plate 
under pressure were measured, both in the undrilled and in the 
drilled condition. The holes drilled in the plate are of a 
diameter equal to **/.. in. and are arranged with a triangular 
pitch equal to 1 in. The experimental results of the deflection 
for a pressure of 100 psi are summarized in Fig. 2, which is taken 
from Duncan’s 1956 paper. In Fig. 2 are also shown the theo- 
retical deflection curve of the same plate, when undrilled and when 
rigidly clamped at the boundary, and a second theoretical curve 
obtained from the first one by dividing the ordinate of the latter 
by 0.2, which was taken by Duncan to be the approximate value 
of the deflection efficiency of the test plate when drilled. The 
second theoretical curve was meant by Duncan to be comparable 


to the experimental curve obtained for the drilled plate, also 


“ Appointed Professor, Department of Mechanical Engineering, 
Polytechnic Institute of Brooklyn, Brooklyn, N. Y.. effective Sep- 
tember, 1957. 
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Fic. 2 
plotted in the figure, although the two curves are distinctly 
ferent. 

The plate shown in Fig. 1 does not rest on a tube bund! 
equations in the section “U-Tube-Type Exchangers” of 
present paper may therefore be expected to appl The defle 
tion of the plate before drilling is given | 


qr* — @* 


64D 


where 


In addition to the flange, the plate is connected only to a head on 
one side, but not to any shell on the other side. The rotation 
stiffness K, is therefore zero. us shown in Fig. 1, the 
cylindrical portion of the head which is directly connected to the 


plate is rather short, and the head appears rather rigid due to the 


Moreover 


presence of the two heavy cross ribs. It is therefore reasonabl 
to believe that, if the edge of the short section of cylindrical shell 
were hinged at the joint where it meets the plate and flange, the 
edge rotation 6, due to the applied pressure of 100 psi would b 
To simplify the problem, 4, is 


very small. assumed to be zero 


The expression for the constant C, thus reduces to 
+a(K,+K 
rT @ K, +K 


qa* D3 + 
8D Dil + yr 


and [2] are modified 


thus 


For the plate after drilling, Equations [1 
by multiplying D by the deflection efficiency n, 
Cr? — a? 


64D7, 4 


q(r* — a‘ 


uw, = 


+ al K, + K, 
a(K, + K, 


qa? Dnf(3+¥ 
8Dn, Dn fl + ¥) 4 
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It should be noted that the deviation of C, from C; as a result of 
the presence of 7,, does not follow a simple pattern; in particular, 


C; is not equal to 1/n, times C,. Consequently, w, is not equal 
to 1/n, times w;, unless the plate is simply supported or rigidly 
clamped. In the latter cases, the second fractions in Equations 
[2] and [4] have the same val 3 + v)/(1 + Pv) or unity, and 
the ratio between C; and C; bccomes equal to n,. 

There are two unknowns in the above equations, the deflection 
efficiency 7, and the combined rotation stiffness (K, + K,) of 
the joint. A measured value of the deflection at any point of the 
plate before drilling and another after drilling will be sufficient 
for the determination of these unknowns. The values of the de- 
flection at the center of the plate before and after drilling are 
used for this p und they are taken directly from Fig. 2: 


rpose 
0.0169 in., shee = U.UG50 In. 


Other given quantities used in the calculation are 


11.75 in., A = 1.125 in. 


7 i” psi, y =0O03 


g= OO psi, a= 


E = 


The results are found to be 


0.300, (K, K = 657.000 Ib 


These values are substituted into Equations [1] to [4], which 


then yield the following expressions of the deflections of the test 


plate before and after drilling, respectively 


;99 x 10 19.050 — r* 


— 13.30 « 107%19,050 — r* 


These represent the result obtained on the basis of the author's 


i that the 


theory. In order reader may see for himself how these 


expressions compare with Duncan’s experimental result, the fol- 
lowing values of the deflection at the various points along the 


s of the plate are computed 


radi 


r (ir w) ' » (10 


0.00 ) iS 
2.50 ‘ 5) 
5.00 1; 27 

7.50 16.5 


10 00 : 5. 
11.75 0 


it will be seen immedi- 


If he 


ately that, wit 


Will now plot U Vaiu in F 2, 
accuracy of the scale used in the figure, all 
points except the 11.75 in 
The author would be very much interested in knowing 


hin the 


last two (forr = fali on the observed 
curves. 
the reason for the nonzero values, according to Duncan's observed 
curves in Fig. 2, of w, and w, at the boundary of the plate where 

= 11.75 in. These deflections at the boundary, however, do 
seem to have been taken equal to zero in Duncan’s calculation of 
the theoretical curves, Further dis- 


experimental results will be given later in 


as also shown in the figure. 
cussion of Duncan’s 
this closure. The practically exact agreement between theory 
and experiment is indeed amazing and cannot be expected to be 
better. 

On the basis of the result just obtained, the following important 


conclusions may be drawn: 


1 The complete agreement between theory and experiment 
over the entire range of values of r has demonstrated the fact 
that there is a single value of the deflection efficiency for the 
entire drilled plate. 

2 However, at the present time there does not yet seem to 
be any satisfactory theory for the analytical determination of the 
deflection efficiency. Although Duncan concluded that Horvay 
and Malkin’s theories were both acceptable, they yield a value of 
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the deflection efficiency equal to about 0.2 for the above test 
plate, which is much too low compared with the value of 0.3 
just obtained 

3 Prediction of the true behavior of the tube sheet and con- 
sequently a rational analysis of the tube-sheet problem are pos- 
sible only when the true boundary condition is considered. Or 
the other hand, it is difficult to expect an investigation of the 
problem to yield satisfactory results if the tube sheet is arbi- 
trarily assumed to be simply supported or clamped 

4 It is possible to use some semiexperimental procedure, such 
as the one given in the above example, for the accurate deter- 
mination of both the deflection efficiency and the rotation stiff- 
ness of the joint. Before satisfactory analytical methods become 
available, this may be the best way of finding these quantities 
which are needed in the analysis. 

The author's theory is thus fully confirmed and his method 


The consequences are more far-reaching than what 
Together with some semiexperimental pro- 


justified. 
was first expected 
cedure for determining the deflection efficiency and joint charac- 
teristics, the method is also quite practical. It may be expected 
to work even when the difficult situation of a complicated joint 
condition such as the ones mentioned by Messrs. Gardner 


and Duncan in their discussions 


arises, 
Further investigation in this 
direction can be fruitful 

The distinction between the author’s method of approach of 
considering the true boundary condition of the tube sheet and 
Gardner and Duncan’s approach of assuming arbitrarily the tube 
sheet to be simply supported or clamped should now be clear and 
need not be further elaborated. One may say that the author 
has only added refinement in one respect to some existing litera- 
ture or that he has contributed but one new feature to the tube- 
sheet analysis; vet it is exactly this refinement or new feature 
that can put us on the right track and that may make the dif- 
ference between success and unsuccess. The answers to the 
questions whether the author’s method is rational (a word ob- 
jected to by Mr. Gardner), whether the author’s attempt is only 
of very limited consequence (an opinion held by Mr. Malkin 
and whether the author's treatment though theoretically sound 
could reliably be applied in practical cases (a doubt had by Mr 
Dunean) are now obvious 

With the main theme of the paper established, much of the dis- 

issers’ comments seems to have also been taken care of. Let us 
now proceed to go ove! the minor points raised by the discussers 
individually 

The stress-concentration factor is usually used to indicate the 
ratio between the maximum stress and a certain nominal stress 
However, the choice of the nominal stress is somewhat arbitrary. 
In the statement made by the author concerning 7,, the stress 
given by the formula o = 6M/h®* is taken to be the 
This choice, as is ordinarily the case, at least has the ad- 
vantage that the basis adopted is a very simple elementary for- 


mula, which is for the case of no perforation in the tube sheet, and 


nominal 


stress 


from which the nominal stress is easily obtainable. On the other 
hand, Mr. .Chu’s choice of taking the stress at the center of the 
ligament to be the nominal stress has the disadvantage that, 
contrary to general practice, this nominal stress itself cannot be 
easily calculated, even when the exact solution of the flexural 
problem of perforated plates becomes known. 

After reading once more Mr. Gardner's 1952 paper, the author 
still maintains that, in it, the difference between the two floating- 
head types of exchangers was not made clear. To see this, we re- 
fer to page 161 of the 1952 paper, where it was stated: “An ex- 
ternally packed floating head is for purposes of tube-sheet com- 
putation, a perfect expansion joint and for exchangers so con- 


structed the value of K is zero.’’ According to Equation [16] 
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on the same page we therefore have p = p,. Immediately after 
this statement we also find the following: “The value of K for 
the internal floating-head type of exchanger covered by the 
earlier (1948) paper is zero... The average effective pressure p 
is, therefore, equal (by Equation [16]) to the actual tube-side 
hydrostatic pressure p, ...’’ According to these statements, 
therefore, the identical result p = p, was obtained for both of the 
floating-head types of exchangers, which are actually different. 
This leads to the author’s footnote 4. Also, according to the 
above second quotation of the 1952 paper, p for the internal- 
floating-head-type exchanger would have nothing to do with p,, 
or, at least, the possible dependence of p on p, was not mentioned. 
This leads to the author’s footnote 5. The confusion seems to 
be due to the fact that in Mr. Gardner’s 1948 paper either p, 
or p, alone, but never both, is assumed to exist, and then no dis- 
tinction is made between the two. As a result, no attention was 
paid in the 1952 paper to the fact that, by putting K = 0, 
Equation [16] in the same paper for the fixed-tube-sheet-type 
exchanger may be used for the internal-floating-head-type ex- 
changer only when p, alone is acting, but not when p, alone is 
acting. All this becomes clear by comparing Equations [13a, 
b, c] of the present paper, which are essentially expressions for p 
for the three types of exchangers. By putting K = 0, Equation 
[13a] is seen to be reducible to [13c], or reducible to [136] when 
Pp, alone is acting, but not reducible to [13b] if p, alone is acting 
or if p, and p, are both acting. 

To investigate only the simply supported and clamped cases 
without considering the true situation is an indication of over- 
looking the interaction between the tube sheet and the shell and 
head, or, perhaps more properly, the érue interaction. The 
author’s statement that Messrs. Gardner and Miller overlooked 
this interaction is therefore correct. On the other hand, Mr. 
Gardner’s objection to the author’s applying Equation [11] of 
the paper to an externally packed floating-head exchanger does 
not seem fair, because for both of the floating-head types as well 
as the fixed-tube-sheet type of exchangers the author has assumed 
the two tube sheets in the exchanger to be of identical construc- 
tion, although he fully realized that the construction of the sec- 
ond tube sheet in the floating-head types of exchangers is always 
different from that shown in Fig. 1 of the paper. An analysis of 
two tube sheets of different construction in a heat exchanger was 
explicitly excluded at the very beginning of the paper. 

The author agrees with Mr. Gardner on his suggestion that 
thermal effects could also be included in the calculation of @, 
and 6,. However, these are believed to be in many cases small 
compared with the influence of pressure. 

With enough data available, a satisfactory analytic treatment 
of the narrow ring-gasket joint is not necessarily impossible. In 
fact, the semiexperimental procedure described in this closure, or 
some variation of it, for determining the rotation stiffness of a 
joint may already be used to advantage in such a case. It 
seems better at this time not to make the same guess as Mr. 
Gardner’s, that this type of joint behaves more nearly as a simple 
support. This answers also Mr. Duncan’s comments on flanges 
with jointing materials and metal-to-metal mechanical joints. 

In response to Mr. Gardner’s comments, finally, the author 
feels that, if a new method is justified from the standpoint of 
stress analysis, it should be also to the advantage of the contem- 
porary designer to consider adopting the method in actual design 
work. 

It is now evident that the author could not possibly agree 
with Mr. Malkin on his unfavorable criticisms of the paper. In 
fact, we have just seen not only that the author’s attempt is of 
far-reaching consequences, but also that the improvements ad- 
vanced in the paper can be quite practical. Since none of the 
existing theories, including Mr. Malkin’s, could yield satisfactory 
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values of the deflection and ligament efficiencies, the question 
of analytical determination of these quantities remains open, 
and it is difficult to see how Mr. Malkin’s own treatment could 
enable him to do a complete and accurate job on tube-sheet 
analysis. 

In relation to the author’s footnote 3 on page 470 of the paper, 
he does not consider that Mr. Malkin’s claim of priority calls for 
special emphasis. In his paper“ Malkin only wrote, “...in the 
case of a tube sheet of triangular layout, the equivalent fictitious 
plate is still a plate of isotropic material, ..."’ without stating 
that for tube sheets of square layout the bending b>comes aniso- 
tropic. Although Mr. Malkin may have said something more 
explicit during the ora] presentation of his paper, it does not seem 
reasonable to expect the author, before writing down the foot- 
note, to check over the record of the oral presentation, if there is 
any, of all related papers. 

Although the author made no contribution to the question of 
analytical determination of the deflection efficiency, as was 
pointed out by Mr. Duncan (as well as by Mr. Malkin), he has 
made it clear in this closure that his treatment of the true bound- 
ary condition of the tube sheet does give insight into Mr. Dun- 
can’s experimental results. In effect, a semiexperimental 
method of determining the deflection efficiency has also become 
available. On the other hand, Mr. Duncan’s work as presented 
in his two papers did not seem by themselves to have added much 
to the real understanding of the problem. On the basis of the 
wrong assumption that the test plate was clamped, Mr. Duncan 
in the Author’s Reply of his 1955 paper concluded that the result 
(see Fig. 2 of this closure) showed a distinct variation in the 
values of the deflection efficiency 9, observed across the radius, 
and that either Horvay’s theory with 7, = 0.20 or Malkin’s 
theory with 7, = 0.18 described the behavior of the plate fairly 
well. Inhis 1956 paper, he concluded for the same test plate that 
7. was 0.19 for the center part of the plate and 0.17 for the part 
around r = 6.938in. It is now clear that, judged from the au- 
thor’s result, all these conclusions are far from being the truth 
(The author is nevertheless much indebted to Mr. Duncan for 
making the experimental results available, without which a 
verification of the author’s theory would not be possible.) If 
the further experimental work which Mr. Duncan mentioned in 
his discussion showed that Horvay and Malkin’s theories only 
slightly underestimated the deflection efficiency, the author 
would like to suggest that the work be better re-examined in the 
light of the author's findings, according to which these theories 
yield values of the deflection efficiency much too low, at least for 
plates with dimensions similar to those of the above test plate. 

In the numerical example on stayed tube sheet given in Mr 
Duncan’s 1956 paper in which the afore-mentioned test plate was 
involved, the plate was assumed to be rigidly clamped, and the 
defiection efficiency was taken to be 0.17, the mean of three 
values calculated according to Horvay and Malkin’s theories 
(another evidence that the theoretical determination of the de- 
flection efficiency is still an open question). Since the correct 
value of the deflection efficiency should be 0.3, the theoretical 
and experimental values of the stay load found in the example 
would not have agreed with each other if this correct value had 
been used. Tube-sheet stresses were not solved in the paper, due 
to lack of information on the ligament efficiency. 

Concerning a clamped edge,™ there are statements in Mr. Dun- 
can’s 1956 paper which do not seem quite adequate. As is well 
known, a clamped edge is characterized by its zero slope. The be- 
ginning paragraph of the second part of the paper, however, gave 
the reader the impression that a clamped edge was considered by 


* Mr. Duncan prefers the use of the term “‘encastré” instead of 
“clamped,” which are assumed by the author to have exactly the 
same meaning. 
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the author to be a boundary with consfant slope. Then, in mak- 
ing observations of the figure shown here in this closure as Fig 
2, Mr. Duncan remarked that the drilled plate behaved more like 
a clamped one due to the small deflection at radius 11.75 in. 
Seemingly he did not consider the 
11.75 in. but at some 


shown by the observed curve. 
boundary of the plate to be located at r = 
slightly larger value of r, yet both of the theoretical curves of a 
clamped plate which were also shown in the figure appeared to be 
for a boundary atr = 11.75in. And, even if the boundary was 
taken at a slightly larger value of r, the boundary slopes of the 
two observed deflection curves were still obviously not zero. 
Indeed, the observed curves seem to indicate quite clearly that 
the plate both in the undrilled and in the drilled condition was far 
from being clamped at the boundary, a fact confirmed by the cal- 
culation given in this closure. 

Finally, the author disagrees with Mr. Duncan on his opinion 
that it seems premature to attempt a rational stress analysis of 
On the contrary, it now seems that we already 
yn a rather accurate understanding of, and are 


the tube sheet 
have in our possessi 
able to handle, most of 
The only m ajc r item which remains to be relatively little known 


the important aspects of the problem. 


concerns the ligament efficiency. Since there can be some mar- 


ginal factor of safety in stresses, the lack of a more complete 
knowledge on this item seems to be a matter of less importance. 


Effect of Spring Mass on Contact- 
Accelerometer Responses’ 


T. A. Perts.* This very interesting paper considers the 
theoretical effects of nonnegligible spring mass on the response 
of contact-break accelerometers. There is a warning to designers, 
here, that the spring mass M, must be kept small with respect to 
the load mass M 

In connection with reference (4) of the paper, the writer 
would like to draw the attention to a reference’ 
in which the transient response of accelerometers is discussed 
further. Other effects of practical importance in connection with 
the design of acceleration switches may include viscous and 
Coulomb damping,‘ contact resistance, reproducibility after re- 
peated operation under conditions of shock and vibration, and 
Some of these are considered in a forthcom- 


readers’ 


temperature efiects. 
ing publication.‘ 
AvTuor’s CLosuRE 


The author wishes to thank Dr. T. A. Perls for his interesting 
discussion. To reduce the error due to the dynamic effect of 
spring mass, the spring mass M, must be kept small as compared 
to M,. In the electromagnetic contact accelerometer, M; is 
eliminated. The author agrees that in the design of acceleration 
switches for the accelerometer, Coulomb damping, reproducibility 
after repeated operation under conditions of shock and vibration, 
and temperature effect are of practical importance. 


1 By T. H. Lin, published in the September, 1956, issue of the Jour- 
NAL oF Apptiep Mecuanics, Trans. ASME, vol. 78, 1956, pp. 385- 
389. 

2 Missile Systems Division, L 
Alto, Calif. 

“Transient Response of Accelerometers,” by T. A. Perls, Journal 
of the Acoustical Society of America, vol. 25, November, 1953, pp. 1199- 
1200. 

4“The Frequency Response of Second-Order Systems With Com- 
bined Coulomb and Viscous Damping,” by T. A. Perls and E. 8. 
Sherrard, Journal of Research of the National Bureau of Standards, 
vol. 57, July, 1956, pp. 45-65. 

5“A Light-Weight, Compact, Acceleration Switch for In-Flight 
Calibration of Accelerometers,”” by T. A. Perls and R. I. Smith, 
presented at the September, 1956, Conference of the Instrument So- 
ciety of America. 


kheed Aircraft Corporation, Palo 
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Momentum Diffusion From a Slot 
Jet Into a Moving Secondary’ 

E. W. Comines* anp D. R. Mutter.* The measurements in 

the paper are valuable and seem to have been made with great 

care. The following matters should receive further consideration: 


1 Fig. 6 may be compared with Equation [9] in the paper. 
The comparison is confusing because of the '/: power on the 
bracket. It would appear that a graph of (U? — U,*)/(U,* — U,?) 
versus z/D could be interpreted more readily since it could be 
compared with a similar equation which would be essentially 
linear on log-log co-ordinates. Since momentum flux rather than 
velocity is under discussion and because turbulent intensities are 
high, the ratio (U*? — U,*)/(U,*? — U,") 
(U — U,)AU, — U,). 

2 One of the major conclusions of the paper relates to the 
comparison of Equation [10] with the measurements. The test 
of the effectiveness of this equation should be made at values of 
z/D of less than 6 or 8 since at larger value the much simpler 
expression for a line source is satisfactory. All of the profiles 
shown are for z/D of 15 and larger (except for one at z/D = 0). 
Thus the test of Equation [10] has been made only in the region 


seems preferable to 


where it yields the same results as the much simpler expression. 
Profiles at 0 < z/D < 15 should be presented. 

3 The second of the three assumptions cited is: ““There are no 
external forces (pressure gradients, wall shear, etc.).”” The paper 
also states that the error in static pressure was less than 0.005 of 
the velocity pressure. Yet no static-pressure data are shown. It 
is quite unlikely that the static-pressure gradients are zero 
throughout the jet within the error claimed. 

4 It would be informative to integrate the pitot-tube readings 
across several sections of the jet normal to the axis and plot these 
integrated values against z/D as a partial test of the method of 
applying the conservation of momentum. 

5 In view of the foregoing comments, conclusions 1 and 2 of 
the paper do not appear to be established by the data presented 
and, at least, require qualification. 


Frep Lanpis.* The authors are to be commended on this ex- 
tension of the turbulent momentum-diffusion theory and on their 
careful experimental work. 

It might be worth while to re-examine the applicability of 
Reichardt’s hypothesis, which assumes similar dimensionless 
velocity profiles over the whole flow region. While the Gaussian 
error function appears to be an entirely satisfactory representa- 
tion at distances far removed from the nozzle, obviously it cannot 
match existing physical conditions near the nozzle-exit plane. 
The presence of an initial boundary layer on both the inside and 
outside-nozzle walls as well as the large wake effect due to nozzle 
thickness (Fig. 4a of the paper) leads to different velocity dis- 
tributions than those assumed for the initial primary and sec- 
ondary streams. That the actual initial velocity distribution will 
violate similarity conditions for fully turbulent flow has been 
shown by Torda and his associates. Shadowgraph observations 
by Landis* further indicate that the nozzle-wall wake will pro- 


: By A. 8. Weinstein, J. F. Osterle, and W. Forstall, published in 
the September, 1956, issue of the Jounnat or AppLiep MecHanics, 
Trans. ASME, vol. 78, 1956, pp. 437-443. 

? Purdue University, Lafayette, Ind. 

* Department of Mechanical Engineering, New York University, 
New York, N. Y. 

‘*“Symmetric Turbulent Mixing of Two Parallel Streams,” by 
T. P. Torda, W. O. Ackerman, and H. R. Burnett, Journnat or Ap- 
Puiep Mecuanics, Trans. ASME, vol. 75, 1953, pp. 63-71. 

*“Turbulent Mixing of Co-Axial Gas Jets,” by F. Landis, ScD 
thesis, Department of Mechanical Engineering, Massachusetts Insti- 
tute of Technology, Cambridge, Mass., September, 1950. 
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duce an initial laminar mixing region at the interiace between 
primary and secondary streams, which will only break down into 
large-scale turbulence at some distance from the nozzle. These 
effects probably will be felt beyond the end of the potential core, 
and may explain the long transition region between potential 
core flow and the flow region with center-line velocity-decay val- 
ues given by Equation [13] as suggested by Reichardt (see Fig. 6 
of the paper). This explanation is strengthened by comparing 
Férthmann’s results with those of the authors; a jet discharging 
into quiescent air is less sensitive to a boundary layer outside 
the nozzle wall and a sharper transition region might be expected. 
« The foregoing discussion also suggests that the empirical 
constants given in Equation [14] and those specified by the 
equation immediately preceeding Equation [19] may be a slight 
function of the details of the experimental setup; i.e., they might 
be slightly different for thick or thin-walled nozzles. 

The authors’ concluding remarks comparing the correlations 
between the spreading coefficient and the properties of isentropic 
turbulence are of considerable interest. Since the results of both 
Frankiel’s analysis and Reichardt’s hypothesis are based on 
Gaussian diffusion, an experimental check on Equation [20] with 
the aid of hot-wire anemometers perhaps will throw additional 
light on the general validity of Reichardt’s inductive phenomeno- 
logical theory. It is hoped that the authors will be able to con- 
tinue their excellent work in this direction. 


AuTuors’ CLosURE 


The authors wish to thank Messrs. Comings, Miller, and Landis 
for their comments and discussion. 

Considering the points raised by Messrs. Comings and Miller, it 
should be noted that Fig. 6 should not be compared with Equa- 
tion [9], since the independent variables are different. Equation 
[9] relates the center-line decay to the unknown value of the 
spreading coefficient 6 and is used to compute values of 6 corre- 
sponding to the observed jet behavior. Fig. 6 is, of course, the 
presentation of observed center-line decay as related to axial dis- 
tance. 

Since the majority of previous investigators of jet mixing phe- 
nomena present their data in the form of velocity ratios rather 
than momentum ratios, the authors felt that, for the purpose of 
comparison, the velocity ratios in Fig. 6 were preferable. 

To use Equation [10] for a prediction of velocity profiles at 
values of z/D less than 6 or 8 it is necessary to determine } in the 
core region. Since Equation [9] can only be used for evaluation 
of the spreading coefficient for values of (U, — U,)/(U, — U,) less 
than unity, the value of b, in the potential core, is obtained by in- 
terpolation of Fig. 7. Fig. 1 (in this closure) shows the comparison 
between the experimental results and the predicted curve for two 
slot-widths downstream from the exit in Series TV. The spreading 
coefficient was obtained by a linear interpolation of the values 
shown on Fig. 7. It is observed that, although the effects of the 
primary and secondary stream boundary layers are apparent, the 
correlation is still very effective. This result is typical of the 
results for the other series within the core region. 

The error in static pressure mentioned in the paper refers to the 
sensitivity of the pitot-static probe and did not refer to differences 
in static pressure which existed throughout the flow field. Ac- 
tually, pressure gradients do exist throughout the mixing region, 
not only because of the diffusion of momentum but also because of 
the developing flow within the totally enclosed test section. The 
effect of these pressure gradients, however, is so small that in 
spite of their neglect, the measured results fit nicely with the pre- 
dictions of the simplified theory. 

As Messrs. Comings and Miller indicate, a partial test of the 
effect of static pressure gradients is the integration of pitot tube 
readings across the jet. This was done, and the results may be 
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found in a report to the Air Force.* These results indicate a 
maximum increase in momentum flux of 5.8 per cent, which 
occurred in Series III at z/D = 32. All other momentum flux in- 
creases were less than 3 per cent and the momentum flux was 
never observed to decrease below its value at the slot exit 

The relatively small momentum flux change is in accord with 
the assumptions, and the results of the correlation presented in 
the paper fully justify the neglect of static pressure gradients 

Conclusions 1 and 2 of the paper refer only to the agreement of 
measured data with a phenomenological expression for these 
data. The agreement is seen to be good even in the core region, as 
shown by Fig. 1 of thisclosure. This agreement justifies the single 
parameter (spreading coefficient) representation of the mixing 
process, and no qualification of these conclusions is necessary 

As Professor Landis points out in his discussion, the presence of 
initial boundary layers and the finite thickness of the nozzle wal 
contribute to the violation of similarity within the core region 
These effects may be observed in Fig. 1 of this closure. Recent 
tests which we have made with nozzles of differing wall thickness 
substantiate Professor Landis’ suggestions concerning the wake 
effect on the length of the potential core and transition region 
We have planned to investigate further the quantitative effect of 
initial boundary layers and nozzle wall wakes on the early stages 
of jet mixing. In addition, we hope to obtain turbulence data 
from hot-wire measurements 


On the Theory of the 
7 © > © mo 

Acceleration Damper 
G. B. Warsurton.? The writer would like to give an alterna- 
tive method of obtaining a steady-state solution for the accelera- 
tion damper. In this method it is not necessary to add the effects 
of many impacts, as the author has done, in order to find the mo- 
tion of the primary mass; this motion can be determined by con- 
sidering only two impacts. 

* “Discussion of Momentum From Free and Confined Slot Jets Into 
Moving Secondary Streams,”’ by Alvin 8. Weinstein, Scientific Re- 
port No. 2 under Contract No. AF 18(600)-969 Suppl. Agreement 
2(54-925), AFCRC TN-55-476, May 4, 1955. 

1 By Carl Grubin, published in the September, 1956, issue of Jour- 
NAL OF ApPpLiep Mecuantics, Trans. ASME, vol. 78, 1956, pp. 373 
378. (Author is now Member of Technical Staff, Guided Missil 
Research Division, The Ramo-Wooldridge Corporation, Los 
Angeles, Calif.) 

Senior Lecturer, Head of Postgraduate School of Applied Dy- 
namics, Department of Engineering, University of Edinburgh, Edin- 
bu: gh, Scotland. 


A similar method has been used by 
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Hence Equation [13] gives the lowest value of the magnification 
factor at resonance for given values of u and e; obviously a high 
coefficient of restitution is an advantage, although the kinetic 
energy dissipated per impact decreases as ¢ increases. With no 
damping in the system (C = 0) the magnification factor at 
resonance without the acceleration damper acting ©; with 
light damping the magnification factor is 1/25, where 6 = C/Cer. 
With the damper in action the effect of light damping on Equation 
[13] has not been determined, but presumably the magnification 
factor will be slightly reduced. Choosing a practical value of u, 
say 0.1 to 0.2, and materials giving a high coefficient of restitu- 
tion, it will be seen that the use of a correctly designed accelera- 
tion damper (i.e., satisfying Equation [11]) considerably reduces 
the vibrations at resonance of a lightly damped single-degree-of- 
freedom system. 

Although Equations [11] and [13] indicate the best possible 
conditions at resonance, the response of the damper near to 
resonance for various values of the parameters also must be 
found. As Arnold? has shown recently, the response of the 
damper is very sensitive to small changes in the frequency ratio r 
for some values of the parameters. 


AvTHOR’s CLOSURE 


The author would like to thank Mr. Warburton for demonstrat- 
ing a considerably simpler method for deriving the two-collision 
per cycle steady-state motion. Carrying his analysis further, one 
finds that the solution for the angle a differs from Qt, of the 
author’s paper by 7, as it should, since opposite half cycles of the 
steady state have been considered. The author, however, be- 
lieves that his method of summing the effects of many collisions 
reveals some interesting physical features of the problem as pre- 
viously discussed in the paper. The author had a similar idea for 
the simpler analysis some time ago as a result of analyzing pulsed 
networks, and he is grateful to Mr. Warburton for presenting the 
details. 

For the case of resonance, 2/w = 1, and small amounts of 
viscous damping, 6 — 0, the author’s solution for the optimum 
container length, according to Equations [35] and [29] of the 


paper, is 
d* 7 
— af 1 — 
A ( - =) 


A l 


2 
d* 1 3? 


a ea 


or with 


The associated motion for a half cycle is* 


= 
Xu 


1 
= —cos x0 + ~ 
4 cos 


1 
- @ 7 sin x9; 0 LOL 1 


For practical values of yu, say 0.1 or less, the above results are 
very nearly the same as given by Mr. Warburton’s Equations 
[10] and [11]. His amplitude of vibration will always be some- 
what less since he has minimized the amplitude, while the author 


‘ The expression for Q (@) given by Equation [29] must be modi- 
fied to include second powers of 6. 
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has minimized the integral over a cycle of the displacement 
squared. 

The fact that the response of the system can be sensitive to small 
changes in the frequency ratio 2/w in the neighborhood of reso- 
nance has already been discussed in the author's paper. 


Stress Solutions for an Infinite 


Plate With Triangular Inlay’ 


A. J. Dure.us.? The author should be congratulated for mak- 
ing an important contribution in a field in which there are very 
few ready available solutions. It is suggested that, to increase the 
usefulness of the paper, the author(1) define the radius of the fillet 
present at the triangle corners corresponding to the numerical 
values presented in the figures; (2) define the sides of the triangle 
corresponding to the given stress values, since likely they did not 
come out to be straight lines by the mapping operation; and (3 
estimate the necessary work to obtain stress values corresponding 
to smaller fillets and straighter triangle sides. 


AvuTuor’s CLosuRE 


The author would like to thank Dr. Durelli for his suggestions 
to include some additional information concerning geometry of 
the triangle. This information is given below 


(1) and (3). 
R = K(i — 4n cos 30 + 4n*)‘/2/(1 + 2n cos 30 — Sn? 


The radius of curvature varies as follows 


At the corners the radii of curvature are 
Ro = K(1i — 2n)*/(1 + 4 
and at the middle of the sides 
Rm = K(1 + 2n)*/(1 — 2nXl + 4n) 


with the center of the circle of curvature outside of the interior of 
the triangle. When n increases to 0.5, Ro tends to zero and Rm 
tends to infinity; i.e., the corners are sharper, and the sides are 
straighter. The normal stresses, however, of the first two in- 
vestigated cases and a shear stress of the third case tend to in- 
finity as n approaches 0.5, and they remain of the order of mag- 
nitude of [1/Ro}'’*. 

The stresses corresponding to smaller fillets (values of n near 
0.5) are obtained from general expressions [3}-[{11] after separa- 
tion of real and imaginary parts. This has been done in the 
original work (expressions [4.17] through [4.28]). These expres- 
sions are somewhat lengthy and it was felt that only specific re- 
sults should be published. 


(2) The mapping function gives 
z = K(cos @ + n cos 20 
y = K(sin 0 — n sin 20), K real; O0< n < 0.5 


The out-of-straightness of the sides for n near 0.5 is rather 
small. Forn = 0.3, for instance, the maximum out-of-straight- 
ness does not exceed 0.04K (except near the fillets). However. 
the presence of the out-of-straightness affects variation of stresses 
along the boundary. 

i By R. M. Evan-Iwanowski, published in the September, 1956, 
issue of the JourNaL or Aprtiep Mecuanics, Trans. ASME, vol. 78, 
1956, pp. 336-338. 


2 Supervisor, Stress Analysis Section, Armour Research Foundation 
of Illinois Institute of Technology, Chicago, Ill. Assoc. Mem. ASME. 
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BOOK REVIEWS 





Book Reviews 


Fluid Mechanics 


Edited by Dr. G. K. Batchelor, 
Taylor & Francis, Ltd. Vol. 1, 
(Complete volume of six parts 


Journnat or Fivrp Mecsanics 
University of Cambridge. England 
Part 1, May, 1956. 128 pp., $3 
$16.50.) 


Reviewep sy C. C. Lis? 


HE science of fluid mechanics has developed at a tremen- 
dously rapid pace in recent years. In various aspects of its 
application, the gap between the mathematical theory and the 
observed phenomena has been narrowed and bridged. Yet the 
development of new ideas has often been accomplished by 
specialists in various lines, and it is highly desirable that researct 
papers in all fields related to fluid mechanics should be brought 
into a single public ation to encourage cross-fertilization of ideas 
and to present a proper perspective of the subject. 

In establishing the Journal of Fluid Mechanics, Dr. Batchelor 
and his collaborators have made an important contribution to this 
long-felt need in the scientific literature in this field. The first 
issue of the Journal contains the following eight papers: (1) The 
slender elliptic cone as a model for non-linear supersonic flow 
theory, by M. D. van Dyke; (2) On the collision of drops in 
turbulent clouds, by P. G. Saffman and J. 8. Turner; (3) Drift, 
by M. J. Lighthi t) On the thrust due to an air jet flowing from 
a wing placed in a wind tunnel, by L. C. Woods; (5) Vibrational 
relaxation in oxygen and nitrogen, by V. Blackman; (6) Long 
waves on a rotating earth in the presence of a semi-infinite bound- 

The laminar boundary layer on oscillating 
by M. B. Glauert; (8) Diffraction of a weak 
shock with vortex generation, by Nicholas Rott. All of them 
represent significant contributions in fluid mechanics. Yet there 
are few, if any, existing channels of publication which give equal 
emphasis to papers represented by those in this issue. It is the 
unbiased and exclusive devotion to all aspects of the mechanics of 
fluids that gives this new Journal its important and unique posi- 
tion in the scientific literature. We heartily recommend it to 
every reader interested in fluid mechanics, and hopefully look 
toward seeing its impact in promoting the progress of the science 
of fluid mechanics, especially in bringing together people working 


on its diverse aspects 


ary, by J. Crease; (7 
plates and cylinders, 


Nuclear Engineering 


Puysics anp Matuematics. Series I of Progress in Nuclear Energy. 
Editors: R. A. Charpie, J. Horowitz, D. J. Hughes, D. J. Littler. 
McGraw-Hill Book Co., Inc., New York, N. Y., 1956. Cloth 
6 X 9 in., x and 398 pp.., illus., $12. 


Reviewep sy A. Aut Krrara* 


HIS is the first volume of a series intended to review, sum- 
marize, extend, and disseminate the results presented at the 
United Nations Conference on the Peaceful Uses of Atomic 
Energy held at Geneva in August, 1955. It contains basic ex- 
perimental data and techniques as well as theoretical methods. 
There are eleven chapters, the first seven of which are devoted 


! Professor of Mathematics, Massachusetts Institute of Technology 


Cambridge, Mass. 
? Mathematician-Physicist, Lessells and Associates, Inc., Boston 


Mass. 


to nuclear properties basic to reactor design and performance, 
while the last four treat complete assemblies. The latter will 
probably form the most interesting part of the volume to those 
readers most concerned with engineering aspects of reactor prob- 
lems, although it must be added that the engineering design of 
reactors is inevitably dependent upon the basic physics of the 
system used 

Callihan discusses the 


The dependence of critical 


Chapter 8 by Dixon parameters of 
homogeneous critical assemblies 
mass and volume on the hydrogen versus fissionable-material ra- 
tio and the properties of stainless steel and water reflectors aré 


presented. Temperature dependence of critical mass for U-235 
and U-233 in water-reflected spherical reactors is also given 

The ninth chapter by J. Codd, L. R. Shepherd, and J. H. Tait is 
devoted to fast reactors and is divided intoas irvey of calculation 
methods and a section of experimental studies of fast reactors 
The solution of the energy-dependent Boltzmann transport equa- 
1ethod is described. The 
limiting transition from transport equation to diffusion theory is 
treated and integral equation formulations of the problems pre- 
sented. The experimental section handles critical assembly ob- 
servations, steady-state and perturbation studies, and delayed 


tion by the Carlson multivelocity group n 


neutron measurements mainly with data from zero energy fast 
reactors. 

Calculation of critical size and neutron flux of heterogeneous 
reactors is treated in the tenth chapter by 8. M. Feinberg. The 
limitations of the homogenization rule are brought out and the 
heterogeneous method of calculation expounded. 

The last chapter by H. Hurwitz, Jr., and E. Ehrlich discusses 
highly enriched intermediate and thermal! assemblies by multi- 
group methods. 

The bibliographies at the end of the chapters are generally ade- 
quate to locate missing background for a technically educated 
reader not specializing in nuclear engineering. However, the 
text proper definitely assumes a certain amount of preparation in 
the nuclear field. It is reeommended to reactor design engineers 
and physicists. 


P Dae tie ¥ oF . 
Thermal Properties of Gases 
Tastes or Taermat Properties or Gases. By Joseph Hilsenrath 
C. W. Beckett, W. 8. Benedict, Lila Fano, H. J. Hoge, J. F. Masi, 
R. L. Nuttall, Y. 8. Touloukian, and H. W. Woolley. National 
Bureau of Standards Circular 564, 1955. Cloth, 10'/, X 8 in., ix 
and 488 pages, $3.75. (Order from the Government Printing 
Office, Washington 25, D.C.) 
Reviewep sy E. R. C. Eckert’ 
MODERN engineering developments created the need for 
- precise information on properties of gases up to high tem- 
peratures and pressures. Aerodynamics with its missile and 
satellite projects is even concerned with temperatures which go 
far beyond the range in which present-day science has to offer 
reliable information. 
For this reason the Nationa! Bureau of Standards in co-opera- 
tion with the National Advisory Committee for Aeronautics 


* Professor of Mechanical Engineering, University of Minnesota, 
Minneapolis, Minn. Mem. ASME. 
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started in 1948 a program of compiling reliable information on 
properties of air and its constituent gases. The data, as they 
became available, were distributed as NBS-NACA Tables and 
are now collected in this volume. The content of this book can 
best be described by citing from the introduction: 

Tables are given at close temperature intervals for the ther- 
modynamic and transport properties of air, argon, CO,,CO, Ho, N2, 
Oz, and steam. The thermodynamic properties—compressibility 
factor, density, entropy, enthalpy, specific heat, specific-heat 
ratio, and sound velocity—are tabulated for the real gas at pres- 
sures up to 100 atmospheres and to temperatures of 600 K for 
hydrogen, 1500 K for carbon dioxide, 850 K for steam, and 3000 K 
for the remainder. The ideal-gas thermodynamic functions are 
tabulated uniformly to 5000 K. Also tabulated are the vapor 
pressures and transport properties—thermal conductivity, vis- 
cosity, and Prandtl number. These were fitted either semi- 
theoretically or empirically to the experimental values and are 
tabulated over the range of the available experimental data 
Comparisons of the tabulated values with the existing experi- 
mental data are shown in deviation plots which exhibit the range 
and distribution of the experimental data as well as their agree- 
ment with the tabulated values. 

It may be added that the viscosity is tabulated to 1500 K to 
2000 K at atmospheric pressure, additionally for N; for pressures 
to 100 atm and for H,O to 300 atm. The heat conductivity is listed 
to temperatures from 600 to 1500 K at atmospheric pressure and 
for steam up to 300-atm pressure. The effectof dissociation on the 
properties is included for air but not for the other gases. Most 
values are given as dimensionless ratios and the standard values 
are tabulated in various units. This arrangement should facili- 
tate the use of the tables for calculations in various systems of 
units. 

The book is obviously the result of an enormous amount of 
work and was possible only by good co-ordination and by the help 
of electronic computing devices; it is mentioned as an example 
that five min time on the NBS Eastern Automatic Computer 
was sufficient to calculate the 320 entries in the table of ideal- 
gas thermodynamic functions of steam. It 
testifies to the advances in thermodynamics 
properties could be calculated with theoretically founded rela- 
tions. 
engineers through many years to come. 


simultaneously 
the majority of 


The volume will be a standard reference for physicists and 


° 7° ° 
Mechanical Vibrations 
MeEcHANICAL Viprations. By J. P. Den Hartog. Fourth Edition. 


McGraw-Hill Book Company, Inc., New York, N. Y., 1956. Cloth, 
6 X 9 in., xi and 436 pp., illus., $9. 


{EVIEWED BY CLYNE F. GarRLanp‘ 


HE earlier editions of Den Hartog’s “‘Mechanical Vibrations” 

are well known to most engineers concerned with the dy- 
namics problems encountered in the design of machines and struc- 
tures. In this new edition the author has preserved the excellent 
balance between the mathematical treatment of fundamentals 
and interesting practical applications that characterized the 
earlier volumes, and has added new material and problems derived 
from recent engineering practice. 

The basic principles of vibration of idealized (linear) mechani- 
cal systems are presented in the first four chapters of the book. 
The subject is developed logically, considering systems of one de- 
gree of freedom, two degrees of freedom, and many degrees of 
freedom, in succession. 


* Professor of 
Berkeley, Calif. 


Applications to numerous problems 


Engineering Design, California, 


Mem. ASME. 


University of 
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derived from experience are discussed, demonstrating that prac- 
tical solutions to a wide range of engineering problems can be ob- 
tained by reducing actual structures to appropriate idealized 
linear systems. 

The specialized topics of multicylinder engines and rotating 
machinery, comprising the vast majority of vibration problems 
encountered in practice, are treated in chapters 5 and 6. Self- 
excited vibrations and systems with variable or nonlinear charac- 
teristics are considered in the latter part of the book, with discus- 
sions of many interesting problems encountered in practic: 
Once well grounded in the fundamentals presented in the earl 


eT 


part of the text, the reader can grasp not only an understanding 


of these more complex problems, but develop facility in solving 
them. 
The book is written for the undergraduate student at the 


junior or senior level, presuming only a knowledge of dynamics 
The latter part of the text pre- 
Because it 


of probi °m 


and linear differential equations. 


sents material suitable for the graduate student 


contains the essence of the solutions to a wide variety 





previously encountered in design situations, the book will prove 


valuable as a reference volume for engineers concerned 


wit The 
design and analysis of machines and structures subject to dy 
namic loading. The reader who is familiar with the third editior 
will find revisions and additions to the text materia For ex- 
ample, new material is introduced on the damping of torsiona 
vibrations, on von Karman vortexes, and on nonlinear systems 
Many new problems have been added which will prove stimulat- 
ing to those using the book as a text. The book is written in a: 


interesting and logical style, reflecting both the author's talent 





as a teacher and his extensive experience as a professional engi- 
neer,. 
Aeroelasticity 

AEROELASTICIT) By Raymond L. Bisplinghoff, Holt As 

tobert L. Halfman. Addison-Wesle; hing Com} I 

Cambridge, Mass., 1955. Cloth, 6 X 9 in., figs., references, index 

ix and 860 pp., $14.50. 

REVIEWED BY Paut A. Lipsy 


y er 4 
HE field of aeroelasticity has in recent vears become of 


réia 
tively greater importance. The requirements for thin lifting 
surfaces, slender bodies, high speeds, and aerodynamic heating 
have all contributed to the need for more careful analysis of the 
broad class of aircraft and missile problems involving simu! 
taneously aerodynamic, elastic, dynamic, and, more recently, ther- 
mal forces. It is, therefore, timely that there appears this out- 
M.1.T 


which nas 


standing book prepared by the leading members of the 


Aeroelastic and Structures Research group 


tributed to the field for many years 

omprehensive moder! 
The foundations of 

/ 


ed 


In the reviewer's opinion it is the most 
book on aeroelasticity presently available 


presen 


| 
much more extensively than might usually be expected in a book 


structural dynamics and of aerodynamics have been 
on aeroelasticity which involves both fields. The applications 
of the basic tools to a wide variety of practical problems are dis- 
cussed. Finally, the techniques for experimental aeroelastic in- 
vestigation are reviewed. 

The book will be useful to graduate engineering students 
Several full-year graduate courses presenting the structural dy- 
namic and aerodynamic fundamentals, the applications, and the 
experimental techniques could be based on the book. The prac- 
ticing engineer will find the basic techniques which can be used 
for new and unusual problems explained clearly and soundly. He 
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will also find described the existing methods for the solution of the 
classic and more modern aeroelastic problems. 

Chapter 1 provides the introductory definitive, historical, and 
qualitative material relevant to aeroelasticity. Chapters 2, 3, and 
4 are concerned with structural dynamics. The methods of com- 
puting the deformation characteristics of complex structures 
under unit, static, and dynamic loads are presented. The ap- 
proximate and exact methods of determining normal modes of 
oscillation are discussed. Chapters 5, 6, and 7 contain a presenta- 
tion of the basic aerodynamic tools. Two and three-dimensional 
incompressible steady and unsteady flows about wings and air- 
foils are presented first. Then the steady subsonic and supersonic 
and unsteady subsonic and super 
Chapters 8, 9, and 10 involve 


airfoil theories are reviewed, 
sonic flows about airfoils discussed 
the application of the structural and aerodynamic tools to static 
flutter, Finally, 


und 13 are concerned with experimental tech- 


aeroelastic, and dynamic response phenomena. 
chapters 11, 12, 
niques for aeroelastic investigations, while in appendixes those 

under- 


tech- 


presented in 
These 


matrixes, numerical evaluation of definite inte 


mathemat es not generally 
graduate engineering curriculums are reviewed 


niques 
grals 
linear sy 


and the use of integral representations for the solution of 
stems 
The authors are to | omplimented on an excellent book which 


should be widely used students and practicing engineers. 


Principles of Turbomachinery 


Ma 


winery by D. G. Shepherd. Ti 


° 


56. 453 pp., $10 
Bens 


ROFESSOR SI erd points out tha he ana ' f turbo- 


irbines, pumps, and compressors of 


machines 


the axial a1 types, stem from a ated theory, and 
hence are most profitably studied together is book 


presents 


the subject from s point of view 


The introductor i descriptions of 


chapter contains pictures ar 
various types of these machines 

The initial chapters take up topics of theory that have general 
Reynolds num- 


upplication. They include dimensional analysis, 
ber, the vector diagrams for the flow of fluids through the ma- 
hines, and the energy exchange between the rotor and the fluid 
The basic equations and parameters for the flow of compressible 
fluids are derived. These include the equations for conservation 
of mass, energy momentum, Bernoulli’s equation, and the 
equation velocity of sound. Equations are derived for the varia- 
tion of fluid velocity and the other fluid parameters with cross-sec- 
tional area of the flow passage for one-dimensional isentropic flow 
of a compressible fluid in the subsonic and supersonic regimes 
The converging-diverging nozzle for supersonic flow is described, 
und the shock system, that results when the nozzle proportions 
are not matched to the pressure ratio across the nozzle, is dis- 
cussed. The equations for plane shock are developed 
The performance parameters for the turbomachines are dis- 
cussed in detail. The use of thermodynamic tables for making 
performance c ‘ulations is described 
The subject of the fluid mechanics of axial flow machines is ther 
liscussion is presented on the topics of fluid 
rved passages, and over airfoils. The concepts 


An equation is derived 


ken up A brief 
lucts, ¢ 

of drag and lift of airfoils are discussed 
for the tangential force exerted by a fluid on cascade of airfoils 


friction ir 
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in terms of the lift and drag coefficients and the geometric parame- 
ters of the cascade. The three-dimensiona! aspects of the flow 
are then discussed. The expressions for the radial distribution of 
velocity and pressure for free vortex, forced vortex, and solid bod 
flows are derived. The secondary losses from three-dimensiona! 
flow phenomena and the limits imposed on the performance char- 
acteristics of the machine by such phenomena as surge, choking, 
and cavitation are described briefly 
The centrifugal machines, namely, 
sompressor, and the radial flow turbine are covered in the two 
chapters that follow. The flow phenomena in the inlet diffusor, 
the impeller vanes, and the outlet diffusor of centrifugal compres- 
The influences on the performance of cen- 


; 


the centrifugal pump and 


sors are described 
trifugal compressors of slip, leakage, friction, and the effects of 
Mach number and Reynolds number are discussed. The discus- 
sion of radial-flow turbines includes the outflow (Ljungstrom ) and 
the inflow types. The equations for energy transfer from the 
fluid to the machine are derived 

The axial-flow turbines and compressors are taken up in the 
Turbine blade and nozzle efficiencies are dis- 


Vector diagrams for single-stag: 


next two chapters. 
cussed and two-stage impulse 
turbines and for reaction stages are described. The equations for 
the energy transfer from the fluid to the machine for the Curtis 
Kaplan, and Pelton turbines are developed. Blade shape, cas- 
cade geometry, flow deviation at the exits of the blades, Mach 
teynolds number effects, secondary flow losses 
and blade 
Various methods for designing axial-flow com- 
Keller's method 


Surge and rotating 


number effects, 
friction, blade stresses temperature are some of the 
topics discussed 
pressors identified as the German method 
the NACA method ars 


stall are discussed. In the final chapter typical performance curves 


and 


described in det all 


for axial and centrifugal compressors and pumps are presented 
The book presents a broad and modern view of the subject of 


turbomachines. In attempting to cover so many topics in a 


book of 453 pages, some items, of necessity, are given only brief 
discussion. An extensive list of references is given after eacl 
: 


chapter where the reader can find additional « Problems ar¢ 


, 
letail 


provided that illustrate the application of the material pre- 


sented 


Fluid Mechanics 
yw Fiwur 
1955 


, Vu anc 


PROCEEDINGS OF THE FouRTH MIDWESTERN CONFERENCE 
held at Purdue Universit 


Lafavette, Ind. Cloth. 8 x 51/s i 


Septe mber 8-9 


MecHANICS 
Purdue U 


illustrated 


niversity 
370 pp 


Reviewep sy 8. I. Pat 


'T’HI Proceedings of the Fourth Midwestern Conference of 


Fluid Mechanics, held at Purdue Universit, . 


955, consist of 23 papers covering a wide scope of problems of 


September 8-9, 
fluid dynamics from low-speed flow through slits to hypersoni 
About one half of the papers disc 18s 


the other half, thos 


viscous flow over wedge 
problems of incompressible fluid flow whil 
of compressible fl ud flow 


The papers may be roughly classified as follows 
(A) Ir itd flou 
1) Experimental: There are three papers in this class which all 
The 1)* Summary of 


turbulence measurement in the NACA Lewis 6-by 60-inch 
; 2) Calibration 


ompressible fl 


deal with turbulence or transition are: 


boundary-layer channel, by V. A. Sandborn 


of a hot-wire anemometer for low velocities in steady flow with 
7 Research Professor, Institute for Fluid Dynamics and Applied 
Mathematics, University of Maryland, College Park. Md 


* The number in parentheses is the one listed in the Proceedings 
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temperature gradients, by L. A. Hromas and C. P. Kentzer. 
(11) The flow through slits, by B. A. Bakhmeteff and N. V. 
Feodoroff. 

(b) Theoretical: This class may be divided into five sub- 
groups: (i) Turbulent flow: (6) Momentum and energy equations 
for incompressible turbulent flow, by T. T. Siao. (10) The 
boundary-layer development on a broad crested weir, by J. W. 
Delleur. (14) On the mechanism of turbulent flow in a liquid, by 
R. L. Evans. (it) Differential equation of fluid flow: (5) On the 
integration of a class of differential equations occurring in 
boundary-layer and other problems, by H. E. Fettis. (20) Fluid 
motion in a circular vortex ring, by J. Kronsbein. (iii) Wave re- 
sistance: (12) Wave resistance on trailing ships, by A. G. Strand- 
hagen and F. M. Kobayashi. (13) Forces acting on a submerged 
body moving under waves, by B. V. Kowin Kronkovsky. (iv) 
Spray: (21) Evaporation from sprays, by W. Daskin. (v) 
Inviscid flow: (22) A generalized method of computing the flu- 
ence of spacing and stagger on the velocity distribution of a pro- 
file in a cascade, by F.S. Weinig. 


(B) Compressible fluid flow 

(a) Experimental: This class may be divided into three 
subgroups: (i) Turbulent flow and transition: (3) Non- 
isoenergetic turbulent compressible jet mixing with considera- 
tion of its influence on the base pressure problem, by 
R. H. Page and H. H. Korst. (19) Free flight boundary-layer 
transition studies on cones by W. R. Witt, Jr. (ii) Vortex flow: 
(4) Measurement of energy separation in a high velocity vortex 
type flow, by E. R. G. Eckert and J. P. Hartnett. (iii) Super- 
sonic flow; (18) The second rhombus of a supersonic free-jet wind 
tunnel as a region of variable Mach number, by J. D. Lee, R. H. 
Miller, and G. L. von Escher. (23) The induction of flow by an 
injector nozzle, by J. D. Lee. 

(b) Theoretical: This class may be divided into four subgroups: 
(i) General: (7) On the use of thermodynamic concepts in fluid 
mechanics. (ii) Hypersonic viscous flow: (8) A theoretical in- 
vestigation of turbulent boundary layer flow with heat transfer at 
supersonic and hypersonic speeds, by J. Persh. (16) Hypersonic 
viscous flow over a wedge, by 8. I. Pai and S. F. Shen. (17) Hy- 
personic viscous flow on noninsulated flat plate, by T. Y. Li and 
H. T. Nagamatsu. (iti) Transonic flow: (15) Transonic lift over 
the front surface of a symmetric diamond wedge, by R. W. Truitt. 
(tv) Aeroelasticity: (9) Application of piston theory to certain 
elementary aeroelastic problems, by G. Zartarian, A Heller, and H. 
Ashley. 


Cams 


Cams—Desicn, Dynamics, Accuracy, by Harold A. Rothbart. 
John Wiley & Sons, Inc., New York, N. Y.,1956. Cloth, 6 x 9'/« 
in.; xiv and 350 pp., 210 illus., $9.50. 


REVIEWED By Frep C. Bartey® 


T° THE engineer coping with an increasing number of complex 

problems in generation of mathematical functions, control of 
motion, or mechanical computation, this book will provide solace. 
The author has presented in one volume a complete and intelligi- 
ble exposition covering all of the important aspects of cam design 
and fabrication. 
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The early portions of the book are devoted to discussions of cam 
follower displacement curves, and cam profile and size determina- 
tion. Mathematical treatment of these subjects is used freely 
where it serves to simplify the design and production of a cam. 
The tedious, but frequently necessary, graphical methods en- 
courage the author’s attempt to express prominent features of 
follower curves in mathematical terms. The latter portion of 
the book is devoted to topics not usually found adjacent to dis- 
cussions of the strictly kinematic features of cams—dynamics of 
cam systems, force analysis, surface materials, stresses, and 
accuracy. The range of coverage is quite adequate and takes into 
account, for instance, the increasing use of plastics in mechanisms. 

Free use hasbeen made of concise illustrative examples through- 
out the book. This technique can be cumbersome, but in this 
case is nicely handled in that the examples are smoothly woven 
into the expository material. The presentation is further aided by 
many thoughtfully prepared sketches. The ease of interpreting 
the drawings is, unfortunately, balanced by occasionally awkward 
grammatical construction in the text. 

The book is, as the author states, directed primarily at prac- 
ticing designers, but its audience should be much wider. Ease of 
review or study at any level of interest is facilitated by a compact 
introduction to each chapter and a summary and bibliography 
following each chapter. The book as a whole is a credit to the 
author’s understanding of the problems facing the designer and 
of the chronology of design stages, and is a fine example of the 
combination of descriptive material with mathematical analysis 
to produce an effective and very useful text. 


Nonlinear Elasticity 


FOUNDATIONS OF THE NONLINEAR THEORY OF Exasticrry. By V. V. 
Novozhilov. Translated from the First (1948) Edition by F. 
Bagemihl, H. Komm, and W. Seidel. Graylock Press, Rochester, 
N. Y., 1953. Paper bound, 5'/: X 8'/s in., vi and 233 pp.., illus., 
$4. 


Reviewep By A. Kyrara™ 


HE author of this book distinguishes between two ways in 

which nonlinearity can enter the theory of deformation of 
materials. He designates nonlinearity in the equation of state 
(i.e., deviations from Hooke’s law) as physical nonlinearity, 
whereas the consideration of nonlinear terms in the expressions 
for strain components and in the stress equilibrium equations is 
termed geometrical nonlinearity. 

The book consists of six chapters of which the first three con- 
stitute a thorough development of the fundamental equations. 
The remaining three chapters concentrate on problems which are 
physically linear but geometrically nonlinear. The fourth chap- 
ter deals with the formulation of elastic problems in terms of 
stresses. The fifth chapter treats the problem of elastic stability 
and the sixth chapter handles deformations of plates, shells, and 
rods. 

A high standard of clarity, unusual explicitness in the state- 
ment of assumptions, and a diligent persistence in the assessment 
of approximations characterize the work. It may be especially 
recommended to instructors and students in introductory courses 
in the mathematical theory of elasticity. 


%” Mathematician-Physicist, Lessells and Associates, Inc., Boston, 
Mass. 
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